PHY?2206 (Electromagnetic Fields) Drill Problems

Drill Problems

Introduction

Drill problems are short exercises to help you to practise the techniques discussed in the lectures. To
derive real benefit from these questions you should try to do them as soon as possible after the lecture
that covers the material. If you have difficulty doing these problems it might indicate that you are not
understanding what is going on in the lectures; first read the textbook and check the hints on the
separate handout and if you are still stuck seek help from your study group or tutor without delay.
Problems marked with an asterisk “*” are more interesting, but much harder than the usual standard;
there is no need to worry if you can’t do them!

Notation

Vectors are conventionally indicated by boldface type in printed mater@aB. In hand-written
materials under- or over-lining is usedg. B, B, or B. The unit vector in the directidhis printed

B and hand-writterB or B. Some authors usij,k for the unit vectorsk,y,z in the Cartesian
coordinate system; avoid this notatiorj @& more often used for the current density field.
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DP1

DP2

DP3

DP4

DP5

DP6

In rectangular Cartesian coordinateg,) a scalar fieldphas the form
0=xyZ’ - x’yz.

CalculateUg at the point P having coordinates (1,2,3).

The vector is defined in spherical polar coordinates by rf and in Cartesian

coordinates by = xx+yy+zz .

(@) Express the functiop= A/[r|, whereA is constant, in terms of (a)and (b)x,y,z

(b) Use the definitions ofl given on the “Vector Analysis Formulae” handout to find
Oe in both coordinate systems. Are the expressions equal, and if so, why?

A frame of referenc® is rotated by 45° clockwise about theaxis of another frame S.
This means that the frames are related by the transformations

- 1 ~

' A A

=— (X : ’:i —X+V) =7
X—\E(x+y), Y% \E( x+y), 7 =2

Find the ¥3 matrix that transforms the components in S of a vé&&iato its components
in S. If the components & in S are (0.7,2,1.5) what are its components in S?

What is the divergence of the vector fields wdnandb are constants:
(@) G =ax?k+byy+7 in Cartesian coordinates?
(b) H=ar?f +bred+ 6 in spherical polar coordinates?

Charge is moving in a system causing a current dejrsigxx + byy. What is happening
to the charge density at the po{@k + 3y) m if the parameters have the values:

a=12Am™; b=4Am=

What is the net electric flux through the surface of an emmitydbe, centred on the
origin, in an electric field 90x + 752) Vm™?
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DP7

DP8

DP9

DP10

DP11

DP12

DP13

A cube of side length, centred on the origin of the coordinates, is bounded by the closed
surface S. Find the total flux of the vector fi¢ld= xx + yy + zzout of the surface S by:

(@ Evaluating the flux through each face of the cube separately.

(b) Using the divergence theorem.

A circle of radiuR in thez=0 plane is defined by? + y* = R?.
(@ Obtain an expression for the vector line elemémtf dhe circle in terms ofxdthe
associated differential changexin
(b) Evaluate the closed line integ?F [dl around the circle, for the case
_ YX-Xy
F= .
X2 + y2

The velocity field of a fluid in cylindrical polar coordinatev(s, 8,z) = wr® wherewis a
constant. What are the units @fand how could such a flow be established in water?
Calculate (a) the curl of the velocity field, and (b) ¢cireulation around a circular path of
radiusr around the-axis. How are the two quantities related?

Use the Cartesian form[6fto find expressions fo€Curl F = [x F for the fields
—32”‘ Ve ad  (D)F=5"%

(a)F—( ) Xty

Use the Cartesian formI[dfto show that, wheA is a vector field anélis a scalar field:

(@) x [x A)=0O(0 A)-[PA, (b) M(x A)=0, (c) x [ f)=

The potentialp(r) at a positiom due to a point charggat positionr’ is

Calculate[Jg and hence find the electric fiektlat any positiom.

Find an approximation faf(r) that is valid wherd <<r and

V(r)=

1
r=d’




DP15 (a) Find the monopole and dipole moments of this arrangement

(b)
(©)

DP16

DP17

DP18

DP19

DP20

of charges.
Does it have a non-zero quadrupole moment?

At what distance has the maximum dipole contribution to its
E field dropped to 10% of the monopole field?

What are thsi units ofD, E, P andeg,?

If 5(x) is the Dirac delta function evaluate

(a) I_*:s'n(x) 5(x - 0.34) dx (b) ?jmsin(x) E%é(x - 0.34)§jx.

Two charges,grand -g are positioned atd¢2 and -€/2 respectively. Calculate the change
in the potential energy of this system when a uniform fieisl applied and hence confirm
the expression stated in the lectures for the potential energy of a pointdipaeiniform
electrostatic field.

Two pieces of dielectric material are bonded together with the interface lying in the plane
x=0. Find the equivalent bound surface charge density at the interface if the polarisations
in the materials are:

P(x<0)=10xCm™? and P(x>0)=3%XCm™.

A sphere of dielectric material is uniformly polarised inzthl&ection,i.e. P =zP. Find
theequivalent bound surface charge densit§,¢) at the point on its surface specified by
spherical polar coordinate8, ¢) .
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DP21

DP22

DP23

DP24

DP25

DP26

DP27

Find the field at the centre of the sphere described in the previous problem by using a
surface integral to calculate the field due to the charge distribao(tity).

If liquid helium has a densibz=145kgm™ and relative permittivity, =1.0556 what is the
the atomic polarisability of helium?

Aslab of dielectric, relative permittivity

g, is placed between the plates of a
capacitor as shown. A potentiad2
differenceV is maintained between the
plates. Ignore edge effects and calcula(}/g
the values oD, E andP (a) inside the -
dielectric (b) in the gaps between the ‘_
dielectric and the plates.

Calculate the charge density on the plates of the capacitor described in the previous
problem. Multiply this by the area of each plat® find the total charge and hence deduce
the capacitance of the structure.

Deduce Poisson’s equation for electrostatics from the differential equations relating the
electric-field intensitye to the charge densifyand the potentiap

Along coaxial cable consists of an inner wire, radiugside a metal tube of internal
radius R, the space in between being completely filled with a dielectric of relative
permittivity ¢,. Use Gauss’s law to find the electric displacementBliwand hence show
that the cable capacitance(Bg &, )/In(R/ ).

Infree spaceD = ¢,E so the expression for the energy associated with a Felda
region V simplifies to
U=1g[ E2d%
beof,
Use this expression to find the electrostatic energy stored in terms of the platge area

separatiord and the internal electric field strendthn a parallel-plate air capacitor. Hence
find the energy stored in a capacitor in terms of the potential difference and its capacitance.
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DP28

DP29

DP30*

DP31*

DP32

DP33*

DP34

Six identical spherical drops of mercury are each charge&/talddve earth potential and
then made to coalesce into a single spherical drop. If the drops were initially widely
separated, what is the potential of the new drop? Has the electrostatic energy changed?

Use Laplace’s equation in spherical polar coordinates to find the potential as a function of
radius in the space between two concentric conducting sphere of saainadb and at
potentialsV, andV, respectively.

Find an expression for the potential at a perpendicular diseafcen the centre of a
straight line of total charg® spread along a length Hence show that the computer
program that calculated the values in table 3-3 of Reitz Milford and Christy must have had
a “bug”in it.

Cork is a dielectric with relative permittivity 3.6 and density oxA&kgm=. A small
sphere of it is suspended a distadoeertically below a point electric charge of 0.
Estimate the value af at which the cork sphere will be picked up by the point charge.

A 15F parallel-plate air capacitor is charged by connecting it tovaP&. How much

work must be done to double the separation of the plates of the capacitor (a) wib the
disconnected and the capacitor fully charged (so the charge stays constant), and (b) with
thePsuconnected (so the potential difference stays constant)?

A parallel plate capacitor has rectangular plates of leagthd widthb spaced apart
connected to a battery efir V. A slab of dielectric of relative permittivity that would

just fill the space between the capacitor plates is slid part way between them. Show that the
force pulling it into the plates iso(er —1)V2b/2d. Why is the answer independentaif

Aconducting sphere of radilsis placed in a uniform electric field,. Check that the
potentialpat a pointi(,6) outside the sphere is given by

@=—Eyr cose{l—(R/r)3}

as follows: (a) Does the potential satisfy Laplace’s equation? (b) Is the potential the same at
all points on the surface of the sphere? (c) Is the electric field far from the sphere constant?
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DP35

DP36

DP37

DP38

DP39

In cylindrical polar coordinates, the electric charge on each element of surface area of an
earthed infinite conducting plane induced by a point chgrgadistancez above it is
dQ =ordrdé, where the induced surface charge density

o=eER=— F

Apply Coulomb’s law tag and dQ and show by integration that the total force acting on
the point charge is that which would be exerted on it by its image charge in the absence
of the conducting plane.

Use the Biot-Savart formula to calculate the magnitude and direction of the magnetic field
at the centre of a short solenoid of radius8®and length 2%m carrying a current of 7A
and having 500 turns.

The current density in a long straight conductor of circular cross-section and didmeter
varies with radius ag = jorzi. Calculate the current flowing in the conductor.

Use symmetry and the integral form of Ampere’s Law to find an expression for thg field
(for all r>0) due to the conductor described in the previous question. The expression
should be in cylindrical polar coordinates. Check that your answer is correct by using the
differential form of Ampére’s Law.

A long thin wire, length, in free space carries a currénProvided. >>r the magnitude
of the vector potentiaA at a distance from the midpoint of the wire on a line
perpendicular to its axis is

What is the direction of the vectar?
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DP40

DP41

DP42

DP43

DP44

DP45

How is the magnetic flux through a loop related to the vector potential? Use the result of
the previous question to find the flux through the square loop shown in the diagram.

I L I
I I

3a

2a

Acurrent of 1A flows in circular loop with its axis along thedirection and diameter
10mm. Find the magnetic dipole momentof the loop. What are the maximum and
minimum values of the magnetic fieRl due to this loop at a distance 1@ from its
centre?

A single-turn coil of wire has an area ohf and carries a constant current & 1f it is

placed in a very uniform field of T, (e.g.in anMRI magnet) what net force does it
experience due to the field? How does the torque required to rotate it slowly in the field
vary with angle of rotation?

A permanent magnet has the shape of a right cylinder of radaml lengthL. The
magnetisatiorM is uniform and along the direction of the cylinder axis. (a) Find the
volume and surface equivalent current densities for the magnetisation, and (b) compare the
current distribution with that of a solenoid.

In amagnetidield whenH=5x10"Am™, iron is magnetically saturatede( M =M, its
maximum value for the medium) and the magnBtiteld is 2.20T. Calculate: (a) the
magnetisation of iron; (b) TH2 field whenH=1x10°Am™,

The saturation magnetisatidg for iron is 1.&10°JT'm™ which can be thought of as
arising when the dipole moment of every atom points in the same direction. Find the
effective permanent magnetic dipole moment of an iron atom (in Bohr magnetons)
assuming that iron has a relative atomic mass of 56 and a density d0°kgm .
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DP46

DP47

DP48

DP49

DP50

DP51

DP52

Anelectromagnet consists of a soft iron ring of mean radimsn7®ith an air gap of
3mm. It is wound with 50 turns carrying a current &.65iven that the B-H curve for
soft iron has the following characteristics, determine the magnetic field in the gap:

B (T) 02 04 06 08 1.0
H(AmY) 100 170 220 310 500

Anaircraft flies at a constant speed of 8%* at an angle of 60° to Earth’s magnetic
which has magnitude ®:&07°T. (i) What magnitude of electric field will be established
inside the electrically conducting material of the aircraft to exactly cancel the magnetic
force? (i) What is (a) the potential difference, and (b)ateg, across the wing tips?

A current loop of are& in thexy-plane is placed in a uniform magnetic field
B, = Bysinwt. Find theemr induced in the coil when: (a) it is fixed; (b) it rotates at an
angular frequencw about thex-axis.

Along cylindrical solenoid, radius=100mm, produces a magnetifield along the
solenoid axis that can be taken to be uniform inside the solenoid and zero outside. What
expression can be used to finl E whenB changes with time? Find the magnitude of

the transient electric field produced at the surface of the solenoid whénfigld is
ramped at a linear rate fronT @o 8T over a period of . Sketch the electric field.

If the loop described in DP39 has a resistdRe20Q and the currenit flowing in the
straight wire increases at a rate @fst* what current is induced in the loop if its area is
1cm?? Ignore the self-inductance of the loog. the field due to induced currents
circulating. Under what circumstances would you expect this to be a poor approximation?

Asolenoid of 1000 turns is 2am in diameter and 100m long. Estimate the energy
stored in it when it is carrying 1@0

Calculate the total magnetic energy in Earth’s external field by assuming that it is due to a
dipole at the its centre generating a magnetic field pfr24 the equator.
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Drill Problems — Hints and Answers

DP1 Op(1,2,3) = 6% + 69 +102.

DP2 The magnitude of the vectocan be calculated in any coordinate system from the

definition |r| = (r )2 i.e. [r| = r in spherical polar coordinates aint= +/x? +y? + 72 in

Cartesian coordinates.

DP3 (-0.919,1.909,1.5).

DP4 (@)2ax +b, (b) 4ar +b(1+ Ocot ).

DP5 Apply the continuity equation derived in section 2.4 of the notes. The charge density is
decreasingvith time at a rate of 32m s,

DP6 The integral form of Gauss’s Law solves this trivially — if net enclosed charge is zero the
net electric flux is also zero.

DP7 Answer: 83, With this particular field it doesn’t matter how the cube is orientated so

choose an orientation that makes the integrals easy.

DP8 Use the substitutions= Rcos® andy = Rsiné to find dk and ¢ in terms of @ then (a)
dl = (-Xsin@+ycosg) Rd6. and (b) —2x
DP9 (a) Use the expression in cylindrical coordinates, only one component is non zero
X v=2a2, (b) fv [dll = 27 w.
-3 -2

DP10 (a)m ( )W

DP11 Only (a) is very interesting — it is important to realise [fm(ﬁt A) z O%A.

DP12 As far as thél operator is concerned is a constant so applying identitg—17 gives

DlD

Hr—rﬁ r_r)andthereforeE -O¢fr) = 01 0 q (r-r)

4rmg, Hr —r’|E_ Amngy Ir —r’|3'

DP13 Remember thad|= A= (A U\)”z and use the binomial expansion. The details are
worked out on the “Multipole Expansions” handout withinstead ofd.

DP14 The monopole moment is just the net ch§r,g@)dxdydz. The delta functions integrate
to unity in thex andy dimensions leaving a simple integral alongzlais. The dipole
moment about the origin is found by evaluating

10
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DP15

DP16

DP17
DP18

DP19

DP20

DP21

DP22

DP23

Drill Problems - Hints

Irp(r)dxdydz :I(x§< +yy + 22)p(r) dxdydz.

(a) —2C, —2x107°y C m. (b) You could just calculate the elements of the quadrupole
tensor but there is a less tedious method using the superposition principle to subtract off
the known monopole and dipole contributions and see what'’s left.

+1C —4C -0.5C .—O.SC -1C -1C

[ J
-2C +3C -0.5C -0.5C +1C +1C

Use formulae you know are correct sucl asgE for the force on a charge, Coulomb’s
law andD = g,E + P.

(a) 0.333, (b) 0.943 .

Write expressions for the work done moving the charges one-by-one from infinity to the
origin and then to their final positions. The work done agéirnstget to the origin is of
opposite sign in each case and so sums to zero and the Coloumb interaction between the
charges is a constant that doesn’t depenid.on

Look at the derivation @&M-29 andemM-30 which deals with the interface between a
substance and the vacuum whierd. How must it be modified to handle the interface
between two regions of differirig?

This is a sphere of dielectric material in a vacuum so the direction of the vector normal to
the surface is a function éfand¢g. The example given in the lecture dealt with a sphere of
vacuum inside a dielectric of infinite extent.

The example given in the lecture dealt with a sphere of vacuum inside a dielectric of
infinite extent so the result of the integration can be checked by using the principle of
superposition. Answerk = E, - P/3¢, whereE, is the external applied field.

The relative atomic mass of helium is 4 so start by calculating the number Mensity
(atoms per unit volume). Then use the Claussius-Mossotti equation to relate the
macroscopic dielectric constant to the atomic polarisibility.

D = ¢,E + P andP=0 in the gap and integrating along a path joining the two plates gives
E [dl = V. The normal component &fis continuous across the interface between

dielectric and air where there is no free charge. Failing this look at the back of the handout
on Electrostatic boundary conditions.

11
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DP24

DP25
DP26

DP27

DP28

DP29

DP30

DP31

DP32

DP33

DP34

DP35

DP36
DP37

DP38

Apply Gauss’s law in integral form to a pill box surface partly embedded in the
conducting plate. Inside the mekat0. Recall thaC is defined byQ=CV.

This was done in the lectures in section 2.9

Use the integral form ¢fII D) = py,, and recall thapy,, iS zero everywhere except on
the metal surfaces. Also recall tHat= €,£,E andIE [dl =V.

Ignore the fringe fields and assume tatV/d between the plates and zero elsewhere.
ThenU = 1 g,Ad(V/d)? and thereforeJ = 1cv?2.

What is the chargg on a conducting sphere of radiyst potentiaV,? What is the
energy stored in its field? Answer: 3¥03and the energy increases by a factor 3.3

There is spherical symmetry so

1 9 [, dp0 dp0] ke
D%p==242% -0 0 2%k O ¢fr)=k, -2
“ad aC ET or0 1 =k r

and the constants are chosen to fit the boundary conditions by solving two simultaneous
equations.

Although th&mc problem involves a rod that is not uniformly charged correcting for this
would make the agreement worse rather than better. | suspect that the programmer
assumed thatiog(x) = In(x) but the computer usdadg(x) = [0g,5(X).

Assume that the cork sphere is small and find the induced electric dipole due to the field,
then find the accompanying electric force due to the field gradient.

(a) 4.21078J, and (b) 2.£10°8J [The work done on thesuby the charge flowing
through it needs to be included in the calculation.]

This sort of problem can usually be solved by obtaining an expression for the energy of
the system as a function of the position of the moving part and then finding the force by
differentiation.

Use expressions ferClg and O?¢ in spherical polar coordinateR =r defines the
surface of the sphere amd- o gives the potential far away from the sphere.
_ -2 md

1678, Uz
B=6.8x107°T
| = jo( mi*/32)
. §d4/64r)uojoé for r>d/2

H 0.25r3u0j06 for r<d/2

12
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DP39
DP40
DP41
DP42

DP43

DP44

DP45

DP46

DP47

DP48

DP49

DP50

DP51
DP52

Along the same direction tHas flowing.
Section 5.3 of lecture notes (OHP-EM®D)= ay, | In(2)/
Use the definition in section 5.4 of the lecture notes (OHP-EM71).

It is thegradientof the field that exerts a force on the coil lecture notes section 5.4 and the
torque can be found from differentiating the “pseudo potential energy” with respect to
angle or using equation 23 on @mall Current-Loopsandout.

Check the definitions in section 5.6 of the lecture notes (OHP-EM75).

Remember that the magnetisation is the “dipole moment per unit volume” and use the
definition B = p15(H + M).

Calculate the number of atoms per cubic metre of iron and look up the definition of the
Bohr magneton in a reference book such as Kaye and Laby.

This problem is an important exercise in applying the boundary conditidsufaiH, it
is the magnetic equivalent of problem DP23. Diagram and help in sectionfd@.of

When the aircraft starts flying the conduction electrons experience a Lorentz force and
move from one wing to the other. Read RMC 11-1 carefully before answering part (ii) as
a circuit and a reference frame need to be specified as part of the answer.

Find the flux through the coil in each case an apply Faraday’s law.

The expression is one of Maxwell’'s equations; Faraday’s law in point form. The electric
field tries to oppose the increase in current in the wire.

The flux through the loop is related to a line integral of the vector potential around the
loop. The rate of change of this with time giveseRg.

Assume thd® is constant everywhere in the solenoid and negligible outside.

Find the expression for the field due to a magnetic dipgeg small current loop. A
“point on the equator” is at = Re,y, and 8 = 17/2. Assume the radius of the earth is
6400km and integrate the dipolar field external to the earth.
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