Matrix algebra

Column
a, a,
dy Ay
A = (ajk)Z
a,, da,,
Row Vector:
A=(a;;a, . cceunens a,)

Column vector:

|-~
I

“— Row



Square matrix:

€1 Cp

€y Cp
C_

Cnl

“TRACE” = ), C;

J=k

Symmetric matrix:

1
A=]2

3

ds)

2 3)
5 44

a
s

4 6

Skew-symmetric:




Diagonal matrix

a
a,, O
A=
O
al’ll’l
Unit matrix “1”
1
1 O
1
I=
O
1

Z.ero matrix

(0 0 . . 0
0 0

Ex:

(1 0 0
0 2 0
0 0 3,



Operations

Equality For two matrices of the same
order: A = B if and only if
2, - by

Ex: 1 2 a 3-a
A = B =
3 4 3 2+2a

Multiplication by a number

A= (a jk)
A — number
Aa,, Aa, ... Aa,
JA = Aa,, Aa,, ... Aa,,
Aa,, . ... Aa,,
2 3 4 6
Ex:214 1| = |8 2



Addition “A+B”

a,th, . . a,th,
A+B :(ajk +bjk) <
a 1 +bm1 : : amn +bmn

1) A+B =B+C
i1) A+(B+C) = (A+B)+C

1 2 1 1 2 3
Ex: + =
\‘3+(—l1) e

Subtraction “A -B”




Multiplication of Matrices “AB”
b, . . b

al 1 . . al

n

ml . . mn nl : : mn

A AR * . . . . . .
11 p—
AB = E

Q
ibl ’
S

aml mn np
- —_— = \
(anbn ta, b, +...+a,b,, a11b t.. +a’lnb
— Cml Cmp
\amlbll +am2b21 +....+amnbup, ....amnblp +....+amnbnp)



AB=C C=(C;)

Ex:

3 5
A:2 1 4 B = | 2 _
-3 0 2 4 2

B 23+112+414, 203 +10L-1)+4(2
(-3)3+012+204, (3)B+00L-1)+2[2

(24 17
_(—1 —11]
A [B = C
(m xn)(nxp)=(mXxp)

N >



Properties of multiplication

AB Z BA

¢ —allD

A(BC) = (AB)
A(B + C) =AB+AC > Be careful

with the

(B + C)A =BA +CA sides

AOd=T[A=A
Al0=0




Transpose of a Matrix "A’"

A= (ajk)

A= ( kj)
( 2 1 4}
A =
Ex: -3 0 2
2 -3
A'=|1 0
4 2
A"=A"
Properties (A+B)' =A' +B'
(AB)' =B'A'
(AT)=A >
-4
AT=A
AT=-A S




Multiplication of vectors "X[R"

Xy V|
X=|x, R=|v,
x3 V3

X[R = ‘X‘ []]R‘ [dos© =xv, + x,v, + XV,

Vi
XT[B:(XI X, x3) Vo | T XVt X, v, Xy,
Vs
Ex 1 iy — (1 —i
A= A=
-1 1 i1
b)
r A=A"
A=-A"
Ex:



Determinants

DCf(A) = A — a 5

How to find det(A)

Minor ay | [ a

A: ...ajk...-

Minor of a,= ‘an ay ‘

nl nn

B2 -1 1 3y
3 2 5 0 Minor of a;,=
A=
1 0 -2 2
1

4 -2 3

aln
a .,
2
-3 50
4




Cofactor

Ay = Cofactor of ay = minor of a,[ (-1)I*

Ex: 2 b
Cofactor of a;,,= (-1’2 |_3 5 |
4 1

2

4




a, dp|_ . - L
—da) W, —ad, W,
A,  dy
3x%x3
a a a —
1 12 13 a,, [[6122 7 d »3 |:klzz:l-'_

(—a,,) [[a2l Ly — ay |:‘lflm]"'
tag [[aZI by, —a, ldy

Ex: Calculate the determinant of matrix A:

3 1 6
A=/0 -2 3
0 0 4

det(A)= 3 0(-2)m - 03]+
(-1)y o™ - 0B8]+
6dom-2m]=-24

alternatively (using 3™ row):

det( 4A)=430-2)-00]=-24



Theorems (15-7)

If we multiply the elements of any row (or column)
by a given number and add to corresponding
elements of any other row ( or column), then the
value of the determinant remains the same.

X Xy Xy X thy, x,tky, x;+ky,
A=y ¥ Vs B= V2 )3
Z Z Z3

zZ, Z, Z,

det(A) = det(B)

Th: 15-5

If any two rows ( or columns) are the same or
proportional, the determinant is zero.

d

<

X Xy Xy

A= kx1 kxz kx3 «—— multiply by @ and add to

Z, Z, Z

(%) (=) =kw)] (00 0)

B P

Z, Z Z
1 : | a2 oz,




det(A)=det(B)  using theorem 15-7
0 0 O

det(B)=0=| “— All zeros in a row

ﬂ XV 2

det(A)=0 A=lx, ¥, 2,
X, V3 Zy
bt
X Yy Z
Th. 15-10: vectors

If we can find such A, A,, A;
so that not all of them =0

And: /]1£+/]2X+/]3§:QE

[*]

oS O O

Then det(A)=0

¢ vaaZ

° A —



° _1
Inverse matrix: "A"

AB=1

Then B is called inverse and denoted A™

Theorem (15-11)  If A-nonsingular (i.e. det(A) Z 0

Then there is a unique inverse matrix A-! which can
be expressed (found) in the following way:

.(AB"=B"A" 2 (A=A

3. Real numbers AT=A-1: A is

4. Complex numbers A T=A-1: A is



Example

3 1
c=lo -» 3| Calculated earlier: det (C) =-24
0O 0 4
-8 0
Find C-!. Matrix of cofactors: (C,)=[-4 12 0
15 -9 -6
-8 -4 15
(€)= 0 12 —9}
0 0 -6
) -8 -4 15
o =G 1[{0 12 —9}
det( C) 24
0 0 -6
Verification: C Cl=I
3 1 6 -8 -4 15
0O -2 3 1 0 12 -9 |=

24
0 0 4 0 0 -6
803+ 1BF 60 —43+ 12+ 06 153- 9 66

_SHF (D)0 36 /AE‘I-/IZE—ZH/QE)/)%—%Q) 63
80+ Of0F 0@ —ADF |28+ 0@ L5 9B 64

_1L
2

-24 0 0 1 00

-1 0 -24 0 (=|0 1 O
24

0 0 -24 0 0 1



System of linear Equations

‘ 3V

'L (10, -10, =1
R1

3U,-2U,=2

R2 | —
R3

|
v 2

N\

<

How to find X :
AX=R
ATAX=AR -
IX=A"R 2>




5/2 1 3/2

AT= 1 1 1 X=A4"'R
3/2 1 3/2
5/2 1 3/2\1 103/2+20+303/2 9
X=1 1 1 |2]|= 1d+20+30 =6
3/2 1 3/2)\3 13/2+20+303/2 8
9 [,=9A
X=|6| mm) I1=6A
8 [,=8A
Possible solutions:
Det#0,R#0
0
10
Det#0,R=0 L=l
0
Det=0,R=0
Det =0,R#0

**see page p348, Cramer’s rule.



Eigenvalue problem

A — square matrix of order 3.

X

AX — A X & Eigenvalue problem
I |

eiv\n tors
.ge vecto } To find
eigenvalues




Eigenvalues

AX=/4X
AX—-AX =0 using distributive low 2
—(A-ADX =0

H_J
a
There are two cases for solutions: 0
0
1 Det#0,R=0 X=|.
0

Just what we want!




Secular Determinant

A=0 =) det(A-A)=0

(a,, = A)

ay

a,,

n

Ex:

a,, a,
(ay, -A) | -0
- (a,, =)
Il
—p(A)=0



Secular determinant:
(2-A7) 2
-1 (5-1)

2=N)GE=-A)=2(-1)=10=-51 =21+ 1 +2 =
A =TA+12=0
N /)

e

X =TA+12=(A1=3)(A-4)=0

.@

Conclusion:



Eigenvectors

2-3 2 Y% _, {-1Dfl+2562=0
-1 5-3)x, - -1k, +2L, =0

Let x,=1, then x,=2

— eigenvector of A
(corresponding to A=3)

; °



—2)(:1 +2x2 — O 1
~x, +x,=0 Let x,=1, then x,=1 X, =

Eigenvalues A=3, A,=4
Final result:

Eigenvectors X :(

Unit eigenvectors

X 2 2 2
- X — .
g ‘)_(‘ ‘—‘ \/xl +X2 X,
2
Ex: X :(lj ‘Xl‘:\/12+22 =./5



Properties of eigenvectors

then

(bll b12
bnl bn2
B'AB =

the diagonal
form of A

B'AB < the transform of A by B



Canonical form

Theorem 15-13

Ay

Eigenvectors are orthogonal

e.g.

XUY= X+X:(x1 xz)[yl
V2

=)+, =0

]:




Basis vectors

/1\
U, =|0
0
(1)
0
U, A'l :)I1
0)

=

A'




(=

=

lljll'l +0Bli2 +0Bli3 +---+Oﬂlin :/]1
10k, +0Lk, +00d,, +---+004, =0
10k, +0Lk, +00d,, +---+00L4, =0

0Ld, +10k, +00d,, +---+0L4, =0
OI]II'I +1m’iz +Om’i3 +“.+O|]lin :/]2
0Ld, +1Lk, +00d,, +---+004, =0




(A,
0

A2

where

- u=Au
A,
1 0
0 0
H: . Y
0 1
£ t
H Hza 9211
)\_)\1,)\29- 9)\n
AX



Ex:

|4

I
7~ N\
O [
N
1l
|




Answer: B'AB=A

T
Answer: B

|4
1
[en

**) eigenvectors should be of unit length

k



Ex:

U, b, by b, Y * 1
b, by, b,, | x, _ 0
bnl bnn \'xn O
— - v

This 1s only possible if :
(bn b12 o bln )
(byy by - by,) > orthogonal

: LT : unit eigenvectors

(bnl bnn))



(A -ADU =0

(B'AB-ADB'X=0
B'ABB'X-AIB'X=0

OB"=B"'= B'ABB 'X-AIB'X=0
——
I
B'AX-AIB'X=0

B (AX-AIX)=0
N
=0

2

transformations are valid




Summary

If A — Hermitian
Figenvalue problem AX = AX

can be transformed to a canonical form in the
basis of unit eigenvectors:

AU=AU

where /]1 O

A = , =B 'AB

and

U=B'X

where B 1s an orthogonal matrix of unit
eigenvectors (arranged as columns)



Eigenvalue problem
(practical example)

M M M
0 Y IO
X, - X,() X,
Periodic solution: X, (1) = x,e
k=123

After substitution:
-M Qux, = —le + sz

- Max, = Kx, - 2Kx, - Kx,
- Max, = Kx, - Kx,



In matrix form:

~wX=AX

The solutions ( i.e. vector X =| x, |)

Let us first redefine A

or equivalently:

(A -wT)X =0

assuming that

1
A=| -1
L0

-1
2
-1

where

—>

0
-1

.

Eigenvalue problem !

(-1 1 0
A:—£1 -2 1
M
0 1 -1
(x,)
x3)
=] A=«

M

Expected eigenmodes

w:X/AE
M



Secular determinant

R, |[1-4) -1 0
-1 (2-4) -1 [=0
R, 0 —1 (1-1)
C C;
(1-A1) 0 —(1-A) «—R-R,
-1 (2—-A) -1 |=0
0 —1 (1-A1)
C,+C,
(1-A1) 0 0
-1 2-4) -2 |=0
0 —1 (1-A71)

Characteristic equation:
A1-D[2-AHA-A)-2]=0
A=D[A =3A1=A1=A)(A-3)=0

Eigenvalues: A, ,,=0, 1,3

K K <

M\ M

Resonance frequencies: w, ,; =0, \/




Eigenvectors

-

A =0: X ~x, =0 Letx, =1

=X t2x%,-%,=0  From 1% x,=x,=1
x,+x,=0  From 3 xy=x,=1

C m m

/\

X, =|1| Unitvector: U, = X = 1 1
| X,| 3 |
1 1)
A =1: ( —x, =0 X,=0
17X T X, —x =0 X;=-Xx;, Letx,= 1
\ -x, =0 X;= -1
C (1) (1)
X2 = 0 Unit vector: U2 :L 0
- o 2




A, =0: [ —2x,-x,=0 Letx, =
=X, —x,—x; =0 X, =-1
| —x, = 2x;,=0 x;=-1
( (—1) (—1)
X, = 2 | Unit vector: U3 :L 9)
o 6
U D

Modes of oscillation

1 @ 0, No oscillation, uniform movement

:\E
“ M

(1




3K
X; = 2 C‘%:ﬁ
-y

The eigenvectors represent the states of the
system corresponding to different modes defined
by the eigenvalues f

\J

Transformation to the eigenvectro basis

|4
I
%,

|4




N

Transformation requires that:

1
B=|1
1

S~—

1
0
-1

B - orthogonal

_1\
2
-1
-1 1 0)
A=l 1 -2 1
0o 1 -1
NG ~ /)

X, X, =(1Q-1)+00+10)=0
X, X, =(10-1)+20+1Q-1) =0
X, X, =(10-1)+02+(-1) [{-1)) =0

-

—

Orthogonal =



(A 0
A X =X Where :
L0 A )
CAYERYAR
A:O,£,3—K and XLz,s: 0 |, x2 | 0
M M 0JL0)(x
AN AN
Accordingly: (— MWx, =0+0+0
Y =Ma'x> =0-Kx>+0
~Ma’x3 =0+0-3Kx"
(x'1 :x1+x2+x3
X:BTX = <X'2:-x1_x3

X3 ="X +2X2 — X3



Summary

(coupled linear differential equation)

Given: A physical system of order n, which can be
described by eigenvalue problem:

AX=AX
In which we are looking for:

eigenvalues = modes
eigenvectors = states

Can be diagonalised by transforming to the

A 4

basis of the eigenvectors

This can only be done if A is symmetric

)

In the eigenvector basis matrix A has diagonal
form where the main diagonal consists of
eigenvalues




=11
1

2
1

Degeneracy

1)

1 —

2

det(A = A =0=—(A-1)> (1 -4) =0

A,y=114

A=1 is used twice!

L degenerate

Eigenvectors:
r

A =1 | X% Tx,+x=0 Let x, = -2
1% +x, +x, =0 X, = 2-X,
X, +x,+x,=0 X =x3= 1

p

1)
}_{1:_2

.




(=2 :

.

4
1

/1\

|
1

A=4:

W,

However: X, X, =20+ (-2)0+10=-3#0 )

Xl IX3 :)_(2 @3 :O

To make the second vector ortogonal use
Gram-Schmidt orthonormalisation process.




(=2

=| 1 —(%(—ZD]—ZD]H)j

1)

Check that it satisfies the
eigenvalue problem:

(2 1 1Y-1\ (-1) -2+41=-1]
1 2 1] 0 -1+1=0 ‘OK
\1 1 2/\1 \1) —1+2:1)

[
-




Differential equation as
an eigenvalue problem

So far: AX=AX

X, - - A,
—X [X #0 m=n

— can be also normalised so that:

Xn[anl ‘anzl

—



The General Eigenvalue Problem

AD =D where

ACI)_(I +Acz)_(2 +Ac3)_(3 +... :Acl)_(l +A02>_{2 +...

A(ch&] =" Ac, X,

|

YES, we can




To start with, introduce Kroenicker delta:

0 m#n
X, (X, =0, :{

] m=n



27nx
sin(

j;“(x):J_L L )

27hx
cos(

gn(X)=ﬂ 7 )

I 0 m#n
j £, 1, (x) == sm(%””’) sm(zT””wx = {

] m=n

=0

n,m

Also:

F(x)= Z c, f.(x)  --“sin” Fourier series
n



Forc, coefficient:
[FOof,)dx =3 e, [ 1,01, (x)dx =

=260, =¢,
n

Conclusion:

Restrictions:



Eigenvalue problem in differential equations

Suppose we have a differential operator L(X):

2
A02 + Bi + Cu(x)
X X

L(x) =

Yx) = c,f,(x)

L(x)p(x) = A(x)



The Method

Is to try for a solution for Y(x) in the form:

Wx)=) c,f.(x)
/ "y A
/ \

The task -- to find ¢,

2 L(x)e,f,(x) =D Ac, £,(x)

The trick — use orthonormal properties of f, (x) for
solving the equation.

[ 10/, (0ax =3,

’



> e, [ L) f,(x)dx =Y Ac, [ £u(x)f, (x)dx

o
Lin \ / O

Z Cann = Z Acn Jm,n

Repeat for All m
m=1 L.,c,+L,c,+--=10Ac, +0lAc, +0lAc, +---
m=> L, +L,c,+---=0+1Uc,+0+--

m=3 L, +L,c, +...:O+O+]mc3+...




Result:

S
]

L(x)p(x) = Ag(x)

Ly =y




Advantages

Disadvantages

1 . 2mx
sin(

Ex.: \/?T / )

N =1,2,3,...infinity



Example:

A particle of mass M moves in the 1D box 0 <x <L.
Consider the set of functins {exp(ikx)} as a basis for the
wavefunction of the particle, i.e. as a basis for the
solution Y(x) to the Schrodinger equation

h* d?
_2M dx’

Y(x)=EY(x)

« What values must £ take for the boundary condition
W(0) = Y(L) to be satistied.

* Form an orthonormal basis set {f (x)}

« Write the Schrodinger equation for the particle as a
matrix eigenvalue problem and find the possible
values of E



 Next assume that a potential

.27k 2
Vx)=V, sm(T) V, =+/1.24 2772;

M

1s switched on inside the box.

1.  Construct the matrix elements associated with
V(x) with respect to the basis set {f (x)}

1.  Assume that {f,,f,} forms a complete set of the
new Hamiltonian:

ht d*
_2M dx’

Y(x)+V(x)

Find the two eigenvalues and the corresponding
eigenvectors.



Solution

W(x) = aexp(ikx)

W(0)=y(L) exp(ikL) =1

kL =27

k:knzz_m
L

n 2091,2,...00

{/,(x) = 4, exp(ik, <}

L L
jj;i(x)fm (x) = A:Amj‘e—iknxeikmxdx —
s 0

L
— * _l(kn _km)x —
— An Am j € dx -
0

ok )x L
= A:Am dx =
ik, —k,) |,

=4 A4 [0=0




[0 =4 [dv=AdL=1

[ £, f,(x)dx=3,,

W0 =Y e f, ()

h2 dZ -
“r g VOB

L(x)

L)Y, e,/ ,(N)=EY, c.f,(x)



[fiLY e,f ,(dx=E[ £ ()Y ¢, f,(x)dx

> e[ il f (dx=EY. ¢, [ fr(0)f, (x)dx

_J

“ Y,
~ hd

Zn Cann = Ezn Cnam,n

Zn c L =FEc,




L
L,, = [ fuL(x)f (x)dx
0
-n*d* 1 . h?
L) %)= sk
) 2M dxz \/Ze 2Mknfn(x)
/R 7’
L = K2\ £ f (x)dx = k>0,
2M -([ A0 oM "
(B . )
oM ! O
hZ
_ kZ
Lmn - 2M 2




n=0,12...




Vix)=V, s1n(2—nx)
L
L
o = [ LV (0 (x)dx =
0
— V lj;e—ikmx Sln(z—m)e_lk xdx —
"L L
L i2mr -2
&ijel(k’"_k el —el )dx=
L 2i 7
L 2 27T
i ezT(m—nH)x _ezT(m—n—l)xdx _
2iL )
Vs
=—[L0 . —-Lo . ldx=
2ZL[ m—n,—1 m n,l]
= VO [0=0
2iL
14
Vn,n+1_ 2ZOL [L 51 1_L511] _70



_ W iV,

I/nn—l__L:__
’ 2iL 2
—% n:m+1
.2
VanJ% n=m-—1
2
0 otherwise
o
. 2 .
i,
V= 2 2
;i
2
. 0

B 2M dx’

-~ )
e

(L+VHp(x) = E(x)
W)= 6,1,

{ 4 +V<x>}w<x>:E'w<x>







. .V
(a—E)(4a—E)—T°:O V,

\/

(E —0.90)E -4.10)=0

v1.24a

Eigenvalues: E 1, =0.9a.4.1a

E'=0.9a: 0.1ac, +%c2 =0
_%Q +3.1c, =0

l

1
RS L/ﬁj

E'=4.1a: . ;
Cl :ch — 92 :[//ﬁ}



w(X) ZC f(.Xf) 61\/— klx +%028ik2x

U =1 (0w m=1



const =




Perturbation Theory

L)W, (r)=EW (1)

Many problems are not easily solved,
but are closed to one which can be...

g
Q-/

d’
Example: L(Z):D2 (ie.—)
dx

ikr

-1
%(Z) _ \/;e



(A+a)x = Ax

Example:
M M M
K K
Described by:  AX = WX
(K K
. — — 0
with M M
4=| — K 2K £
M M M
0 K K
. M M







using Perturbation Theory

Which says that the solutionto  Bx = @’ x

is a perturbation of the solution to AX = w’'x



Lirny,r)=EY, (1)

v.w,ar=3,,

Need to solve:
(L) + UMW) = E9(r)
For W(r) and E given U(r).

Assume that U is small and W(r) is close to an
eigenvector Y (r), and £ is close to an eigenvalue £ .

1.C. L|J :wn + 5¢
E=E +0E



Expand W(r) in terms of the basis:

V)= c,(r) =
W) =¢,r)+) e, ()=

=y, +Z 'cm{ﬂm (Z 'means m#% n)

> e,

Substitute for W(r) in:

(L +U)W(@) = EW(r)

(L+U)w, +> ) =EW,+> 'c,i,)

(L+U-E)g, +3 c,0,) =0



(Ly, +Up, -Eg,)+Y (LW, - EY, +Ug,) =0

N

(E,-EW, +Up, +Y 'c,(E, -EW, +Ug,) =0

v, =0,

1
(, - E)ww, + WUy, +
+Z ¢ (E, —E)j(,[/:gz/m +_[¢’:U‘ﬂm) =0

N

0

E=E+[guy,+3 e, [4ud,




0+[w,Uw,+ ¢, (E, ~E) @, +|w,Up,)=0

s

[ uw, +c,(E,~E)+ ¢, [w,Uw, =0

: I;wcg XA

E<E, [@Uy,<<E, c,<<I
e, [wuy,



E=E,+[gUy,




E=E,+|@Uy,+

Jwvw, [woy,
_ v,
T E E

vy, |w,uy,

1 Z.Ilﬂ;
E -E% E-E,



The almost harmonic oscillator

n d’

H=- 5
2M dx

+V(x)

where

1
V(ix)=—mw'x” +&£x° +&,x°

\/

small

(L(x) +U ) (x) = EY(x)

Accordingly:

\ Exact harmonic oscillator



—_ 3 4
—U(x)=&x +&x

E=E +E'

\ first order correction

ES = [@U (o, dx
f

Eigenfunctions corresponding to £,

In our case: En =(n+ %)ha)

n=>0 1
E,=—hw

2
1
maox

W, = (@j“ o 2

2

h1t



E = [@,U (epdx =

1

+00 ma) 5 —maxz
= J(—j e " (&x +&,x")dx=

c\hr
L
:5‘2(@)2 je h X4dX:
hir) °
_ 3e,n’
Am* o
2
E:l b0+ 3&,h

2 Am*of




