
Effective Mass of an Electron

We can use our previous results to write the equation of motion of a Bloch electron in 1-D:

And we can write:x
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(F is external, applied force)
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This gives:

This allows us to define an “effective mass”
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By contrast to the free-electron mass, the “effective mass” varies depending on the 
electron’s energy and thus its location in the band!
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Physical Meaning of the Effective Mass

Of course, for a free electron, and 

The concept allows us to retain the notion of a free-electron even 
when we have a periodic potential, as long as we use m* to 
account for the effect of the lattice on the acceleration of the 
electron.
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(depends on overlap of wavefunctions of neighbouring atoms –
see tight binding model in SSPII)

The effective mass is inversely 
proportional to the curvature of 
the energy band.
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Near the bottom of a 
nearly-free electron 
band m* ~ m0 is 
approximately 
constant, but it 
increases dramatically 
near the inflection 
point and even 
becomes negative 
near the zone edge.
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How can an electron of mass m0 respond to an applied field 
as if its mass were m* ?

e
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Parabolic
“free electron” (plane wave)

At bottom of band, the electron is described adequately as a plane 
wave.  On approach to the BZ boundary, momentum transfer from the 
lattice (Bragg reflection) becomes quite large.  At the boundary it 
becomes equal to the forward component � standing waves.

Positive m* occurs near the bottom of the band (upward curvature).  

Negative m* means that on going from k � (k+Dk), the momentum 
transfer from the lattice is larger than momentum transfer to the 
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/d

k

m0

transfer from the lattice is larger than momentum transfer to the 
electron from the applied force: although k is increased by Dk by the 
applied field, the approach to Bragg reflection gives an overall 
decreasein its forward momentum.

(a) (b)

thin crystal

grid

V = 0 V

(a) energy of electron is too low to satisfy 
Bragg reflection condition – beam is 
transmitted.

(b) Apply voltage across grid � increase k, 
Bragg condition satisfied and beam 
reflected (described as negative m*)e-

Explanation of negative effective masses, just below a BZ boundary
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Electrons and Holes

Consider the excitation of an electron from 
a filled band into an unfilled band: 

This is what happens in a semiconductor.  
The electron in the upper band can now 
conduct electric current under a field.  But 
how does the lower band now behave?

Band is 
symmetric: 
k-j = -kj

e
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When the lower band was filled, we had 
a net electron wavevector of zero:

So if an electron is missing from state j, the total wavevector (momentum) of the system is 
–kj.  The “hole” has wave vector –kj
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Similarly, we now analyze the current flow in the 
incomplete band under the influence of a field 
E…
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This shows that an incomplete band (with state +j empty) behaves just like a positive 

For a complete 
band:

Electrons and Holes
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This shows that an incomplete band (with state +j empty) behaves just like a positive 
chargemoving with the same velocity as an electron would have in that state.

Thus the properties of all of the remaining electrons in the incomplete band are equivalent 
to those of the vacant state j if the vacant state has:

a. A k-vector  -kj (i.e. kh = -ke)

b. A velocity v+j (i.e. vh = ve)

c. A positive charge +e (i.e. qh = +e)

We call this vacant state a hole (h)

http://en.wikipedia.org/wiki/Electron_hole
http://ece-www.colorado.edu/%7Ebart/book/book/chapter2/ch2_3.htm#fig2_3_5



Dynamics of Electrons and Holes

But we’ve deduced that the hole velocity is the same 
as that of the corresponding “missing” electron:

If this hole is accelerated in an applied electric field: E
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So by equating the derivatives we find:

However, note that near the top of a band – where holes are most likely – the band 
curvature is negative, so the effective electron mass is also negative.  The corresponding 
hole mass is then positive! 

So the equation of motion of a hole in 
an electromagnetic field is:
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This explains why some 
metals have positive Hall 
coefficient – see Kittel p153 
or PHYM401 (SS Physics II)



Summary: Effective mass and holes

• Effective mass (m*) relates quantum mechanical results to classical force 
equations.

• In most instances, the electron in the bottom of a band can be thought of as a 
classical Newtonian particle provided the internal forces and QM properties 
are taken into account through m*

• An electron moving near the top of an allowed energy band behaves as if it 
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• An electron moving near the top of an allowed energy band behaves as if it 
has negative mass.

• States of negative m* occur near top of band on approach to BZ boundary.

• Therefore we introduce concept of “holes” to avoid negative m*

• It has a positive effective mass mh*, and a positive electronic charge, so 
that it moves in the same direction as the applied field.



Charge carriers (e- and h+) and energy bands in Si

All the electrons are in their lowest energy state � lower band full and upper band 
empty � INSULATOR 
As T increased, a few electrons gain enough energy to break bond and jump from the 
highest-energy filled band (contains the electrons responsible for covalent bonding)
into the lowest-energy unfilled band.

At T = 0K, each Si atom is surrounded by 8 valence electrons (4 of 
its own, and one contributed from each of its 4 neighbours) in their 
lowest state, and involved in covalent bonding. 
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egT = 0K T > 0Keg

VALENCE BAND (VB)     CONDUCTION BAND (CB)

“electron-
hole pair”



– A positively charged “empty state” is created when electron excited from conduction 
band to valence band.

– For T > 0K, all electrons may gain thermal energy:  if  a valence electron gains thermal 
energy then it may hop into the “empty state”.

– Movement of valence electron into “empty state” is equivalent to the positively charged 
“empty state” moving itself:

Charge carriers and energy bands
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Electrons (in the CB) and holes (in the VB) are equally important charge carriers 
and both contribute towards current

e e (a) shows conventional electrons and  
electron-filled states.
(b) shows new concept of positive 
charges occupying the empty states


