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Two electron standing waves at k = p/a � electrons accumulate at different regions 
wrt the lattice � different potential energies, same wavevector � ENERGY GAP
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has its peaks at x = 0, a, 2a, 3a, …at the positions of the atoms, where U is at 
its minimum (low energy wavefunction).  The other solution,            has its peaks at x
= a/2, 3a/2, 5a/2,… at positions in between atoms, thereby raising U above that seen 
by a travelling wave (high energy):
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The magnitude of the gap (to first order)

i.e. The gap is equal to the amplitude of the periodic potential
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In between the two energies 
there are no allowed energies:

The periodic potential U(x) 
splits the free-electron e(k) into 
“energy bands” separated by 
gaps at each BZ boundary.
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Apply periodic boundary conditions 
to the 1D crystal, the energy bands 
are invariant under a reciprocal 
lattice translation vector:
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Periodic zone scheme:redraw e(k) in 
each zone and superimpose (all curves)

Reduced zone scheme:all states with |k| 
> p/a are translated back into 1st BZ 
(only curves in 1st BZ)

Extended zone scheme:plot e(k) from k
= 0 through all possible BZs (thick)

1st BZ 2nd
BZ

2nd
BZ

3rd
BZ

11stst BANDBAND

22ndnd BANDBAND

33rdrd BANDBAND

Curves give phase velocity, group velocity and effective mass.

Plot as:

http://en.wikipedia.org/wiki/Group_velocity
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eF(metal)

We saw last lecture that monovalent metals have 
half-filled bands i.e. electrons can easily be excited 
from states just below the Fermi energy, to states 
just above.

We shall see later that semiconductorsand 
insulators have a completely filled or empty bands 
and an energy gap separating the highest filled and 
lowest unfilled band.  This makes thermal 
excitation of electrons unlikely if the gap is large 
(insulator).  Semiconductors have a smaller energy 
gap (eg ~ 1 eV).
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• Surface of constant energy eF in k-space (spherical for 3D FEG)
• The material’s electrical properties are determined by the shape of the Fermi surface 

since the currents are due to changes in the occupancy of states near the Fermi 
surface.

• Interactions between the electrons and the periodic potential of the lattice perturb the 
Fermi surface near the BZ boundaries (QFEG)
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• It is therefore necessary to first consider the 
construction of the BZs in k-space - Consider a 2D 
square lattice (right):
– the three shortest forms of reciprocal lattice 

vectors (G) are shown, together with their 
associated perpendicular bisectors 
(i.e. Bragg condition.)
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•(Bottom diagram)Black circle represents the free 
electronFermi surface for an arbitrary electron 
concentration.

•Total area depends on electron concentration.

•Shape of Fermi surface depends on interaction of 
electrons with lattice.

•Plotting regions of the same BZ detached from one 
another is messy, so use reduced zone scheme…. (next page)

1st

2ndBrillouin Zones 
3rd

Construction of Brillouin Zones and Fermi 
Surface in k-space

• On constructing all lines equivalent by symmetry 
to these bisectors, we obtain the regions of k-
space associated with the first three Brillouin
Zones (right)
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Free Electron Fermi Surfaces
• (Top row) Mapping of 1st, 2nd and 3rd BZs in 

the reduced zone scheme. A different G is need 
for each piece of a zone.

• (Middle row) The free electron surfaces viewed 
in the reduced zone scheme (connected). 
Shaded areas represent occupied electron states. 
The first zone is entirely occupied.

periodic 
scheme.

Nearly Free Electron Fermi 
Surfaces

Fermi
Surface

• Now consider how the Fermi surface is 
perturbed by the BZ boundaries for higher 
electron concentrations.

• The discontinuity in Fermi surface at zone 
boundaries (de/dk= 0 – i.e. standing wave)
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• e.g. Divalent material, 2D model

• The actual distribution of electrons 
between the first and second BZs 
depends on the value of eg’
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• Note that for the highest electron 
concentrations, some of the Fermi 
surface lies outside of the 1st BZ 
(hatched), which itself is not fully 
occupied.  i.e. the 1st and  2nd bands 
maybe partially occupied � metal?
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3D Fermi Surfaces e.g. copper (transition metal) (FCC)

• Standard labels of FCC symmetry points are 
shown e.g. Zone centre is G, (2p/a)[100] is X, 
(2p/a)[½ ½ ½] is L.

• Shaded circle represents sphere of volume half 
that of 1st BZ i.e.FEG Fermi surface.

• Circle is strongly perturbed near L-point due to 
proximity to zone boundary.  In 3D, this results 
in a “neck” (left).

• 1 electron per atom therefore 1st BZ (truncated octahedran) is half-filled.

• Group 1 (alkali) metals have weak interaction between the conduction electrons and 
lattice.  E.g that of Na is closely spherical, and that of Cs is ~10% deformed. 

• The divalent metals (Be and Mg) also have weak lattice interactions and nearly 
spherical Fermi surfaces. But because  they have 2 valence electrons each, the Fermi 
surface encloses twice the k-space volume as the alkalis i.e.equal to the zone 
volume.  Because the interaction of the valence electrons with the lattice weak 
(small eg), the Fermi surface is ~ spherical, and it therefore extends out of the 1st BZ, 
and into the 2nd.


