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Abstract

The optical response of metallic structures has attracted significant interest for various
applications in recent years. Of particular relevance to display applications is the ability to
optimize the intensity and wavelength of the radiation which is scattered by the structure.
In this thesis, original studies are presented across three main sections which investigate
the optical response of a variety of composite structures formed from metal and dielectric

elements.

In the first section, the optical response of planar structures comprised of continuous metal
and dielectric layers is discussed. An extensive study is conducted into the transmission
pass-band characteristics exhibited by these structures, in particular the dependence on

parameters such as metal layer thickness, layer spacing and the number of periods.

The second and third sections include examples of structures in which the metallic
elements are non-continuous.  The simulations required here are considerably more
involved, and so an introduction is given to the computational techniques used in
subsequent chapters, accompanied with results for a test structure. The structures in the
second section include single metallic nanoparticles and particle pairs which exhibit
localised surface plasmon resonances (LSPRs). It is also shown that when particles are
arranged into periodic arrays, the properties of the LSPR may be significantly modified by
long-range and short-range interactions. This has implications both in terms of the line
shape of the optical response, and the sensitivity of the optical response to changes in the

surrounding refractive index.

The third section includes an investigation into metallic layers which have been perforated
with periodic arrangements of holes. These structures have attracted considerable attention
in recent years due to the enhanced transmission which is observed when the periodicity of
the hole array facilitates grating coupling to surface plasmon-polariton (SPP) modes
associated with the metal film. It is shown that these structures also support localised
resonances similar to those of metallic nanoparticles. A comparison is made between the
LSPRs observed in metallic nanoparticle and nanohole arrays for which the periodicity is
non-diffracting for frequencies in the vicinity of LSPRs. In the final part of the thesis the
role of LSPRs in facilitating a negative index of refraction in electromagnetic

metamaterials having a fishnet-type structure is investigated.
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Figure 2.1: The transmission and reflection of light in an arrangement formed from N
isotropic layers.

Figure 2.2: The simulated transmittance spectrum '° is shown for a multilayer structure
comprised of 2.5 periods of 38 nm Ag and 233 nm MgF,. The structure is illuminated at
normal incidence in air.

Figure 2.3 reproduced from reference 13: A Gaussian wave packet (TM polarisation) with
carrier wavelength 400 nm is incident at 45 degrees on an Ag-MgF, stack. The figure
shows several snapshots of magnetic field intensity. The centre of the output pulse is
shifted upwards by approximately 266 nm.

Figure 2.4 reproduced from reference 13: A TM-polarized beam or pulse is incident from
vacuum onto a metal layer at frequencies below the plasma frequency where the real part
of the dielectric constant is negative. The preservation of the continuity of the normal
component of the electric displacement vector (D) leads to a sign change in the E, field
component when the dielectric constants have opposite signs.

Figure 2.5: Experimental and simulated transmittance spectra for a structure consisting of
1.5 periods of 20 nm Ag/ 140 nm MgF; on a silica slide (n, = 1.46, n; = 0.00), illuminated
at normal incidence in air. The dashed line shows the simulated transmittance of a single
40 nm Ag film. Inset (a) shows a colour photograph of the structure viewed in
transmission when illuminated with a diffuse white light source (the image has been
normalised to the lamp spectrum), and inset (b) shows a schematic of the layering
arrangement.

Figure 2.6: The time-averaged electric field intensity is shown for a cross section taken
perpendicular to the 20 nm Ag / 140 nm MgF, / 20 nm Ag stack at an incident wavelength
of 560 nm.

Figure 2.7: Simulated and experimental transmittance spectra are shown for two 20 nm
Ag layers separated by 140, 180 and 200 nm of MgF,. The structure is on a silica slide (,
= 1.46, n; = 0.00) and is illuminated at normal incidence in air. The inset shows colour
photographs of the structures viewed in transmission when illuminated with a diffuse white
light source (normalised for the lamp spectrum).

Figure 2.8: Simulated transmittance and absorbance spectra for a structure consisting of
4.5 periods of 20 nm Ag / 110 nm MgF,, The structure is illuminated at normal incidence
and is surrounded by glass (r, = 1.52, n; = 0.00).

Figure 2.9: The time-averaged electric field magnitude is plotted for a cross section taken
perpendicular to the multilayer stack at the resonant wavelengths marked A-D in Figure
2.8.

Figure 2.10: Simulated transmission and absorbance spectrum of a structure consisting of
10.5 periods of 20 nm Ag/ 110 nm MgF,. The structure is illuminated at normal incidence
and is surrounded by glass n, = 1.52, n; = 0.00).
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Figure 2.11: The high frequency band edge of a multilayer structure formed from a
periodic arrangement of Ag and MgF, is solved numerically in terms of k.

Figure 2.12: The low frequency band edge of a multilayer structure formed from a
periodic arrangement of Ag and MgF, is solved numerically in terms of k.

Figure 2.13: A one-dimensional classical analogy of two weakly coupled oscillators.

Figure 2.14: Simulated transmittance (i), absorbance (ii) and reflectance (iii) spectra for 50
layers of Ag with thickness 5 nm (A), 25 layers of Ag with thickness 10 nm (B), 10 layers
of Ag with thickness 25 nm (C) and 5 layers of Ag with thickness 50 nm (D), each
separated by 110 nm of MgF,. The dashed line is the response of a single layer of 250 nm
Ag. The structure is illuminated at normal incidence and is surrounded by glass (n, = 1.52,
n; = 0.00).

Figure 2.15: A diagram showing the electric field distribution for a section (metal-air-
metal) of a multilayer structure at the low frequency band edge, where the metal layers
have thickness (a) 20 nm and (b) 10 nm.

Figure 2.16: Time-averaged electric field profiles at the high frequency band edge for the
multilayer structures in Figure 2.14 consisting of 5 nm (A), 10 nm (B), 25 nm (C) and 50
nm (D) thick Ag layers separated by 110 nm of MgF,. The structure is illuminated at
normal incidence and is surrounded by glass (n, = 1.52, n; = 0.00).

Figure 2.17: The simulated transmittance and reflectance spectra are shown for two layers
of 20 nm thick Ag (¢ = —10" + 10"i) separated by 10 mm of vacuum. The sample is
illuminated at normal incidence with frequencies ranging from 30 — 60 GHz (3.0 — 6.0 x
10" Hz).

Figure 2.18 reproduced from reference 29 (Butler et al.) : Experimental transmission
spectrum of a metamaterial comprising a stack of metallic grid and dielectric layers at
microwave frequencies with dielectric cavity thickness (#;) 6.35 mm and metal layer
thickness (#,) 18 pm. The inset shows the schematic of the structure and a plan view of the
hole geometry, with parameters A, = 5 mm, wp,, = 0.15 mm, w, = 4.85 mm.

Figure 2.19 reproduced from reference 29 (Butler et al.): Instantaneous electric-field
amplitude distributions as a function of distance perpendicular to the metallic grid-
dielectric stack at each of the resonant frequencies marked A-D in Figure 2.18. The
vertical dashed lines indicate the positions of the metallic grid layers.

Figure 3.1: The unit vectors of the spherical polar coordinate system are represented on
Cartesian axes.

Figure 3.2: The scalar spherical harmonics are shown for /=1 to 5 and m = 1 to / where 6
is varied from 0 to 90° and ¢ is varied from 0 to 360°. The colour scale represents the
magnitude of the product of the azimuthal and polar solutions to Equation 3.12, which
have been normalised to the same scale (-1 to +1).

Figure 3.3: Electric field patterns (viewed in cross section) showing the normal modes of
a sphere as proposed by Mie in 1908 .

Figure 3.4: The Whitney tetrahedron — an example of a vector finite element.
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Figure 3.5: The Cartesian grid configuration proposed by Yee in 1966.

Figure 3.6: The real and imaginary components of the permittivity are shown for Au for
wavelengths in the range 400 — 750 nm. Permittivity values were obtained from reference
data, published by Johnson & Christy 32

Figure 3.7: Oy, plotted as a function of frequency for an 80 nm diameter Au sphere in
vacuum, based upon simulated data obtained using Mie Theory (black), FDTD with an
element length of 3.00 nm (red), T-Matrix (green), FEM with an element length of 3.11
nm (blue) and DDA with an interdipole spacing of 3.00 nm(cyan) methods. For the Mie
Theory, T-Matrix, DDA and FEM simulation techniques the Au permittivity values were
obtained from Johnson & Christy *%. For the FDTD method a Drude model was used to

calculate permittivity values (w, = 1.3x10" s™" and y=5.0x10"s7").

Figure 3.8: Mie vs DDA: Q. simulated using Mie Theory for a 80 nm Au sphere in
vacuum is directly compared with that obtained using the DDA method. The coloured
data points show the effect of varying the inter-dipole spacing across a 2 nm to 5 nm range.
Inset — relative error is plotted as a function of wavelength for different mesh sizes.

Figure 3.9: Mie vs FEM: (. simulated using Mie Theory for a 80 nm Au sphere in
vacuum is directly compared with that obtained using a FEM approach. The coloured data
points show the effect of varying the mesh element length. Inset — relative error is plotted
as a function of wavelength for different mesh sizes.

Figure 3.10: Q. simulated using Mie Theory for a 80 nm diameter Au sphere in vacuum
is directly compared with that obtained using the FDTD method. A Drude model (w, =
1.3x10' s7' and y = 5.0x10" s7' ) is used to calculate Au permittivity values for both
models. The coloured data points show the effect of varying mesh element length. /Inser —
relative error is plotted as a function of wavelength for different mesh sizes.

Table 3.1: Comparison of computation time, advantages and disadvantages of five
commonly used computational techniques used to simulate light scattering from metallic
nanoparticle and nanohole structures. Computations were performed on a Dell Vostro 200
personal computer, having a dual-core processor (each with a clock speed of 2.19 GHz), 2
Gb of RAM and 250 Gb of available hard drive space).

Figure 4.1: The main stages of an electron beam lithography process used to fabricate Au
nanoparticles. The SEM image shows a single Au nanoparticle with diameter 90 nm and
height 20 nm.

Figure 4.2: Spin speed curves for A2 (2%), A4 (4%) and A7 (7%) concentrations of
PMMA dissolved in anisole.

Figure 4.3: Schematic representation of the material removal process. The inset shows
SEM images of a cylindrical hole with 90 nm diameter and 20 nm depth and a square
particle with 90 nm side length and 20 nm depth fabricated using FIB milling.

Figure 4.4: The real and imaginary components of the polarisability are plotted for a 60
nm diameter Ag sphere (left) in vacuum. This is compared against the scattering
efficiency (Qy.,) which has been simulated using Mie Theory (right).

Figure 4.5: Schematic of an ellipsoidal particle, showing the axes of symmetry and the
semi axis lengths a, b and c.
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Figure 4.6: Using Equation 4.31, the shape factor L, is plotted against the ratio of a : (b,c)
for an ellipsoid in which length a is fixed and lengths b,c are increased such that b = c.

Figure 4.7: The real and imaginary components of the polarisability are plotted as a
function of wavelength for the incident electric field polarised parallel to the long and short
axes of an Ag rod with dimensions 30 nm % 80 nm % 80 nm (left). A T-Matrix method has
been used to simulate the scattering efficiency of the rod illuminated with light polarised
along the long and short axes (right).

Figure 4.8: An SEM image showing an example of cylindrical Au nanoparticles
fabricated by EBL. These particles have height 35 nm and diameters ranging from 45 nm
to 160 nm. Note: On the sample the particles are separated by 2 um but the images have
been merged for visualisation.

Figure 4.9: Schematic illustrating the experimental configuration for dark-field
spectroscopy.

Figure 4.10: CCD image obtained from a dark field microscope used to observe scattering
from Au discs with height 35 nm and diameters ranging from 45 nm to 160 nm. The
image has been normalised to the lamp spectrum.

Figure 4.11: Dark field scattering spectra (a) of Au discs with height 35 nm and diameters
ranging from 45 to 160 nm are compared with simulated spectra (b) obtained using a T-
Matrix method. In (c) the resonant wavelengths and widths (d) from the experimental and
simulated scattering spectra are compared.

Figure 4.12: Desired scattering response of a nanoparticle which could be hosted within a
liquid crystal cell. In the diagram, & represents the illumination angle of the incident beam
which is polarized either parallel (E,) or perpendicular (Ey) to the plane of angular
variation and ¢ represents the scattering angle of the radiated field.

Figure 4.13: The scattering efficiency of an Ag disc with height 25 nm and diameter 80
nm has been simulated using a T-Matrix method for light incident at various illumination
angles @ ranging from 0 to 80 degrees. The incident beam is polarised parallel (a) and
perpendicular (b) to the plane of angular variation. In the lower graph (c) the magnitude
of the maxima from the scattering efficiency curves in (c) have been normalised to 1, and
are plotted against a cos” @ function.

Figure 4.14: The scattered electric field distribution from the Ag disc has been simulated
using a FEM technique and has been projected onto a spherical surface in the far field. A
polar plot of the radiated field in the upper half space is shown for a cross section through
the YZ plane. The electric field intensity has been plotted as a function of the scattering

angle ¢.

Figure 4.15: The instantaneous charge and field distributions are illustrated for two
metallic nanoparticles which interact through the overlap of their resonant electromagnetic
fields. Plasmon hybridisation can occur in particles separated by distances which are a few
10s of nm in vacuum, resulting in two coupled LSPRs associated with the anti-symmetric
(a) and symmetric (b) distribution of charge across the structure.

Figure 4.16: The scattering efficiency of a 200 nm diameter Ag sphere in vacuum has been
simulated using Mie Theory, with light incident at 45 degrees. A FEM technique has been

10
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used to simulate the time-averaged electric field distributions for a cross section taken
through the centre of the sphere at the resonant frequencies labelled A, B and C (intensity
scales are arbitrary). The incident electric field is polarised along the direction shown by
the arrow above the figures.

Figure 4.17: The scattered electric field distribution from a 200 nm diameter Ag sphere
has been simulated using a FEM technique at the resonant frequency corresponding to the
quadrupolar LSPR, and has been projected onto a spherical surface in the far field. A polar
plot of the radiated field is shown on a polar plot as a function of the scattering angle ¢ for
a cross section through the YZ plane.

Figure 4.18: The instantaneous field distribution is shown for a point dipole emitting a
spherical wave (a), two point dipoles separated by A/2 (along the y direction) emitting
spherical waves which are out of phase by & radians (b), and (c) the sum of (a) and (b).

Figure 4.19: A FEM technique is used to simulate the optical response of an Ag nanorod
in vacuum having dimensions length 80 nm, width 30 nm and height 25 nm respectively.
The rod is illuminated in the configuration shown in (a). The angle of incidence & is
varied from 0 to 90 degrees in 15 degree increments, and the scattering efficiency is plotted
as a function of wavelength in (b). In (c) the magnitude of the Oy, maxima at 575 nm are
plotted as a function of incident angle & and are shown against a normalised cos’6
function.

Figure 4.20: Diagram showing three identical metallic rods separated by 20 nm in a linear
chain, the resonant frequencies are shown below each rod. In the left of the figure, the
direction of the incident wave vector and the polarisation of the incident electric field are
shown.

Figure 4.21: Diagram showing three metallic rods separated by 20 nm in a linear
arrangement, the resonant frequencies are shown below each rod. The outer rods have
length L, and the centre rod has length L,. In the left of the figure, the direction of the
incident wave vector and the polarisation direction of the incident electric field are shown.

Figure 4.22: A FEM technique is used to simulate the optical response of three Ag
nanorods in vacuum. The central rod has length 60 nm, width 30 nm and height 25 nm.
The upper and lower rods have length 80 nm, width 30 nm and height 25 nm. The rods are
separated by 20 nm and are illuminated in the configuration shown in (a). The angle of
incidence € is varied from 0 to 90 degrees, and the scattering efficiency is plotted as a
function of wavelength in (b). In (c) the magnitude of the Qs maxima at 615 nm are
plotted as a function of incident angle and are shown against a normalised cos” 8 function.

Figure 4.23: The time-averaged electric field distribution is shown for a cross section
through the centre of the rods, which is shown for a plane lying perpendicular to the

incident wave vector.

Figure 4.24: Several cos” 8 functions are plotted as a function of &, where n is varied from
2.0 to 6.0 and @is varied from 0° to 90°.

Figure 4.25: The values of fat f{8) = 0.5 (a) and the gradient of f{6) at f{8) = 0.5 (b) are
plotted as function of n.
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Figure 4.26: In (a), the scattering efficiency of a single Ag rod (80 nm length, 30 nm
width, 25 nm height) is plotted as a function of incident angle € and wavelength. At each
wavelength, the angular response is fitted to a cos"6 function, and in (b) the fitted value of
n is plotted as a function of incident wavelength.

Figure 4.27: In (a), the scattering efficiency of an arrangement of three Ag rods (from
Figure 4.22) is plotted as a function of incident angle & and wavelength. At each
wavelength, the angular response is fitted to a cos”0 function, and in (b) the fitted value of
n is plotted as a function of incident wavelength. The dashed line represents the spectral
position of the single scattering efficiency maximum which is observed at normal
incidence.

Figure 4.28: The scattered electric field distribution for the arrangement of three Ag rods
in Figure 4.22 has been simulated using a FEM technique and has been projected onto a
spherical surface in the far field. A polar plot of the radiated field in the upper half space is
shown for a cross section through the YZ plane. The electric field intensity has been
plotted as a function the scattering angle ¢.

Table 4.1: A summary of the angular response characteristics evaluating the behaviour of
the scattering intensity as a function of the incident (#) and scattering angle ().

Figure 5.1: An individual dipole i is positioned within an infinite square array of identical
dipolesj. The local electric field at the origin is a sum of the incident electric field plus the
retarded fields from all other dipoles.

Figure 5.2: When using an FEM approach to simulate infinite arrays of particles, periodic
boundary conditions are imposed along x (i) and y (ii) directions.

Figure 5.3: The scattering of an incident plane wave by a small metallic nanoparticle.

Figure 5.4: The electric field distributions at the upper and lower boundaries of the unit
cell are used to determine the transmission and reflection coefficients of the structure.

Figure 5.5: A diagram of the experimental apparatus for characterising the optical
response of particle arrays using bright-field spectroscopy.

Figure 5.6: SEM images of sections of gold nanoparticle arrays with height 35 nm,
periodicity 300 nm and mean diameters ranging from 72 nm to 130 nm.

Figure 5.7: The experimental (i) and simulated (ii) extinction spectra are compared for
regular arrays of nanoparticles with 300 nm periodicity and particle diameters ranging
from 72 nm to 130 nm. The simulated and experimental resonant wavelengths (iii) and
widths (iv) are also compared. The discs are illuminated at normal incidence, and are
surrounded by a medium with refractive index n, = 1.52, n; = 0.00.

Figure 5.8: The simulated extinction cross section C,,, is shown in (a) for individual discs
having height 35 nm and diameters ranging from 72 to 130 nm. In (b), the resonant
wavelengths from the single particle simulations are plotted against those determined from
the experimental extinction spectra of the arrays. The discs are illuminated at normal
incidence, and the surrounding medium has refractive index n, = 1.52, n; = 0.00.
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Figure 5.9: In (a) the calculated values of di/dn from Equation 5.31 are shown for
incident wavelengths across the range 300 — 1000 nm, and 7., varying between 1.5 and
4.5. The dashed arrows represent the wavelengths at which the resonant condition in
Equation 5.28 is satisfied. In (b) and (c) the values of €,,,¢4; at the resonant condition and
the LSPR wavelength are plotted as a function of 7;,.,;. The scattering particle is an Au
sphere with dimensions << A, the permittivity values have been obtained using a lossless
Drude model (o, = 1.3x10'0 g7,

Figure 5.10: Simulated extinction spectra are shown for arrays of cylindrical Au
nanoparticles with height 35 nm, diameter 90 nm and periodicity 300 nm. The refractive
index of the glass (n, = 1.52, n; = 0.00) substrate is fixed whilst the refractive index of the
superstrate is varied from n, = 1.0 to 2.0.

Figure 5.11: The time-averaged electric field distribution is shown at the resonant
frequency for a cross section through the particle, taken perpendicular to the substrate. The
arrow above the field profile represents the direction of the incident electric field. The
arrow above the field profile represents the polarisation direction of the incident electric
field.

Figure 5.12: The simulated extinction spectra are shown for an array of Au cylinders with
35 nm height, 90 nm diameter and 300 nm periodicity embedded in a glass (n, = 1.52, n; =
0.00) substrate, with the superstrate refractive index being varied across the range n, = 1.0
to 2.0.

Figure 5.13: The simulated extinction spectra are shown for an array of Au cylinders with
35 nm height, 90 nm diameter and 300 nm periodicity raised on a glass (n, = 1.52, n; =
0.00) ‘plinth’ of thickness 20 nm, with the superstrate refractive index being varied across
the range n,= 1.0 to 2.0.

Figure 5.14: The simulated extinction spectra are shown for arrays of Au cylinders (90
nm diameter, 35 nm height) in which the periodicity of the arrays has been varied from 100
nm to 175 nm in increments of 25 nm. The arrays are illuminated at normal incidence in
air on a glass (n, = 1.52, n; = 0.00) substrate.

Figure 5.15: The time-averaged electric field distribution is shown for a cross section
taken parallel to the substrate at the resonant frequency for a periodicity of 100 nm. The
arrow above the field profile represents the polarisation of the incident electric field along
the line of the unit vector X.

Figure 5.16: Plan view of a 3 x 3 array of nanoparticles with radius » and periodicity d.
The red arrows represent the direction of the induced dipole moment across the particles,
whilst the blue arrows represent the direction of the induced dipole moment between
particles. In the left of the figure, the direction of the incident wave vector and the
polarisation of the incident electric field are shown.

Figure 5.17: The simulated extinction spectra are shown for arrays of Au cylinders (90
nm diameter, 35 nm height) in which the periodicity of the arrays has been varied from 200
nm to 400 nm in increments of 25 nm. The arrays are illuminated at normal incidence in
air on a glass (n, = 1.52, n; = 0.00) substrate.

Figure 5.18: Plan view of a 3 x 3 array of nanoparticles with radius » and periodicity d.
The red arrows represent the direction of the induced dipole moment across the particles,

13



List of figures and tables

whilst the blue arrows represent the direction of the radiated electric field. In the left of the
figure, the direction of the incident wave vector and the polarisation of the incident electric
field are shown.

Figure 5.19: Experimental extinction spectra published by Auguie et al. '® are shown for
square arrays of rectangular Au nanoparticles (35 nm height, 85 nm width, 123 nm length),
with periodicities ranging from 480 to 560 nm. The surrounding medium has refractive
index n,= 1.52, n; = 0.00. The incident electric field is polarised along the long axis of the
particles.

Figure 6.1: A metal film with thickness ¢ is perforated with a square array of cylindrical
holes having diameter a and square periodicity d. The diagrams show the structure as
viewed from above (left) and in cross section (right).

Figure 6.2: Schematic representations of the dispersion relations are shown for (a) an air -
Ag planar interface and (b) an air-Ag shallow monograting. The red lines represent the
SPP dispersion curves, and dashed black lines are the diffracted and non-diffracted light
lines. It is assumed that the dielectric function of the Ag may be described using a Drude
model.

Figure 6.3: The simulated zeroth-order transmittance spectrum is shown for a 200 nm
thick Ag film perforated with an array of cylindrical holes with diameter 150 nm and
periodicity 600 nm. The sample is illuminated at normal incidence in air, and is situated
on a glass (n, = 1.52, n; = 0.00) substrate.

Figure 6.4: The time-averaged electric field distribution is shown for the structure in
Figure 6.3. A cross section is taken parallel to the upper metal surface (a) and through the
centre if the structure (b). The sample is illuminated at normal incidence with an incident
wavelength of 700 nm.

Figure 6.5: The simulated zeroth-order transmittance spectrum is shown for a 200 nm
thick Ag film perforated with an array of cylindrical holes with diameter 150 nm and
periodicity 900 nm. The sample is illuminated at normal incidence in air, and is situated
on a glass (n, = 1.52, n; = 0.00) substrate.

Figure 6.6 reproduced from reference 11: The dark field scattering intensity is shown for
nanoholes with diameters ranging from 60 nm to 500 nm, fabricated from a 20 nm thick
Au film. The samples are fabricated on a glass (n, = 1.52, n; = 0.00) substrate and are
illuminated at normal incidence in air.

Figure 6.7: Experimental transmittance spectra are compared against simulated
transmittance and absorbance spectra obtained for 8§ pum square arrays of 90 nm diameter
holes in a (a) 20 nm thick Au film and (b) 90 nm diameter, 20 nm height cylindrical Au
particles with periodicity 200 nm, illuminated at normal incidence in air. The dashed gray
curve in both (a) and (b) shows the experimental transmittance spectrum obtained from a
20 nm Au film illuminated at normal incidence in air.

Figure 6.8: Field profiles are shown at the absorbance maximum of the hole and particle
array structures. The upper profiles show the instantaneous scattered electric field vector
for (a) the hole and (b) the particle arrays, taken at the same instant in phase for each
structure. The arrows above (a) and (b) indicate the vector of the incident electric field.
The centre plots show the time-averaged scattered electric field profiles for (c) the hole and
(d) the particle. In (e) and (f), a line plot has been taken through the centre of the
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structures along the dashed line shown in (c) and (d), and the time-averaged electric field
magnitude is shown as a function of position across the unit cell.

Figure 6.9: Comparison between experimental and simulated transmission spectra for 90
nm diameter hole ((a) and (c)) and particle ((b) and (d)) arrays with periodicity 200, 225
and 250 nm.

Figure 6.10: The experimental (left) and simulated (right) transmittance spectra are shown
for hole arrays with periodicity 250 nm and hole diameters ranging from 70 nm to 100 nm.
The arrays are on a glass (n, = 1.52, n; = 0.00) substrate, and are illuminated at normal
incidence in air. The dashed gray curves show the experimental and simulated data for a
planar Au film with thickness 20 nm.

Figure 6.11: The simulated transmittance spectra are shown for hole arrays with
periodicity 200 nm. The solid black line represents the simulated transmittance for arrays
of 70 nm diameter cylindrical holes. The dashed and dash-dot lines represent the
simulated transmittance of rectangular holes with dimensions 45 nm X 90 nm illuminated
with light having the electric field polarised along the long (dashed) and short (dash-dot)
axes. The arrays are on a glass substrate (n, = 1.52, n; = 0.00), and are illuminated at
normal incidence in air.

Figure 7.1: Simulated transmittance (T) and absorbance (A) spectra at normal incidence
for a planar Ag layer (20 nm thickness) perforated with an infinite square array of 60 nm
diameter cylindrical holes with periodicity 150 nm (shown in the inset). The surrounding
medium has refractive index (n, = 1.52, n; = 0.00).

Figure 7.2: Simulated transmittance (T) and absorbance (A) spectrum at normal incidence
for a single Ag layer (20 nm thickness) and a multi-layer structure consisting of 5 layers of
20 nm Ag separated by 110 nm (A). The surrounding medium has refractive index n, =
1.52, n; = 0.00. The grey line illustrates the resonant frequency for a single layer of 20 nm
Ag perforated with holes having diameter 60 nm and periodicity 150 nm. The inset figures
(B-E) show the time-averaged electric field magnitude at the resonant frequencies of the
FP modes for a cross section taken perpendicular to the stack.

Figure 7.3: Simulated transmittance (T) and absorbance (A) spectra for a planar structure
consisting of 5 layers of Ag with thickness 20 nm separated by 110 nm, perforated with an
infinite square array of cylindrical holes with 60 nm diameter and 150 nm periodicity. The
surrounding medium has refractive index n, = 1.52, n; = 0.00. The solid line corresponds
to illumination at normal incidence, the dashed and dotted lines correspond to illumination
with TE polarized light at angles 23.5° (sin € = 0.4) and 36.9° (sin 8 = 0.6) respectively.
The grey line at 545 THz represents the resonant frequency for a single layer of Ag
perforated with an identical array of holes (Figure 7.1).

Figure 7.4: Contour plot showing the magnitude of the simulated absorbance as a function
of frequency and sin 6 (where @ is the incident angle) for TE polarized light illuminating
the structure in Figure 7.3.

Figure 7.5: The magnitude of the simulated absorbance is plotted as a function of
frequency and spacing between two non-perforated (top) and perforated (bottom) Ag
layers with thickness 20 nm. The perforated structure consists of an infinite square array
of cylindrical holes with diameter 60 nm and periodicity 150 nm. The results are for
normal incidence, with surrounding medium #n, = 1.52, n;, = 0.00. The dashed line
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represents the separation of the metal layers in the structures described in Figures 7.2 and
7.3.

Figure 7.6: The simulated transmittance is shown for a structure comprised of 6.5 periods
of 20 nm Ag/ 120 nm glass (n; = 1.52, n; = 0.00), perforated with an infinite square array
of cylindrical holes having periodicity 300 nm and diameters ranging from (a) 20 nm to
100 nm and (b) 20 nm to 45 nm. The structure is illuminated at normal incidence in a glass
surrounding medium.

Figure 7.7: (a) The simulated transmittance is shown for a structure comprised of 6.5
periods of 20 nm Ag / 120 nm glass, perforated with an array of cylindrical holes having
periodicity 200 nm and diameters ranging from 60 nm to 100 nm. The permittivity of the
metal is assumed to be ¢ = —-32 + 1.8i across all wavelengths. (b) The simulated
transmittance (T) and absorbance (A) is shown for 60 nm diameter holes. The structures
are illuminated at normal incidence in a glass surrounding medium.

Figure 7.8: The simulated transmittance is shown for a 12.5 period structure of 20 nm Ag
/ 120 nm glass, perforated with an array of square cylindrical holes having periodicity 300
nm and diameters ranging from 40 nm to 100 nm. The structure is illuminated at normal
incidence in a glass surrounding medium (n, = 1.52, n; = 0.00).

Figure 7.9: The simulated transmittance (T) and absorbance (A) spectra are shown for (a)
a single layer of Ag with thickness 20 nm, perforated with an infinite square array of
cylindrical holes with periodicity 225 nm and diameter 90 nm, (b) a multilayer structure
comprised of 4.5 periods of planar 20 nm Ag / 140 nm glass layers. The structures are
illuminated at normal incidence in a glass surrounding medium.

Figure 7.10: Simulated transmittance (T) and absorbance (A) spectrum at normal
incidence for a planar structure consisting of 5 layers of Ag with thickness 20 nm separated
by 140 nm, perforated with an infinite square array of cylindrical holes with 90 nm
diameter and 225 nm periodicity. The structure is illuminated at normal incidence in a
glass surrounding medium.

Figure 8.1: A conventional lens having a positive index of refraction (n;) is used to form
an image of a point source. The arrows represent ‘ray’ directions.

Figure 8.2: The use of a planar isotropic slab having n; = —1 + 0i and thickness d for the
imaging of a point source. The arrows represent ‘ray’ directions.

Figure 8.3 reproduced from 9: The experimental sample used by Shelby et al. consisted of
copper split ring resonators and copper wire strips on circuit board material. The rings and
wires are positioned on opposite sides of the board.

Figure 8.4: The magnetic response of a continuous metallic ring (CMR).

Figure 8.5: Split ring resonators exhibit an LC resonance which is associated with the
effective capacitance of the dielectric gap and the effective inductance of the loop which

defines the ring.

Figure 8.6: An example of a circular pair of split ring resonators (SRRs), with illustrated
dimensions corresponding to those in Equation 8.11.
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Figure 8.7 reproduced from reference 4. Diagram of a 21 layer fishnet structure formed
from layers of Ag with thickness 30 nm and MgF, with thickness 50 nm. The structure
has been milled to produce a square array of rectangular holes with dimensions 565 nm X
265 nm, and periodicity 860 nm (a). Simulated and experimental index of refraction data
obtained for the ‘fishnet’ structure shown in (b).

Figure 8.8: The structural dimensions of a single layer of the fishnet structure which was
analysed by Soukoulis et al. '° is shown (a), this layer stacked to form periodic structure
where the layers are separated by ¢ (b). Assuming the incident electric field is polarized in
the direction shown, the equivalent electrical circuit model for this arrangement may be
simplified to that shown in (c).

Figure 8.9: An illustration of the surface currents which are formed in the slab and neck
regions of the fishnet structure in the uppermost layer of the fishnet structure at the
frequency of the magnetic resonance w,. In a metamaterial, the directions of the surface
currents in adjacent layers are aligned anti-parallel.

Figure 8.10: The real (hollow circles) and imaginary (solid circles) components of the
effective refractive index obtained using Equation 8.19 are shown for three homogeneous

layers with parameters (a) e =3, u=2(b)e=-3,u=2and (c) e=-3 u=-2.

Figure 8.11: The real (hollow circles) and imaginary (solid circles) components of the
effective refractive index obtained using Equation 8.20 are shown for three homogeneous
layers with parameters (a) e =3, u=2 (b)e=-3,u=2and (c) e=-3 u=-2.

Figure 8.12: The extraction procedure described in section 8.2 was used to determine the
effective refractive index from the simulated transmission and reflection coefficients
obtained from finite element simulations (a). This is compared with the published data of
Zhang et al. * (b).

Figure 8.13: The time-averaged electric field distribution is shown at the resonant
frequency for a single metallic layer of the fishnet structure in Figure 8.7. The arrows
above and alongside the field distributions indicate the polarisation direction of the
incident electric field.

Figure 8.14: Simulated transmittance (i) and absorbance (ii) spectra are shown for an
infinite array of 90 nm diameter holes in a 20 nm thick Ag film with periodicity 225 nm
(A), an infinite array of 90 nm diameter, 20 nm height cylindrical Ag particles with
periodicity 225 nm (B) and a 20 nm thick continuous Ag film (C). In all simulations the
structures were illuminated at normal incidence in vacuum. The inset of (ii) shows the
instantaneous scattered electric field vector across the unit cell of the hole and particle
array structures. Both profiles are shown at the same instant in phase for radiation incident
with frequency 6.25x10" Hz (Avac = 480 nm). The arrows above the field distributions
indicate the direction of the incident field vector.

Figure 8.15: The simulated absorbance is plotted as a function of frequency and spacing
between two layers of hole (i) and particle (ii) arrays. In both structures the Ag layer
thickness is 20 nm, and the cylindrical holes/particles with diameter 90 nm are arranged
into regular square arrays with periodicity 225 nm. For 20 nm layer spacing (shown by the
dashed line) the absorbance of each arrangement is plotted as a function of frequency as an
inset figure. In (a-d), the instantaneous scattered electric field vector has been plotted for a
cross section perpendicular to the stack at the resonant frequencies labelled A-D in the
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greyscales (i) and (ii). The arrows above the field profiles indicate the direction of the
incident electric field vector.

Figure 8.16: The instantaneous charge and field distributions are illustrated for two
metallic nanoparticles which interact through the overlap of their resonant electromagnetic
fields. Plasmon hybridisation can occur in particles separated by distances which are a few
10s of nm in vacuum, resulting in two coupled LSPRs associated with the anti-symmetric
(a) and symmetric (b) distribution of charge across the structure.

Figure 8.17: The effective refractive indices are shown as a function of frequency for the
five layer stacked hole array (i) and particle array (ii) structures. In the inset, the real and
imaginary parts of the effective permittivity ¢ and permeability x are shown for the stacked
hole array (a,b) and particle array (c,d) structures. The dashed vertical lines in plots (i) and
(i1) represent the resonant frequencies of the symmetric (dashed vertical black line) and
anti-symmetric (dashed vertical gray line) coupled LSPRs for the equivalent two layer
structure studied in Figure 8.15.

Figure A.1: An incident wave k; strikes a planar interface between two media with
different dielectric properties, giving rise to a reflected wave k;, and a refracted wave k;.

Figure A.2: Reflection and refraction of an incident plane wave which is polarised
perpendicular to the plane of incidence.

Figure A.3: Reflection and refraction of an incident plane wave which is polarised
parallel to the plane of incidence.

Figure A.4: The transmission and reflection of light in an arrangement formed from N
isotropic layers.

Figure D.1: Labelled photographs of the external connections of the thermal evaporation
system are shown (a) and (b). Other types of evaporation chambers may be formed using
glass bell-jars (c).

Figure D.2: Labelled photographs of the internal connections of the thermal evaporation
system.

Figure D.3: Photographs of two samples (20 nm Ag — 120 nm SiOx — 20 nm Ag) viewed
in reflection at normal incidence are shown. In (a) the vector from the source to the
substrate is parallel to the surface normal of the substrate. In (b), the sample has been
aligned at an angle of 60° and is rotated at 120 revolutions per minute.
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Chapter 1

Introduction

1.1 Aim of research

The primary aim of the work in this thesis is to investigate the optical response of
arrangements of metallic nanoparticles, with a view to controlling the intensity,
wavelength and angular dependence of the scattered radiation. The knowledge which is
gained from these studies has particular relevance in the development of future electronic
displays, such as those which are manufactured by Hewlett Packard corporation. Liquid
crystal based devices are often the preferred choice for display applications as opposed to
other types of displays such as Plasma Display Panel (PDP) or Organic Light Emitting
Diode (OLED) technology. A particular disadvantage with PDPs is that they are
significantly heavier than other display types due to the rigid glass panels which enclose
the noble gas mixtures. Similarly, the lifetime of the organic materials within OLED
devices may be quite short, and the intensity of the emitted radiation decreases

significantly as a function of operation time.

It is well known that the optical response of liquid crystal display (LCD) devices can be
readily switched using an applied electric field. The majority of devices, however, operate
by modulating the transmitted light from an illumination source located behind the cell.
This can make viewing difficult when the device is illuminated from the front by strong
ambient light, such as in bright sunlight. One possible solution is to consider hosting
metallic nanoparticles within a liquid crystal cell, such that the device operates solely by
scattering ambient light. For such a solution to be feasible, the nanoparticles must exhibit
two contrasting regimes of strong and weak scattering, which are dependent on the
illumination angle of the incident radiation. It is known that the scattering and absorption
response of small metal nanoparticles (for example rods with dimensions << 1) follow a
cos’0 dependence with respect to the incident angle, 8, of the illuminating radiation. The
initial stages of this project were concerned with investigating a variety of particle
configurations which may offer an improved angular response in comparison to that of
small metallic nanorods. Previous work by Grigorenko ' suggested that one possible route

was to use pairs of metallic nanorods separated by a few tens of nm. At a similar time,
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1

Giessen * had also made similar observations to those of Grigorenko ' using stacked

arrangements of small metallic discs.

Whilst we used numerical simulations to investigate optimising the optical response of
particle structures which satisfied the relevant criteria, experimental work assessed
possible routes towards fabricating these structures. One such route is to use Electron
Beam Lithography (EBL) to selectively induce chemical changes in a layer of resist, which
can subsequently be used as a template for the deposition of metal/dielectric layers by
thermal evaporation. Following a lift-off procedure the remaining structure should consist
of stacked layers within the exposed regions. An alternative route is to first deposit the
metal/dielectric layers and then use Focused Ion Beam (FIB) milling to produce the
stacked particles. The deposition of planar multilayer structures was achieved with
considerable success, and Chapter 2 contains several examples of experimental structures
which have been characterised. However it became evident that FIB milling was not
appropriate for producing the particles, since the high degree of surface roughness
associated with the multilayer structures led to strong scattering of the ion beam and non-
uniform milling across the surface. At this point it could be concluded that EBL was more
appropriate for this purpose, and examples of work using this technique are shown in

Chapters 4 and 5.

Although FIB milling was deemed inappropriate for the fabrication of nanoparticle
structures, the results obtained from milling of individual metallic layers were found to be
of significant interest. In samples of optically thin metal films which were perforated with
periodic arrays of subwavelength holes, we observed resonant features which had not been
identified elsewhere. It is this topic to which the remainder of the thesis is dedicated.
These resonant features are shown to exhibit a high degree of spectral tunability as a
function of hole size and array geometry, something which was very relevant to the
original optical criteria. ~ From further numerical simulations and experimental studies it
was established that the resonant modes were localised surface plasmon resonances
(LSPRs) induced in the vicinity of the nanometric holes. Furthermore, it was also shown
that these modes were strongly coupled through interactions with the surface plasmon-
polariton (SPP) modes associated with the metal film. Although a hole array was not the
structure perhaps first envisaged at the outset for meeting the desired optical criteria, it was
nevertheless important to understand the observed results whilst continuing to pursue other

candidate structures.
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1.2 Outline of Thesis

The structure of the thesis can be divided into three main sections. The first section
(Chapter 2) contains an investigation into the optical response of planar multilayer
structures comprised of continuous metal and dielectric layers. The second (Chapters 3-5)
and third (Chapters 6-8) include a discussion of structures in which the metallic elements
are non-continuous. The optical response of metallic nanoparticle structures has been
investigated, in addition to considering the modification of the single particle LSPR when
particles are arranged into periodic arrays. The third section includes a discussion of the
optical characteristics of metallic layers have been perforated with holes, and the
interactions which may arise when two or more hole- and particle-array layers are stacked

to form a metamaterial. A brief outline of the contents of each chapter is now given.

In Chapter 2 the optical response of multilayer structures comprised of planar metal and
dielectric layers is considered. An investigation is conducted into the dependence of the
spectral position and width of the transmission pass band on parameters such as
metal/dielectric layer thickness and the number of periods. Some of the applications which
have utilized multilayer structures, both at visible and non-visible frequencies are

discussed.

In Chapter 3 there is an investigation into a number of modelling techniques used to
simulate the scattering of electromagnetic radiation from metallic nanoparticle and
nanohole structures. These techniques include Mie Theory, T-Matrix, DDA, FDTD and
FEM. An introduction is given to the basic underlying theory of each method, along with
simulation results obtained for an 80 nm diameter Au sphere in vacuum. The suitability of
each technique is considered in terms of its accuracy, computation time and range of

geometries to which each method can be applied.

In Chapter 4 the fabrication techniques used to produce single metallic particles such as
FIB milling or EBL are described. The excitation conditions for the nanoparticle LSPR are
investigated in detail; with particular attention given to the effects of particle size,
geometry and aspect ratio on the LSPR frequency. There is also an overview of the dark-
field spectroscopy characterization technique, and experimental scattering spectra are

compared with simulated data obtained using FEM and T-Matrix techniques.
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In Chapter 5, the electromagnetic response of regular arrays of particles is derived through
a modification of the single particle response. This is subsequently used to determine the
extinction of the array structures. Experimental extinction spectra obtained from structures
fabricated by EBL are compared with simulated data. The sensitivity of the optical
response to changes in particle size and the surrounding refractive index is explored, and

the regimes of particle interactions are studied in closer detail.

In Chapter 6 the electromagnetic properties of arrays of holes with subwavelength
periodicity are considered. There is a comparison between the coupling of nanoholes and
nanoparticles in periodic arrays. For the range of periodicities studied in this chapter (200
— 250 nm), it is shown that the optical response associated with the nanohole arrays is
strongly dependent on the array period, an effect which is attributed to strong LSPR
coupling mediated by SPPs associated with the metal film. It is also shown that for the
complementary nanoparticle arrays, a minimal shift is observed since SPPs are not

supported by this structure.

In Chapter 7 the response of multilayer structures (c.f. Chapter 2) which have been
perforated with periodic arrays of holes (c.f. Chapter 6) are considered. It is shown that the
optical response exhibits a stop-band in transmission across a wide range of visible
frequencies. Further simulations show that the stop-band originates through strong
interactions between hole LSPR and Fabry-Perot (FP) resonant modes. The dependence of
the spectral position and width of the stop-band is investigated with respect to the cavity

spacing and array periodicity.

Chapter 8 presents an investigation into the optical response of metamaterial structures
comprised of stacked hole or particle arrays. An alternative explanation to the commonly
used electrical circuit formalism is proposed when characterising the response of negative
index metamaterials in terms of the hybridization of LSPRs within a multilayer structure.
The origin of coupled LSPRs in stacked hole and particle structures is identified, with the
anti-symmetric coupled LSPR of both structures being shown to give rise to effective
magnetic resonances. For the stacked hole structure, the overlap of the magnetic response
with a negative effective permittivity at low frequencies is also shown to facilitate a

negative index of refraction.
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In Chapter 9 the general conclusions from the thesis are made, and ideas for future studies

are suggested.
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Chapter 2

The optical response of continuous metal-dielectric multilayer structures

exhibiting Fabry-Perot transmission resonances

2.1 Introduction

The etalon first proposed by C. Fabry and A. Perot in 1899 ', is well established as an
optical transmission resonator. It consists of two parallel and partially reflecting planes
separated by a fixed distance, with resonantly enhanced transmission occurring when the
wavelength is approximately a half integer multiple of the cavity spacing, it has been
utilised in applications ranging from cavity QED ? to the detection of gravity waves °.
Historically the Fabry-Perot (FP) resonator consists of only two partially reflective
separated planes, however periodic multi-layer arrangements consisting of quarter-
wavelength thick dielectric slabs of contrasting refractive indices also demonstrate similar
resonant transmission features *. The optical response of such a structure exhibits high
transmissivity in the pass-bands which are accompanied by stop-bands in reflectivity. The
spectral shape of the reflectance / transmittance is governed by the number of periods
within the structure, and pass-bands across a narrower frequency range can be achieved by
placing two or more of these cavities together to form a series of coupled resonators °.
With advances in fabrication technology the possibility of investigating more elaborate
multilayer structures arose, such as those incorporating metallic layers or containing a high
number of periods. In 1939, W. Geffcken ® fabricated metallo-dielectric thin-film stacks,
and observed transmission resonances which were significantly narrower in spectral width
than those previously studied in all-dielectric structures, a result of the high reflectivity of
the metal layers. Recently, in a structure consisting of multiple periods of metal and
dielectric layers ™8 it was demonstrated that the resonant transmission may be several
orders of magnitude greater than that of a single metal film of the equivalent thickness.
Metallo-dielectric structures have been studied extensively in recent years for a number of

. . . . . . 9-12 . . 13.14
uses, including non-linear optical applications ~ - and negative refraction .

This chapter starts with a short review section of some of the applications in which
multilayer structures find applications such as optical filters or negative refraction. Results
of an experimental investigation are then presented for single cavity structures formed

from two optically thin Ag layers which enclose a single dielectric layer of MgF,.
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Structures which comprise multiple cavities are then explored, including the dependence of
the spectral position and width of the transmission pass-band on parameters such as
metal/dielectric layer thicknesses and the number of periods. At the end of this chapter, it
is shown that transmission pass-bands may also be observed in the microwave regime
using an equivalent multilayer structure formed using metamaterial elements to replace the

metal layers.

Experimental structures studied in this chapter were fabricated using a thermal evaporation
technique under vacuum to deposit Ag and MgF, layers at a pressure of 1x10™° mbar and a
rate of 5 A s™'. More information about the thermal evaporation fabrication technique can
be found in Appendix D of the thesis. Simulated data for multilayer structures was
obtained using a recursive Fresnel approach (Appendix A) to determine the complex

transmission and reflection coefficients of the structures.

2.2 Simulating the optical response of metal-dielectric multilayer structures
It can be shown (in Appendix A) that the amplitude transmission and reflection
coefficients of an isotropic planar film having thickness / are given by Equations 2.1 and

2.2.

_ Toit g exp(2iky!l) 2.1
1 + ry112 exp(2ik, 1)

_ tortip exp(ikeD) 2.2
1+ 11112 exp(2ik, 1)

Here k. represents the wavevector of radiation within the film and r; and #; are the
reflection and transmission amplitude coefficients at the interface between i" and j’h media.
A derivation of these coefficients can be found in Appendix A. In order to simulate the
optical response of N layers (illustrated in Figure 2.1), the reflection or transmission
coefficients of the entire arrangement are found by recursively applying the formula for the
preceding layer. For example, the reflection coefficient associated with the termination
layer is first determined using Equation 2.2. This is then substituted in place of r;, when
calculating the reflection coefficient of the (N-I/ )b layer etc. Eventually the system is
reduced to the problem of a single layer, in which the value of the reflection coefficient

which is substituted in place of r;, effectively accounts for the reflection from all previous
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layers. Simulated data which is presented in this chapter has been calculated using this

recursive technique.

Incident medium h § Exit medium
A, /L* ] —

Figure 2.1: The transmission and reflection of light in an arrangement formed from N

isotropic layers.

2.3 A review of previous studies involving multilayer structures
In this section there will be a short review of previous studies which have utilised
multilayer structures for applications including electromagnetic shielding and negative

refraction.

Transmission band properties of Ag-MgF, multilayer structures:

It has been shown by Scalora et al. ’ that the transmission band properties of an all-
dielectric multilayer structure can be significantly modified by replacing one of the
dielectric materials with a metal (such as Ag, Au etc.). In a metal-dielectric arrangement,
there is the possibility for visible radiation to resonantly tunnel through the structure with
minimal absorption. To demonstrate, in reference 10 a multi layered structure consisting
of 2.5 periods of 38 nm Ag / 233 nm MgF, was considered. The simulated transmission
data from the paper is shown in Figure 2.2, whereby the transmittance magnitude within
the pass band regions is significantly larger than a single metal film of the equivalent

thickness.
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Figure 2.2: The simulated transmittance spectrum '° is shown for a multilayer structure
comprised of 2.5 periods of 38 nm Ag and 233 nm MgF,. The structure is illuminated at

normal incidence in air.

A publication by the same authors * also demonstrates some of the advantages of these
structures in the microwave regime. Here, simulations of metal-dielectric structures
identify a transmission pass band at visible frequencies, a band gap at ultraviolet
frequencies, and an almost complete stop-band across infrared, microwave and radio
frequencies. The transmission band within the visible region may be suitably optimised to
cover the entire visible frequency range by adjusting the thickness of the Ag and MgF,
layers. This has a number of benefits for electromagnetic shielding applications, such as

transparent coatings for aircraft windscreens.

Effective permittivity, permeability and negative refraction:

The electric susceptibility y. of a material relates the bulk polarization per unit volume P to
the applied electric field E, as shown in Equation 2.3. Here ¢y represents the permittivity
of free space. The electric susceptibility may be used to define the relative permittivity of

the medium (Equation 2.4).

P =¢yx.E 2.3
e=¢y(1+xe) 24

Similarly, for non-ferromagnetic materials the magnetic susceptibility y, of a material
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relates the bulk magnetisation per unit volume M to the applied magnetic field B, as shown
in Equation 2.5. The magnetic susceptibility may be used to define the relative

permeability of the medium (Equation 2.6). Here y represents the permeability of free

space.
M =y, H 2.5
B=to(1+ Xm) 2.6

Pendry ' first proposed that a flat slab of isotropic material having relative &,u = —1 could
be used to form a perfect lens, focusing both the near-field and far-field components of a
point source. In principle a lens which focuses both the near-field and far-field
components would allow for detail to be resolved below the Rayleigh limit (approximately
0.6 ). Veselago '® had introduced the term "negative index" to describe such materials
having both a negative electric permittivity and a negative magnetic permeability. There
are no materials in nature which exhibit these properties, however in recent years a new
generation of artificially engineered "metamaterials" have evolved 1719 These materials
are comprised of sub-wavelength elements (such as wires or loops) that exhibit a strong
electric and/or magnetic response on resonance. A metamaterial layer containing a regular
arrangement of these sub-wavelength elements behaves as a homogeneous medium with
both effective electric permittivity and effective magnetic permeability. An extensive
discussion of metamaterial structures which are formed from metallic wires and split rings

can be found in Chapter 8.

Pendry considered decoupling the electric and magnetic effects associated with the perfect
lens, and showed that for TM polarized radiation a negative permittivity is required, i.e.
only the case of ¢ = —1 needs to be satisfied. This might in principle enable a thin metal

film to act as a perfect lens for TM polarised light '*'>2°21,

The image is formed by
negative refraction occurring inside the metal. If the metal is sufficiently thick, and the
object sufficiently close (a few tens of nm from the metal surface), incident light may form
a first focus inside the metal layer and a second focus outside it, where the object is imaged
with features below the diffraction limit. However, in general metals at visible frequencies
are highly opaque, making them less desirable for superlensing applications. For example,

a 40 nm Ag film will transmit approximately 15% of incident visible light.
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One alternative approach towards achieving negative refraction is to consider using
multilayer metal-dielectric stacks, since it has been shown that these structures exhibit high
transmissivity in the pass band regions. The idea of using multilayers for negative

1 ) and demonstrated experimentally by

refraction was first proposed by Scalora et a
Zhang et al 2 To illustrate negative refraction through a transparent metal lens, Scalora et
al. simulated the propagation, and subsequent image formation, of sub-picosecond pulses
through an Ag/MgF, stack "°. Figure 2.3 shows simulation ‘snapshots’ of an optical pulse
as it passes through an Ag-MgF, multilayer stack. The central region of the wave packet
appears to be displaced along the positive transverse direction. This shift can only be

understood in terms of the negative refraction of the Poynting vector.
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Figure 2.3 reproduced from reference 13: A Gaussian wave packet (TM polarisation) with
carrier wavelength 400 nm is incident at 45 degrees on an Ag-MgF, stack. The figure
shows several snapshots of magnetic field intensity. The centre of the output pulse is

shifted upwards by approximately 266 nm.

When visible radiation which is polarized in a transverse magnetic (TM) configuration is
obliquely incident on a metal surface or layer, refraction of the Poynting vector occurs with
a negative angle inside the metal layer. Here, the continuity of the normal component of
the electric displacement vector (D) at the interface between two media with dielectric

constants of opposite sign leads to a sign change in the normal component of the electric

29



Chapter 2 - The optical response of metal-dielectric multilayer structures exhibiting Fabry-Perot transmission resonances

field vector. The tangential component of the electric field vector, however, is continuous
across the interface. The Poynting vector at the interface between the two media is
refracted with a negative angle, as illustrated in Figure 2.4. As has been previously
demonstrated, an Ag-MgF, multilayer structure exhibits strong resonant transmission
features, with minimal reflection or absorption. Even in structures with a high number of
periods, these structures exhibit a highly efficient negative refraction process. Numerical

simulations have demonstrated negative angles of refraction which approach 45 degrees .

Vacuum Metal

Figure 2.4 reproduced from reference 13: A TM-polarized beam or pulse is incident from
vacuum onto a metal layer at frequencies below the plasma frequency where the real part
of the dielectric constant is negative. The preservation of the continuity of the normal
component of the electric displacement vector (D) leads to a sign change in the E, field

component when the dielectric constants have opposite signs.

2.4  Experimental studies of single cavity structures (Ag-MgF,-Ag)

In this section the optical constants of the superstrate and substrate media, and those of the
metal and dielectric layers will be referred to in terms of their complex refractive index (#,
+ in;). The optical response of a single MgF; cavity with thickness 140 nm bounded by Ag
layers of thickness 20 nm is now discussed. The structure was fabricated on a silica slide
(n, = 1.46, n; = 0.00), and is illuminated at normal incidence in air (n, = 1.00, n; = 0.00).
The optical constants for Ag and MgF, used in the simulation were obtained from

26 . . . ..
reference sources “. Figure 2.5 shows the experimental and simulated transmission
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spectra obtained for this structure, and the inset schematic shows the layering arrangement

in more detail.
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Figure 2.5: Experimental and simulated transmittance spectra for a structure consisting of
1.5 periods of 20 nm Ag / 140 nm MgF; on a silica slide (n, = 1.46, n; = 0.00), illuminated
at normal incidence in air. The dashed line shows the simulated transmittance of a single
40 nm Ag film. Inset (a) shows a colour photograph of the structure viewed in
transmission when illuminated with a diffuse white light source (the image has been
normalised to the lamp spectrum), and inset (b) shows a schematic of the layering

arrangement.

The experimental and simulated transmission spectra for the multilayer structure in Figure
2.6 exhibit distinct maxima at 320 nm and 560 nm. The transmission maxima at 560 nm
are attributed to the excitation of standing waves within the dielectric cavity. The Maxwell
equations impose the requirement that the tangential E field and its derivative with respect
to x must be continuous at the Ag-MgF, interface. The implications of these conditions at
this interface are that the fields within the cavity (which are of sine or cosine functional
form) are matched to the evanescent fields inside the metal layers. In Figure 2.6, the time-
averaged electric field intensity is shown for a cross section taken perpendicular to the
stack at an incident wavelength of 560 nm. This shows the characteristic electric field
enhancement that occurs within the dielectric cavity at the resonant frequency, similar to
that first observed in the etalon by Fabry and Perot in 1899 '. One notable observation that
can be made is that the magnitude of the transmittance through the cavity structure is
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approximately 6 times greater than that of the single 40 nm Ag layer (shown by the dashed
line in Figure 2.5). The feature at 320 nm is not related to the cavity response, it is also
seen in the dashed curve representing the transmission through a single film comprised of
the equivalent thickness of Ag (i.e. 40 nm). In this region of the spectrum the dielectric
function of Ag shows a significant reduction in & (which approaches 0), whilst &,
approaches —1.  Using the Fresnel equations at a planar interface between two isotropic
media, if the incident medium is air it can be shown that T = 1.0 as the permittivity values

of the second medium, ¢; 2 0, & = —1 respectively.
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Figure 2.6: The time-averaged electric field intensity is shown for a cross section taken
perpendicular to the 20 nm Ag / 140 nm MgF, / 20 nm Ag stack at an incident wavelength
of 560 nm.

Equations 2.7 and 2.8 can be used to determine the resonant wavelength / frequency for the
ideal case of quantised standing wave modes between two perfectly reflecting surfaces. In
these equations, n, is the real component of the refractive index of the medium within the
cavity, L is the cavity length in metres, c¢ is the speed of light in the medium and N is the

N order resonant mode.

_n,L 2.7
NTON
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_ N 2.8
~2n,L

fn

It should be noted that in the ideal limit of perfectly conducting films the electromagnetic
fields are completely reflected and cannot penetrate the cavity, rendering coupling to the
cavity mode impossible. However using Equations 2.7 and 2.8 to consider this
hypothetical, ideal scenario predicts a lowest order resonant wavelength of 400 nm. The
field distributions in Figure 2.6 clearly show that the resonant mode supported by the
cavity is first-order in nature, with penetration of the fields into the bounding Ag layers,
due to their finite conductivity. This increases the effective wavelength of the resonant
modes which are centred within the dielectric cavity. Thus the resonant wavelength of 560
nm observed in the simulated and experimental data is somewhat larger than predicted by
the ideal scenario (400 nm). This will be discussed in more detail below when focusing on
multiple cavity structures. Equations 2.7 and 2.8 also show that the resonant wavelengths
associated with the Fabry-Perot modes can be tuned by varying the thickness or refractive
index of the dielectric cavity. In Figure 2.7 the simulated and experimental transmittance
spectra are plotted for two 20 nm Ag layers separated by 140, 180 and 200 nm of MgF,.
The respective transmittance maxima are observed at incident wavelengths of
approximately 560, 660 and 720 nm. As the thickness of MgF, is increased, a slight
variation is observed in the magnitudes and widths of the Fabry-Perot transmission
resonances. This discrepancy arises due to variations in the surface roughness of the MgF,
and upper Ag layers. In metals, the effects of surface roughness can modify the scattering
rate of the conduction electrons, changing the dielectric constants of the material. The
degree of surface roughness (and therefore the dielectric properties) of thermally
evaporated materials are particularly sensitive to the pressure within the vacuum chamber,
and the rate at which the material is deposited. Whilst considerable effort is made to
ensure the evaporation conditions are identical for every sample, some small degree of
variability is inevitable. More information about the thermal evaporation fabrication

technique can be found in Appendix D of the thesis.
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Figure 2.7: Simulated and experimental transmittance spectra are shown for two 20 nm
Ag layers separated by 140, 180 and 200 nm of MgF,. The structure is on a silica slide (7,
= 1.46, n; = 0.00) and is illuminated at normal incidence in air. The inset shows colour
photographs of the structures viewed in transmission when illuminated with a diffuse white

light source (normalised for the lamp spectrum).

2.5  Multiple cavity structures (Ag-MgF,-Ag-MgF;.....)

It is relatively simple during the fabrication process to produce multilayer structures with a
very high number of periods. For thermal evaporation chambers fitted with two electrodes
it is possible to evaporate both metal and dielectric layers in succession. An electrical
switch is used to direct current through each electrode in turn without breaking the
vacuum. In multilayer structures with more than one cavity, fields in adjacent cavities may
interact, significantly modifying the optical response with respect to a single cavity. In
order to study the resonant behaviour of the structure, the assumption is made here that the
resonant frequencies occur when the absorbance of the structure is maximal. Figure 2.8
shows the simulated transmittance and absorbance spectra for a structure consisting of 4.5
periods of 20 nm Ag/ 110 nm MgF,. For simplicity in these simulations it is assumed that

the structure is surrounded entirely by glass (n, = 1.52, n; = 0.00).
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Figure 2.8: Simulated transmittance and absorbance spectra for a structure consisting of

4.5 periods of 20 nm Ag / 110 nm MgF,, The structure is illuminated at normal incidence

and is surrounded by glass (r, = 1.52, n; = 0.00).
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Figure 2.9: The time-averaged electric field magnitude is plotted for a cross section taken

perpendicular to the multilayer stack at the resonant wavelengths marked A-D in Figure
2.8.
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As observed in single cavity structures, the transmittance maximum at 325 nm is due to the
dielectric function of Ag. A pass band region in transmittance is observed for incident
wavelengths in the range 360 - 600 nm. There are also four distinct transmission maxima
located within the pass bands, which decrease in intensity with increase of wavelength. By
contrast, the absorption associated with each resonance peak increases in intensity as a
function of wavelength. In Figure 2.9, the time-averaged electric field magnitude is plotted
for a cross section taken perpendicular to the stack at each of the resonant wavelengths
marked from A-D in Figure 2.8. With reference to the field profiles, the differences in the
resonant wavelength of each of the modes can now be explained. In resonance A, the
electric fields within the metal layer are small, and the majority of the enhanced field exists
within the dielectric cavity. In contrast, in resonance D a significant proportion of the
electric field extends beyond the dielectric cavity and penetrates into the metal layers. As
was identified in the single cavity example, the penetration of the electric fields into the
metal layer increases the resonant wavelength of the standing wave oscillation, leading to
an ‘effective’ cavity length which is larger than the optical length of the dielectric cavity.
Resonances B and C have ‘effective’ cavity lengths which lie between those of resonances
A and D, since in these resonant modes only pairs of the four cavities oscillate in phase.
The field profiles in Figure 2.9 also explain the decrease in magnitude of the resonant
transmittance at longer wavelengths. As the resonant wavelength of the cavity modes
increases through resonances A-D, the proportion of the electric field within the metal
layers also increases. Since the absorption within the medium is proportional to &E?, it is
expected that the greatest absorption will occur for the resonant mode which has the largest
proportion of the electric field within the Ag layers. This is indeed what is observed in the
simulated absorbance spectrum in Figure 2.8. In general, for a multilayer stack surrounded
by a homogeneous environment, the number of maxima within each transmission band will
be equal to the number of cavities. In Figure 2.10 the number of periods within the
multilayer structure is increased and the optical response of a 10.5 period structure of 20
nm Ag\ 100 nm MgF; is considered. From a closer inspection of Figures 2.8 and 2.10, it
appears that a more rectangular (steeper gradient of the spectrum as the structure makes the
transition from being non-transmissive to transmissive) pass band can be achieved by
increasing the number of periods. A comparison between Figures 2.8 and 2.10 also
suggests the width of the transmission pass band is independent of the number of periods,
since the maxima located at the upper and lower band edges do not change in frequency

when further periods are added.
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Figure 2.10: Simulated transmission and absorbance spectrum of a structure consisting of
10.5 periods of 20 nm Ag/ 110 nm MgF,. The structure is illuminated at normal incidence

and is surrounded by glass n, = 1.52, n; = 0.00).

In order to learn more about the properties of the transmission band, an analytical approach
can be used to derive the electric field distributions within an infinite multilayer structure®*.
For simplicity it is assumed that the fields inside the metal layers are purely evanescent and
non-oscillatory. The dielectric layers are assumed to have thickness a and refractive index
Nirear, and the metal layers have thickness b and refractive index njm.e. The functional of
the electric fields within the dielectric region are standing waves originating from the
summation of two plane waves which are propagating in opposite directions and are of the
form exp(i(Nireqikx — wt)) and exp(—i(Nireqikx — wt)) respectively. If the time
varying components of the waves are neglected, the resulting electric fields within the
dielectric layers will have either a cosine or sine functional form depending on whether the
fields are maximal at a) the centre of the dielectric cavities (Equation 2.9) or b) the
dielectric-metal interfaces (Equation 2.10). Within the metal layers, the refractive index is
purely imaginary and the wave functions will be centred about (a/2 + b/2) and have either
a cosh or sinh functional form, depending on whether the fields are maximal at a) the
centre of the metal layers (Equation 2.11) or b) the metal-dielectric interfaces (Equation
2.12).

Enirea = 4 Cos(nlrealkox) 2.9
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Ellnreal =A Sin(nlrealkox) 2.10
Enzimag = B cosh (nzimagko [X - (% + g)]) 2.11
E;lzimag = —Bsinh (nzimagko [x - (% + 2)]) 2.12

Where E,,, E|;,represent the wave functions within the dielectric layers, and E,,,
E ,represent the wave functions within the metal layers. A and B represent arbitrary

amplitude coefficients. The derivatives of these are therefore:

aEn1real —

ox —NyrearkoA SIN(NyreqkoX) 2.13
% = NirearkoA cOS(N1rearkoX) 2.14
% = NyimagkoB sinh (nzimagko [x - (% + S)D 2.15
% = —TNyimagkoB cosh (nzl-magko [x - (% + S)D 2.16

There is then a series of possible pairings between the electric fields within the metal and
those within the dielectric. For example, if those within the dielectric are cosine, and those
within the metal are cosh, Equations 2.9 and 2.10 must be equated at the metal-dielectric

boundaries, as must Equations 2.13 and 2.15:

A cos(Nyreqikox) = B cosh (nzimagko [x — (% + g)]) 217
—NyreaikoA SIN(NyreqrkoX) = nzimagkoB sinh (nzimagko [X - (% + g)]) 2.18

In order to simplify the above expressions, Equation 2.18 can be divided through by 2.17

to leave a single equation.
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a b
Nireql tan (nlrealko E) = n2imagtanh (nzimagko E) 2.19

This process can then be repeated for all possible combinations (for example sine functions

matching to sinh etc.), to yield three more equations:

a b

Nreqr tan (nlrealko E) = nzimagCOth (nzimagko E) 2.20
a b

Nyreqr COL (nlrealko E) = _nzimagtanh (nzimag ko E) 2.21
ay _ b

Nyreqr COL (nlrealko E) - _nzimagCOth (nzimagko E) 2.22

From the field profiles in Figure 2.9, one can see that the low frequency band edge occurs
when fields in adjacent cavities are in phase and a cosine function within the dielectric
layers matches to a cosh distribution within the metal.  Similarly, at the high frequency
band edge the fields in adjacent cavities are out of phase and the field in the metal has a
sinh distribution. The solutions to Equations 2.20 and 2.21 therefore determine the spectral
position of the resonances located at the high (2.20) and low (2.21) frequency band edges
of the pass-band of the structure respectively. Note that the frequencies of the band edges
are dependent upon the thickness and refractive index of the metal / dielectric layers
comprising the single unit cell. In a structure consisting of a finite number of periods,
cosine, cosh and sinh distribution functions cannot be exactly formed, leading to some
deviation from these ideal limits. However as the number of periods is increased, the
width of the transmission pass band converges to that of the infinite multilayer structure.
This can be seen by comparing Figure 2.8 (a 4.5 period structure) with Figure 2.10 (a 10.5
period structure). In order to demonstrate the accuracy of the previously derived
approximation which matches the electric fields within the metal and dielectric regions,
Equations 2.19 and 2.20 can be used to determine the frequencies of the band edges of the
structure in Figure 2.10 (10.5 periods of 20 nm Ag / 110 nm MgF»). If a recursive Fresnel
method is used to calculate the simulated transmittance spectrum, the transmission band
edges are located at 360 nm and 600 nm respectively. Using reference data 6 it is
assumed here that n;,.,; (MgF>) = 1.39, and nsimee (Ag) = 1.81 (at A =360 nm) and 3.80 (at
A = 600 nm). These values can be substituted into Equations 2.19 to 2.20, and the

subsequent expressions solved numerically for &y (shown in Figures 2.16 and 2.17).
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tan(7.7x1078k,) = 1.29 coth(3.8x1078k,) 2.23
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Figure 2.11: The high frequency band edge of a multilayer structure formed from a

periodic arrangement of Ag and MgF; is solved numerically in terms of k.

tan(7.7x1078k,) = 2.7 tanh(3.8x1078k,) 2.24
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Figure 2.12: The low frequency band edge of a multilayer structure formed from a

periodic arrangement of Ag and MgF; is solved numerically in terms of k.

Figures 2.11 and 2.12 show that the approximation can be used to accurately predict the
resonant wavelengths associated with the band edges. This is, in part, due to the
assumptions which were made at the outset, particularly that the refractive index of the
metal is purely imaginary, with n,.,; = 0. For Ag at visible frequencies, the refractive
index is not purely imaginary, but is heavily dominated by the imaginary component. For

3

an incident wavelength of 360 nm, »; = 10n,, whilst at 600 nm, »n; = 30n, 2 Therefore it

may seem surprising that the greatest error between the approximation and the recursive
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Fresnel simulation occurs at the low frequency band edge, where the Ag more closely
approximates a purely imaginary refractive index. This can be explained by referring to
the field profiles in Figure 2.9. Recall that the low frequency band edge corresponds to the
fields in adjacent cavities oscillating in phase. At this frequency, a significant proportion of
the enhanced field is within the Ag layers, as opposed to the high frequency band edge in
which the fields in adjacent cavities oscillate in anti-phase, and the fields within the metal
are small. Therefore, any failings in the approximation to correctly account for absorption
in the metal will be more evident in the optical response of the structure at the low

frequency band edge.

2.6  Analogy with the classical example of masses coupled by springs

It is particularly interesting to compare the coupled Fabry-Perot resonances observed in
multilayer structures to those of a classical example such as masses which are coupled by
springs. Figure 2.13 shows a one-dimensional example of such a system. Here, both
masses are separately attached to a rigid wall using springs which have spring constant k.
In addition, a third spring with constant k' is used to couple the two masses together. In
this example, it is assumed that there are no damping forces present, and that the spring
constant (k') which couples the two masses is significantly smaller than those connecting

the masses to the rigid wall (k), ie. k' << k, such that the oscillators are weakly coupled.

@
&

k k' k
X1=0 XZ_O

Figure 2.13: A one-dimensional classical analogy of two weakly coupled oscillators.
It can be shown that the system of coupled masses exhibits two ‘normal’ resonant modes.

These correspond to the masses oscillating either in phase (the symmetric mode) or out of

phase (the anti-symmetric mode) respectively.
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The Symmetric mode

X1 = x5 = A(cos(wqt))

Where w; = \/%

The Anti-symmetric mode
x; = A(cos(wyt))
x, = —A(cos(w5,t))

NP

k+K'
Where Wy = o

From the results presented elsewhere in this chapter, it is known that a multilayer structure
which is comprised of two coupled Fabry-Perot cavities has two resonant modes. These
can be identified through either transmittance maxima or reflectance minima in the optical
response. The resonant field distributions for each of the modes show that the fields in
adjacent cavities oscillate either in phase (for the low frequency mode) or out of phase (for
the high frequency mode) respectively. The system of coupled masses exhibits identical
behaviour, with the high / low frequency modes corresponding to adjacent masses

oscillating out of phase / in phase respectively.

2.7 Transmittance enhancement through multiple cavity structures
A number of recent publications "> have shown that multilayer structures exhibiting either
single or coupled Fabry-Perot cavity resonances can yield enhanced transmission in
comparison to a single metal film of the equivalent thickness. = An interesting area to
investigate is the dependence of the transmittance magnitude on the thickness of the
individual metal layers. For example, if a single Ag film with thickness 250 nm is
considered — is there an optimum methodology for partitioning the film using resonant
dielectric cavities in order to obtain the maximum possible transmission through it? In
Figure 2.14, the transmittance, absorbance and reflectance spectra are plotted for various
multilayer arrangements in which the thickness of the individual Ag layers is varied, but
the total thickness of Ag remains constant (at 250 nm). Each MgF, dielectric layer has a
fixed thickness of 120 nm, such that the first-order Fabry-Perot modes supported by the
structure occur within the visible frequency range. Plot A considers a system of 49 cavities
(50 layers of Ag, each 5 nm thick). Plot B is for 24 cavities (25 layers of Ag, each 10 nm
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thick). Plot C is for 9 cavities (10 layers of Ag, each 25 nm thick). Plot D is for 4 cavities
(5 layers of Ag, each 50 nm thick). Clearly one of the consequences of comparing
multilayer stacks in this way is that changing the unit cell of the structure causes the band
edges to occur at different frequencies. This is because as the metal layer thickness is
reduced, the gradient of the electric field at the dielectric-metal interface also is reduced at
the low frequency band edge. This is illustrated for a single section of the multilayer
structure in Figure 2.15, where the effective wavelength associated with the oscillation
within the dielectric cavities increases as the thickness of the metal layers is reduced from
20 nm to 10 nm. The line shape will also differ between structures, due to the differences
in the finite number of periods. However, for the purposes of this comparison the only
quantity of interest is the magnitude of the transmission resonances within the first-order

pass band.
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Figure 2.14: Simulated transmittance (i), absorbance (ii) and reflectance (iii) spectra for 50
layers of Ag with thickness 5 nm (A), 25 layers of Ag with thickness 10 nm (B), 10 layers
of Ag with thickness 25 nm (C) and 5 layers of Ag with thickness 50 nm (D), each
separated by 110 nm of MgF,. The dashed line is the response of a single layer of 250 nm
Ag. The structure is illuminated at normal incidence and is surrounded by glass (n, = 1.52,

n: = 0.00).
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(b)

Aeff

Figure 2.15: A diagram showing the electric field distribution for a section (metal-air-
metal) of a multilayer structure at the low frequency band edge, where the metal layers

have thickness (a) 20 nm and (b) 10 nm.

For thicker layers of Ag (as shown in curve D of Figure 2.14), the first-order transmission
band narrows significantly in spectral width. The electromagnetic coupling between
adjacent cavities is reduced as the metal layer thickness is increased. The reflectivity of
the metal layers also increases as a function of thickness, and reduces the field penetration
distance into the stack. The transmission resonance which is conventionally associated
with the low frequency band edge (where the fields in the dielectric cavities oscillate in
phase and significant field enhancement occurs within the metal layers), is weak and in
some cases completely absent since the majority of the incident power is absorbed within
the first few metal layers. As the metal layer thickness is decreased, the transmittance
magnitude in the pass band region increases, and is greatest for Ag layers with thicknesses
in the region 25 nm - 10 nm. The absorbance of the structure also increases as the metal
layer thickness is decreased and, perhaps surprisingly, the multilayer structure exhibiting
the greatest absorbance is that formed from 5 nm layers. This can be explained through the
reduced reflectivity of the thin metal layers, which allows a greater proportion of incident
light to penetrate further into the multilayer structure, where it is subsequently transmitted
or absorbed. At the cavity resonance condition, there is constructive interference between
subsequent reflections in the forward scattered (transmission) direction, and destructive
interference between those in the backward scattered (reflection) direction. In Figure 2.16,
the time-averaged electric field profiles are shown for structures A-D from Figure 2.14 for
a cross-section taken perpendicular to the multilayer stack at the resonant frequency
corresponding to the high frequency edge of the first-order transmission band. Since the
field distribution at these edges corresponds to fields in all cavities oscillating in anti-
phase, the plot has been simplified to show only the field distribution for a single metal

layer within the stack.
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Figure 2.16: Time-averaged electric field profiles at the high frequency band edge for the
multilayer structures in Figure 2.14 consisting of 5 nm (A), 10 nm (B), 25 nm (C) and 50
nm (D) thick Ag layers separated by 110 nm of MgF,. The structure is illuminated at

normal incidence and is surrounded by glass (n, = 1.52, n; = 0.00).

The energy dissipation within the metal layers, W, in the multilayer structure is
proportional to the product of the square of the electric field intensity E’ with the
imaginary component of the metal permittivity ¢, The integrated area under the time-
averaged field profiles across the boundaries of the metal layers in Figure 2.16 gives an
indication of the absorbance due to a single metal layer within the stack. Clearly the curve
which has the smallest integrated area is A, and the largest is D. The electric field will
decrease in amplitude between successive metal layers, and a rigorous analysis requires a

summation of the integral of the electric field within each layer (Equation 2.25).

b/2

N
W zNij |E;2|e; 225
im0 -b/2
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Whilst the absorbance due to an individual 5 nm Ag layer may be small, there is little
decay of the electric field within the layer, whereas for a 50 nm Ag layer a steep
exponential decay is observed from the interfaces. When the summation in Equation 2.25
is considered over all layers, it is seen that the total absorption from the large number of 5
nm layers far exceeds that from the smaller number of 50 nm layers. Another conclusion
that can be made is that the absorbance of the multilayer stack is always limited by that of
the equivalent thickness of Ag (shown by the dashed black curve in Figure 2.15). As the
layer thicknesses are increased, the absorbance curves of the multilayer structures tend to
the single layer response. Again, this is not surprising, since the efficiency of any
transmission resonator will always be limited by the intrinsic absorption of its constituent
materials. When using metals such as Ag or Au to fabricate multilayer structures,

transmission resonances with magnitude unity cannot therefore be observed.

2.8  Studies of Fabry-Perot transmission resonances at microwave frequencies
The response of structures comprised of metal and dielectric layers has also been explored

25-35

at microwave frequencies It is important to note that at these low frequencies, with

metal permittivities of the order ¢ = ~10* + 1074, the layers are often approximated as

3637 As a reference 7, a single sputtered Au layer was investigated at

perfect conductors
microwave frequencies. It was found that for short sputtering times the reflectance was
low (high transmittance), this was attributed to the low conductivity associated with the
disconnected layer of gold particles. For longer sputtering times the fabricated structures
consisted of a homogenous metal film, with a thickness of 10 — 20 nm. In these structures
the reflectance was found to be close to unity, with little or no transmittance. This is in
contrast to the response of continuous metal films at visible frequencies, where partial
transmission is observed for Ag films having thicknesses less than 100 nm (refer to Figure

2.5 where the transmission of 40 nm Ag is approximately 5 % for incident wavelengths

between 400 — 700 nm).

At microwave frequencies, it is also possible to arrange continuous metal and dielectric
layers in a multilayer arrangement such that the dielectric cavity supports Fabry-Perot type
resonances ~C. As observed in the optical regime, transmission resonances occur at
wavelengths which approximately correspond to half integer multiples of the wavelength

within the dielectric medium. However there is a significant difference in the behaviour of
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the stack at microwave frequencies, particularly that the transmittance on resonance is very
low. For example, a structure comprised of two 20 nm Ag layers separated by 10 mm in
vacuum exhibits a series of narrow transmission resonances with magnitude <<1%, as

shown in Figure 2.17.
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Figure 2.17: The simulated transmittance and reflectance spectra are shown for two layers
of 20 nm thick Ag (¢ = —10" + 107i) separated by 10 mm of vacuum. The sample is

illuminated at normal incidence with frequencies ranging from 30 — 60 GHz (3.0 — 6.0 x
10" Hz).

The low transmissivity is due to the high impedance mismatch of the metal layers with
respect to free space. In a Fabry-Perot resonator, introducing metal layers with a high
reflectivity would at first seem a sensible proposition for maximising the field
enhancement within the cavity. However another consequence of using high reflectivity
layers is that very little field can penetrate into the cavity in the first instance. The
response of the multilayer structure is extremely limited by the thickness of the metal
layers and the number of periods. Continuous thin metal films are thus impractical to use
when attempting to design microwave multilayer stacks which require high transmissivity
over a wide band of frequencies. The alternative approach is to engineer a metamaterial
structure with electromagnetic properties similar to those of plasmonic metals (eg. Ag, Au)
at visible frequencies by patterning a thick metal film with a non-diffracting array of holes
or wire grids. Below the cut-off frequency associated with the holes, the structure will
support only evanescent waves, and the electromagnetic response can be characterised

solely by a real permittivity component which is negative 2**°.
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The technique of using wire grids was first proposed by Bae et al. %, and in recent years
wire grids and perforated surfaces have attracted considerable attention for a variety of

electromagnetic applications >,

Bae et al. used the mesh as an evanescent coupling
mechanism to enhance the transmission through a dielectric (Si) plate. The separation
between the mesh and the Si plate (A/20) was significantly less than that conventionally
used in Fabry-Perot transmission experiments (A/2). A wave incident on the mesh surface
induces evanescent waves which extend above and below the mesh surface. The
evanescent waves decay rapidly as a function of distance, with a typical decay length of
M20 from the surface *°. The decay length is dictated by the size and geometry of the
holes. In the presence of a dielectric layer (the Si plate), it was found that coupling
between evanescent waves enhanced the transmission through the structure. The
transmission enhancement was found to be highly dependent on the cavity spacing, and
could be modified by up to 70% across the range 50 — 100 um. In a second experiment,
the structure was also found to behave as a Fabry-Perot cavity at much larger separations.
A series of transmission resonances were observed when the cavity spacing was
approximately A/2. An important difference between these resonances and those shown in
the example calculation in Figure 2.17 is that the magnitude of the transmission resonances
observed by Bae et al. was close to unity.  This suggested to us that if continuous metal
layers could be substituted with metamaterial layers, various aspects of multilayer optics

studied at visible frequencies could also be applied in the microwave regime.

A multilayer stack at microwave frequencies can be fabricated using metallic grid and
dielectric layers. The dielectric layers can be fabricated from low loss circuit board such as
Nelco NX9255 (¢ = 3 + 0.011) using a photo lithography technique. An example of the
experimental response of a metamaterial-dielectric stack at microwave frequencies is
shown in Figure 2.18. This structure was designed and characterised by Butler et al. %,
and exhibits a series of pass bands corresponding to coupled Fabry-Perot resonances within

the dielectric cavities (Figure 2.19).
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Transmissicn

060000 at0D

) " Frequency (GH2) " ”
Figure 2.18 reproduced from reference 29 (Butler et al.) : Experimental transmission
spectrum of a metamaterial comprising a stack of metallic grid and dielectric layers at
microwave frequencies with dielectric cavity thickness (#;) 6.35 mm and metal layer
thickness (#,) 18 um. The inset shows the schematic of the structure and a plan view of the

hole geometry, with parameters A; = 5 mm, wy, = 0.15 mm, w, = 4.85 mm.

The distribution of the electric fields at each of the resonant frequencies matches that of the
metal-dielectric stack at visible frequencies (Figure 2.9). Fabry-Perot resonant modes
within the dielectric cavity (cosine or sine functional form) are coupled through evanescent
decaying fields in the metamaterial layers (cosh or sinh functional form). For the sinh
case, the fields within the metal are small and the high frequency band edge is in close
agreement to that predicted by the ideal Fabry-Perot Equations 2.7 and 2.8. However
when the fields in the metallic grid are cosh-like, depending on the parematers of the grid
layer, the resonant frequency may approach zero. This is explained by similar analogy that
of the metal-dielectric structure in Figure 2.15, where the gradient of the electric field at
the dielectric-grid interface is reduced as the decay length of the grid layers is decreased.
This increases the effective wavelength of the oscillation within the dielectric cavities,

lowering the resonant frequency of the structure.
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Figure 2.19 reproduced from reference 29 (Butler et al.): Instantaneous electric-field
amplitude distributions as a function of distance perpendicular to the metallic grid-
dielectric stack at each of the resonant frequencies marked A-D in Figure 2.18. The

vertical dashed lines indicate the positions of the metallic grid layers.

One novel and highly desirable aspect of using the metamaterial structure is that the
effective permittivity of the metallic grid layers may be tuned by varying both the
thickness of the metal layers and the dimensions of the square hole array. This adds a new
degree of tunability, in contrast to metals at visible frequencies where the permittivity of
the Ag or Au are fixed. They are material properties and there is no scope for modifying
the values of ¢, or ¢;. The properties of the transmission band in the visible regime can only

be tuned by varying the cavity spacing or the thickness of the metal layers.

By extracting effective parameters of the metallic grid layers *®, it has been shown that the
effective refractive index of the metallic grid layers is almost entirely imaginary (n, ~ 0),
meaning that there is very little absorption inside the layers. The maxima in the first order
transmission pass band of Figure 2.18 have magnitudes between 70% and 85%.
Additional finite element simulations (not shown), have identified that the majority of the
absorption in the experimental sample occurs within the dielectric (Nelco NX9255) layers.

There are applications where the absorptive properties of the metamaterial structure might
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need to be modified. An example could be to minimise the impedance mismatch at an
interface with another dielectric. With the metamaterial structure this could be performed
easily by filling the regions between the wires with a suitably absorbing dielectric material.
Another benefit of the metamaterial structure is that it is also lightweight, since the
fractional occupancy of the metal within each unit cell is very low. A lightweight structure
having easily modifiable properties is likely to play an important role in microwave and
millimetre wave technologies, particularly in structures such as antennas, electromagnetic

shielding applications and ‘stealth-like’ absorbing surfaces *°>’,

2.9 Concluding remarks

The work presented in this section represents an original investigation into the optical
response of structures formed from periodic arrangements of continuous metal and
dielectric layers. It has been shown that a single cavity (metal-dielectric-metal) structure
exhibits resonant transmission features equivalent to the Fabry-Perot etalon, whereby
transmission maxima are observed at incident wavelengths corresponding to a half integer
multiples of the optical cavity length. In multiple cavity structures, the resonant modes of
neighbouring cavities may couple, leading to a series of maxima in transmission which are
distributed across a band of frequencies (the transmission pass band). The properties of the

transmission band can be tuned by varying the thickness of the metal or dielectric layers.

Something which is common to most of the structures presented throughout this chapter is
that the metallic layers are continuous (apart from the final section on metallic grids at
microwave frequencies). This is particularly important, since the magnitude and spectral
width of the observed transmission resonances is highly dependent upon the reflectivity of
the metal layers (see appendix A). For example, a layer comprised of non-continuous
metallic elements (such as a random arrangement of disconnected metallic particles) will
have a reduced conductivity (in comparison to a continuous metal film), and therefore a
reduced reflectivity. It is known that noble metallic particles having dimensions << A
exhibit localised surface Plasmon resonances (LSPRs) which are quite distinct from the
Fabry-Perot resonances presented in this chapter. This chapter serves as a useful
prerequisite for Chapters 7 and 8 of the thesis, in which particle arrays and metallic films
perforated with arrays of holes are stacked (vertically) to form a metamaterial. Here, the
optical response is shown to exhibit resonant features which may be attributed to the

excitation of both LSPR and Fabry-Perot modes. There is a much more scope for
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optimising the optical response of these structures if the respective modes are first studied,

and understood, separately.
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Chapter 3

Techniques used to simulate the scattering of electromagnetic radiation from

metallic nanoparticle and metallic nanohole structures

3.1 Introduction

Throughout this thesis simulated data are presented for structures comprised of either
metallic particles or metallic films perforated with holes, both as single entities and as part
of regular arrays. The simulated data are derived from a variety of computational
techniques, some involving commercial software and others which require a degree of
programming to solve systems of equations. This chapter includes a discussion of each of
the computational techniques used to perform the simulations in subsequent chapters 4-8.
The basic underlying theory of each method will be introduced, with an explanation of
how each method is implemented. It should be noted that in many cases the theory can be
extremely complicated and in some cases entire theses have been dedicated to the study of
an individual approach *. The final section of this chapter contains a comparison whereby
each technique has been used to simulate the scattering from a 80 nm diameter Au sphere
in vacuum. The suitability of each technique will be considered in terms of its accuracy,
computation time and the range of geometries to which it can be applied. The findings
from this Chapter are summarised in table form, it is intended that this may be of use as a

reference guide for future calculations.

The simulation techniques which will be compared in this section are Mie Theory, the
Transition Matrix (T-Matrix) method, the Discrete Dipole Approximation (DDA), the
Finite Element Method (FEM) and the Finite Difference Time Domain (FDTD) method.

3.2 Mie Theory

Mie Theory (Mie) is a complete solution of Maxwell equations applicable to the scattering
of light by small spherical particles, first proposed by Gustav Mie in 1908 '. The
application of this method requires knowledge of the full solutions to the vectorial form of
the wave equations, a derivation is given in Bohren & Huffman *. However the derivation
is lengthy so that here we identify only the main stages of the derivation. This section will

consider the scattering of an incident plane wave by a spherical, isotropic and non-
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magnetic particle in a non-absorbing isotropic medium. The plane wave must first be
expressed in terms of spherical harmonics. The form of the incident electromagnetic wave

and its formulation in spherical polar co-ordinates are shown in Equations 3.1 and 3.2.

E; = Eqelkrcosfg, 3.1

€y =sinfcosp €, +cosbcosp &y —singéy 3.2

The transformation from Cartesian to spherical polar coordinates which is assumed in
Equation 3.2 will now be briefly explained. Figure 3.1 shows a representation of the unit
vectors of the spherical polar coordinate system against Cartesian axes, where the vector r
(which has magnitude R) sweeps from the origin to a point P such that & is the polar angle,
¢ is the azimuthal angle and &,, &, &, represent the radial, polar and azimuthal unit

vectors respectively.

Figure 3.1: The unit vectors of the spherical polar coordinate system are represented on

Cartesian axes.

The coordinate transformation is achieved by expressing €,, €y, €4 as a function of the
Cartesian coordinates X,9,2. The direction of €. in Figure 3.1 is parallel to the vector
which is swept by increasing R, whilst 6 and ¢ are fixed. Similarly, €g is parallel to the
vector which is swept by increasing 6, whilst R and ¢ are fixed, and € is parallel to the
vector which is swept by increasing ¢, whilst R and 6 are fixed. A more formal

representation is given by Equations 3.3 — 3.5.

& =7 (5%) 3.3
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From Figure 3.1 it can be shown that:

r =Rsinfcos¢p X+ Rsinfsing y+ Rcosb 2 3.6

Substituting Equation 3.6 into Equations 3.3 — 3.5 gives:

€, =sinfcos¢p X +sinfsingy + cosh 2 3.7
€9 =cosfcos¢p X+ cosfsingpy —sinb 2 3.8
€y = —singpX+cos¢py 3.9

For an incident wave which has the electric field polarised along the x direction, the
solutions corresponding to the Cartesian vector component X can be extracted and
expressed in the form shown in Equation 3.2. A physically realisable time-harmonic
electromagnetic field (E,H) in an isotropic medium must satisfy the wave equation
(Equations 3.10 and 3.11). To demonstrate the possible solutions to this equation, a scalar
function, ¥, will be considered for simplicity. The vectorial form of the solution to
Equations 3.10 and 3.11 is considerably more involved, however a thorough derivation can
be found in the literature >.  The scalar wave equation in spherical polar coordinates is

given in Equation 3.12.

V’E+ K’E= 0 3.10
VZH+ k*H= 0 3.11
102 L 9 (sing ¥ L S S

2 or (r 6r) t im0 (sm@ ae) t aamsap: THP=0 3.12

Equation 3.12 may be solved by the separation of variables method, which seeks a solution

of the form (r, 6, ¢p) = R(r)0O(0)@(¢). This yields three separate equations:

— 4+ m?P = a) Azimuthal term 3.13
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d dR .
- (rz ;) + [k*r? —=n(n+ 1)]JR =0 ¢) Radial term 3.15

3.2a) Azimuthal term:
The solution to the azimuthal element of the wave equation in spherical polar coordinates

comprises odd and even terms:

P, = cosmg Even solutions 3.16

&, = sinmg Odd solutions 3.17

3.2b) Polar term:
The polar term is the complete form of Legendre’s differential equation, which has a series
of known solutions. This equation is solved using the method of Frobenius, which uses a

trial solution of the form:

[ee]

0 = 6°(ap + 00" + a 02 + ) = ecz a, 0"

n=0

3.18

Here, ay, a;...a, are constants. The polar term is solved by substituting Equation 3.18, and
appropriate expressions for the first and second derivatives of Equation 3.18 with respect
to @ into Equation 3.14. The solution of Legendre’s differential equation using the method

of Frobenius can be found in Appendix B. The general solution to the polar term is:

y = C,P["(cos 0) + C,Q["(cos 0) 3.19

There are two solutions to Equation 3.14 since any differential equation with order N must
have N linearly independent solutions. Here, C; and C; are constants, P (cos 6) and
Q[™(cos ) are the associated Legendre functions of first and second kind respectively. In
Mie Theory, boundary conditions require that the solutions to the wave equation must be
finite between 6 = 0 and § = n (or x = 0 and 1 in the case of P/"(x) and Q;"(x)). In this
instance, the Legendre functions of second kind are not valid solutions, since they diverge
to infinity at § = 0. The only physically meaningful terms which contribute to the solution

of the wave equation arise from P/ (cos 0).
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3.2¢) Radial term:
The radial element of the solution to the wave equation in Equation 3.15 can be rearranged

by introducing two new variables, p and Z, such that:

p =kr andeR\/;

d ( dZ 1\? 3.20
— ([, = 2 _ _ — .
'de<pdp>+['0 (n+2>] 0

Equation 3.20 is a form of Bessel’s differential equation. As shown previously with
Legendre’s differential equation, this may also be solved using the method of Frobenius,
an example for Bessel’s equation is shown in Appendix C. There are two possible
solutions to Equation 3.13, termed Bessel functions of the first (Equation 3.21) and second

(Equation 3.22) kind respectively.

Jn(p) = \/Zzp]n%(p) 3.21
ya(p) = \/%]n%(p) 3.22

Here, the Bessel functions of the second kind (y,) also diverge at p = 0, however unlike the
Legendre functions of the second kind, these solutions are not disregarded. This is
because, whilst the Bessel functions of the second kind diverge to infinity at » = 0, they
may be used to describe solutions outside the sphere, where » > 0 and their value is finite.
The y, terms may be used to evaluate the incident / scattered field distributions in the
regions outside of the sphere, where p > 0 and the value of y, is finite. As demonstrated
with the polar term, the complete solution to Equation 3.20 may contain any linear
combination of j, and y, terms. For reasons which are unknown, this is sometimes referred
to in the literature as “the Bessel function of third kind”. It should be stressed that this is
not a third solution to Bessel’s differential equation; there is no such solution, though
additional solutions may arise though a linear combination of the solutions of first and
second kind. The complete solution of the scalar wave equation in spherical polar co-

ordinates may now be expressed as:

Y, = cosme¢ P["(cosb) z, Even solutions 3.23
Y, = sinm¢ P™(cosB) z, 0Odd solutions 3.24
Azimuthal term Polar term Radial term (linear
(odd / even (associated combination of Bessel 58
oscillatory Legendre functions functions of first and

functions) of first kind) second kind)
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The azimuthal and polar terms within Equations 3.23 and 3.24 represent the angular
distribution (6, ¢) of the scattered field at a constant, arbitrary distance from the centre of
the sphere. The normal modes of the electromagnetic field may be expressed in terms of
the integer values which are assigned to / and m. The first few normal modes are shown in
Figure 3.2, where the scalar spherical harmonics are plotted for /=1 to 5 and m =1 to /
where 6 is varied from 0 to 90° and ¢ is varied from 0 to 360°. As the value of / is
increased, an increasing number of nodes and antinodes are observed in the angular
distribution of the electromagnetic fields. The increase in the number of nodes / anti-nodes
as a function of / is equivalent to the increasing number of surface charge density maxima /
minima which are observed in the higher order (multipole) resonances of metallic

nanoparticles.

1=1, m=0 I=1,m=1

Scalar angular|
harmonics
(magnitude)

-1
I1=2, m=0 I=2,m=1 I=2,m=2 I 0
T
2 |
0
00 0 2n0
T
$ - ¢

I=3, m=0 I=3, m=1 I=3,m=2 =3, m=3

I=4, m=0 I=4, m=1 I=4, m=2 I=4, m=3 I=4,m=4

0 ¢ 210 ¢ 2n 0 ¢ 21 0 ¢ 2n 0 ¢ 2n 0 ¢ 2n
Figure 3.2: The scalar spherical harmonics are shown for /=1 to 5 and m = 1 to / where 6

is varied from 0 to 90" and ¢ is varied from 0 to 360°. The colour scale represents the
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magnitude of the product of the azimuthal and polar solutions to Equation 3.12, which

have been normalised to the same scale (-1 to +1).

This derivation has only considered the solution to the scalar form of the wave equation in
spherical polar coordinates. However, Mie Theory requires the application of these
principles in vectorial form, such that E and H of the incident and scattered fields may be
accurately described. The vector solution to the wave equation introduces two vector
quantities, termed M and N, which obey the same relations as E and H for an
electromagnetic wave. Firstly, both M and N must satisfy the wave equation. Secondly,
the curl of M must be proportional to N, and thirdly, the curl of N must be proportional to
M. The process of converting the incident plane wave into a series of vector spherical

harmonics is rather lengthy, however the result is summarised in Equation 3.25.

oln eln

o 2n+ 1
E = E°Z " (Mm _ iN(l)) 3.25

Here My, and N represent the spatial distribution of the vector spherical harmonics in
terms of the spherical polar coordinate unit vectors (€,€4,€4). In Equation 3.25, the
subscript terms of the vector spherical harmonics, o/n and eln arise because / =1 for the
case of an incident plane wave. The ‘0’ and ‘e’ parts of the subscript refer to odd and even
solutions respectively. If the incident electric field is specified by Equation 3.25, then the
corresponding magnetic field may be specified by the curl of this quantity:

ko, 2n+1
_ ; @ _ D
H; = ——E, El i Y (Meln - lNoln) 3.26

The internal field (Eq1,H;) and the scattered field (E,, Hs) may also be expanded into vector
spherical harmonics using the same approach. At the boundary between the sphere and the
surrounding medium, the incident, scattered and internal fields are matched and conditions

are imposed such that:

(E; + E; —E;).é, = (H; + H, — H,)~&, = 0 3.27
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The full expression for the electric and magnetic fields scattered by the sphere is given by:

. 2
E, = Z En(lanNg)n - bnM(()zl)n) 3.28

n=1

H= N g (6N, + 2, M) 2
S wu n n-%oln n*""eln
n=1
Where E, = i"EO% and n is the integer corresponding to the spherical vectorial

harmonic of interest.

The terms a,, and b, in Equations 3.28 and 3.29 determine the scattering coefficients, and
depend on the complex refractive index m, and size to wavelength ratio x of the sphere. A
better physical understanding of the spherical vectorial functions can be gleaned by
plotting the distributions of the vector harmonic solutions within the region of the particle.
The electric field distributions shown in Figure 3.3 were published in Mie’s original
paper ' andrepresent the ‘normal modes’ of the particle. This figure shows the vector field
lines (corresponding to the electric field) for a cross section taken through the centre of the
sphere lying perpendicular to the incident wave vector. For every ‘nth’ vector harmonic
solution, there are two distinct types of mode . In one mode there is no radial magnetic
field component (the transverse magnetic mode), and in another there is no radial electric
field component (the transverse electric mode). The field lines show the surface
confinement of free charges at equally spaced distances around about the circumferential
region of the sphere. These distributions represent the excitation of localised surface
plasmon resonances which are dipolar, quadrupolar and octupolar in nature. There will be

a more detailed discussion on this topic in subsequent chapters.
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Figure 3.3: Electric field patterns (viewed in cross section) showing the normal modes of

a sphere as proposed by Mie in 1908 .

It is possible to use software such as MATLAB “, Mathematica > or Maple ° to explicitly
solve for the scattered electric and magnetic fields. Mie Theory can also be extended to
consider other spherical cases such as concentric shells or dielectric particles with metallic
coatings . It should be noted that when calculating the scattering from single metallic
particles, the scattering cross section Cj, is often cited. The scattering cross section is
determined by integrating the scattered electric field over a spherical surface in the far field
and normalising it to the incident irradiance, as shown in Equation 3.30. The scattering
efficiency Qi is also sometimes cited, this is calculated by dividing the scattering cross
section Cy., by the cross sectional area of the scatterer as projected onto a plane lying

perpendicular to the plane of incidence.
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K L . 3.30
Csca = W f Escattered(r ) Escattered(r )T'dS
! das
Csca
Qsca ~ na? 3.31

3.3 The ‘T-Matrix’ method

The T-Matrix method is an approach used to compute the Transition Matrix. The
Transition Matrix is a linear operator relating the coefficients of the incident and scattered
electromagnetic fields for simple geometries such as spheres, cylinders or cuboids, and is
exact. The manner in which this method is applied has a number of similarities to Mie
Theory, and in some ways it is a more general form of Mie Theory. It also requires the
expansion of the incident and scattered fields into a series of vectorial harmonics. Indeed,
Equations 3.28 and 3.29 can also be assumed to be valid in describing the scattered fields
from a non-spherical object. The linearity the Maxwell equations enable the coefficients of

the incident and scattered fields to be related by a Transition Matrix (the T-Matrix):

arslcattered B T11 le ailncident 332
b;slcattered - T,y Ty brilncident ’

The ‘T’ terms in Equations 3.32 correspond to elements of the T-matrix, a," "’ and
b, ced are the coefficients of the scattered field (From Equation 3.28) and a,”"*" and

b incident
n

are the coefficients of the incident field. The elements of the T-Matrix depend
only on the size parameters and refractive index of the scattering particle, and the
refractive index of the surrounding medium. For non-spherical particles, it is also
dependent upon the orientation of the particle with respect to the incident wave vector and

congs 710
polarisation .

In computing the T-Matrix, the Maxwell equations are solved for
boundary conditions specific to the particle geometry, and subsequently this allows the
eigenmodes of the structure to be determined. The Transition Matrix therefore is an
eigenmodal solution and does not explicitly depend on incident angle. Once computed, the
T-Matrix method can be used to calculate any light scattering of interest °, either cross-
sections or scattering matrix elements. Similar to Mie Theory, the integral in Equation

3.30 can be used to evaluate the electromagnetic field across the full range of scattering
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angles. Through a suitable modification of the boundary conditions, it is also possible to
use this approach to consider arbitrarily shaped scattering objects. However this is difficult
to implement, and is not widely studied, since the number of matrix elements increases
significantly for arbitrary shapes, leading to an increase in the computation time. There are
several freely available T-Matrix codes which operate on Unix systems ''. A general

review of the T-matrix method can be found in the paper by M. 1. Mishchenko et al. 310

3.4  The Discrete Dipole Approximation (DDA)

The Discrete Dipole Approximation (DDA), or as it’s sometimes referred to, the ‘coupled
dipole’ approximation involves replacing each particle by an assembly of finite cubical
elements. Each of these elements is considered sufficiently small that only dipole
interactions with an applied electromagnetic field and with induced fields in other elements
need to be considered. This reduces the solution of Maxwell’s equations to an algebraic
problem of many coupled dipoles '>. Each of the dipoles within a continuous assembly
acquires dipole moments in response to both the external electric field, and the electric
fields due to neighbouring dipoles. The polarisability of an individual dipole can be

approximated using the Clausius-Mossotti relation '>'°.

This is given in Equation 3.33
where it is assumed that the inclusion has permittivity &, and the surrounding dielectric has

permittivity ¢ = 1 + 0i:

Acm = Elis (ﬂ) 3.33

4T \gm+2

The radiated field of an individual dipole may be approximated by 15,
iwd

| w2 ;
Edipole =< [w FApaf + (i - li) [3(F.p)f — p]] 3.34

4me | c?d d3 cd?

Here T is unit vector associated with a vector r which is taken from the dipole to the point
at which the field is sampled, d is the distance to the sampling point, p is the vector
associated with the induced dipole moment, w is the angular frequency of the scattered
radiation and ¢ is the permittivity of the surrounding medium. In solving for the scattering

characteristics of the continuous distribution, each particle in the array has induced dipole
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P; = o;Eioca, Where Ejoca is the electric field at r; due to the incident wave (Ein,;), plus a

contribution E; from all other dipoles (j), given in Equation 3.35:

Ejocal = Einc,i + z Ej 3.35
=1

i#j

Equation 3.35 can be written in matrix form, in which the interaction matrix (A;j) is used to

describe the radiative coupling between dipoles:

AP = E; 3.36

e'Tij 3.37

. . lkrl]—l . .
Ay = kz(r®r—l)+r—2(3r®r—l)

7] ij

As with the other computation methods which are described in this chapter, once the
scattered electric field associated with the collection of dipoles has been determined, the
scattering cross section Cj., can be calculated by performing the integral in Equation 3.30.
The most computationally demanding part of this method occurs during the matrix solving
phase. Very efficient methods for solving the DDA equations have been developed using
fast-fourier-transform and complex-conjugate gradient methods, and as a result it is
possible to use thousands of dipoles for routine calculations '°. Software such as DDSCAT

is an example of free software which can be compiled using a Unix system '".

3.5  Finite Element Method (FEM)

Finite Element Modelling (FEM) divides up the problem space into many smaller regions
which are very often ‘tetrahedra’, with the field inside each region being described by a
local function. Since the tetrahedra have flat faces they cannot exactly represent the
surface of a sphere for example, but by using enough of them a sufficiently accurate
polyhedral approximation is possible '*. The values of vector field quantities such as E or
H associated with each element are determined by interpolating values at vertices and
midpoints of the tetrahedra. The ‘Whitney tetrahedron’ first proposed by Nedelec in 1980
is shown in Figure 3.4 and is an example of a vector finite element configuration which is

commonly utilised '’
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Figure 3.4: The Whitney tetrahedron — an example of a vector finite element.

The vector field X inside the element shown in Figure 3.4 is specified by Equation 3.38,
where v; are vector basis functions which are linear functions of the coordinates x ,y ,z

inside the element:
X (x,y,2) = X, hivi(x, y,2) 3.38

In Figure 3.2, &,...hs represent the edges of the tetrahedron, and are not directly related to
the components of the vector X. In order to make X tangentially continuous across an
edge which is shared between two tetrahedra, it is only necessary to equate the tangential
components of X for two adjacent edges (with a change of sign if the gradients of the
chosen edges are of opposite sign).  In the Whitney tetrahedron there is one degree of
freedom per edge, and the resulting field X is tangentially conserved across the edges and
faces of adjacent elements. The normal component of X is often discontinuous at the
edges and faces of two adjacent tetrahedra. In order to relate the normal components of X
of two neighbouring tetrahedra a weighted residual method is used. This seeks to
minimise the average difference of the residual errors between the normal component of X
across all edges / faces of a particular element. In determining the unknown vector
quantities of each element the unknowns are expressed through a series of linear
simultaneous equations, which may be written in matrix form (Equation 3.39), where [u]

represents the column vector of unknowns.

[S][u] = [b] 3.39
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More formally, the matrices of unknowns are derived from the Maxwell equations. To
briefly show the advantages of using a matrix representation, consider the following

example of the two Maxwell equations below which are expressed in differential form:

vE=2 3.40
&o
OE
B=2E 41
ViB=—+] 3

These may be written explicitly as:

0B, 0By OE,  dx 3.42

ay 0z ac p dt )

dB, 0B, O0E,  ay

a2z  oax ot P 343

0B JB O0E dz

Y _Z7x_Ztz_ 5,22

ox dy ot p dt 3.44
0E, OE, 0E,  dt 3.45
dx dy 9z pd‘r :

If the three components of the current density J and the charge density p are combined into
a single four vector, such that each component is the incremental charge per unit volume

multiplied by the respective component of the four velocity of the charge, the result is:
d d dt
]x:p— ]y:pd—?r/ ]Zzpd—j ]t:pa 3.46'3-49

Here, t represents the diffusion time of the charges. If the partial derivatives on the left
hand side of the differential equations (Equations 3.42 — 3.45) are arranged according to

their denominators (x, y, z, ¢) then the equations can be expressed as:

4
Z 0P, dx” 3.50

] OxH =P dt
#:

1,2 .3 4
Where x°, x, X°, X =X, ),z tand P = B

E, E,

Thus by considering two of the Maxwell equations it is possible to combine both the E and
B fields within a single matrix. In applying the matrix representation of the Maxwell
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equations directly to the finite element method, Equation 3.38 is used to define E and B for
each tetrahedron. E may be expressed in terms of edge elements of the Whitney
tetrahedron W,! (i=1....N,) and B in terms of face elements W72, (1= 1....Ny), as shown in

Equations 3.51 and 3.52 .

N

E = Z W} 3.51
=1
Ny

B = Z b W2 3.52
i=1

Here N, and Ny represent the number of interior edges and faces of each element
respectively, whilst a; and b; are unknown quantities. The array of unknown quantities are
denoted as column vectors, (i.e. in the form [E] = [ay, ax... aye]" and [B] = [b}, b>... be]T),
and these may also be coupled to the unknown quantities of adjacent elements. This is
because when considering tetrahedra which share an edge, the tangential component of E
must be conserved. Similarly, for any tetrahedra which share a face, the normal
component of B must be conserved. In the absence of surface charges or currents the field
quantities within the tetrahedral elements must also satisfy Equations 3.53 — 3.54. The

reasons for this are discussed in more detail in Chapter 4.
[D] = [¢][E] 3.53
[H] = [ '1[B] 3.54

The column vectors [D] = [c, ¢a... cNe]T and [H] = [d,,d>... a’Nf]T represent the electric flux
density and magnetic flux intensity respectively. The individual elements (row i, column j)

of the permittivity [¢] and inverse permeability [1'] matrices are given by the integrals:

[e]i; = J, Wi (e(r)W}'dQ 3.55

[ = [, WE(u t(r)WPda 3.56

The Q term in Equations 3.55 — 4.56 defines the computational domain over which the
integral is performed (i.e. for a three dimensional simulation it is the volume of the
tetrahedron), and ¢ and u are the complex permittivity tensors at location r. Once E,B,D

and H have been expressed as column vectors of coupled unknowns they may be
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substituted into the Maxwell equations and solved using matrix algebra. The matrices
which are solved in finite element simulations have extremely large dimensions but are
very sparse. A number of optimisation techniques are therefore used in order to increase
the computation speed. These numerical methods are beyond the scope of the present
study, but techniques include the conjugate gradient and incomplete Choleski-gradient

methods amongst others *'.

It is possible to assess the accuracy of the numerical solution by comparing results from a
sequence of successively refined meshes. The solutions of equations often have geometric
features such as localized regions of high gradient. In this case it is more economical to
refine the mesh selectively, (i.e., only where these high gradients occur). The adaptive
refinement procedure generates a sequence of solutions on successively finer meshes, at
each stage selecting and refining those elements at which the gradient of E or H is largest
between adjacent elements. In practice, the process is terminated when the gradient of the
fields between adjacent tetrahedra is below a preset limit, or if the number of elements are
such that the computation time for the simulation exceeds a preset limit (both of these
limits are specified by the user). HFSS *), and FEMLab / Comsol * are examples of
commercial FEM modelling software, and there are also packages which are freely

available such as OOFEM 2* and FFEP .

3.6  Finite Difference Time Domain (FDTD)

Finite Difference Time Domain (FDTD) computations are not entirely dissimilar to FEM
in that they also generate a mesh which subdivides the problem space. Maxwell’s
equations are discretised in both space and time, using centered finite differences on a
uniform Cartesian grid. There are several methods used for discretisation, the most
common being the Yee scheme. Figure 3.5 shows Yee’s original configuration for the

location of the electric and magnetic field vector components on a unit cell 2%,

69



Chapter 3

Techniques used to simulate the scattering of electromagnetic radiation from metallic nanoparticles and nanohole structures

Figure 3.5: The Cartesian grid configuration proposed by Yee in 1966.

In considering the interaction of incident electromagnetic radiation with a metallic particle,
the differential form of the wave equation is solved at two instants in time, separated by a
small interval 8t *®. The mesh is successively refined to increase numerical accuracy using
an adaptive process in the same formalism as in the FEM methods. In FDTD simulations
the excitation source is a pulse as opposed to a plane wave. This has some benefits,
particularly that a broadband output can be obtained with a single execution of the program
(by taking a Fourier transform). Examples of commercial FDTD software include
Lumerical Solutions * and Remcom Xfdtd *°. MEEP is an FDTD source code which is

freely available *'.

3.7 Suitability of each method and example calculations to simulate the scattering
response of an 80 nm diameter Au sphere in vacuum

Computations were performed on a Dell Vostro 200 personal computer, having a dual-

core processor (each with a clock speed of 2.19 GHz), 2 Gb of RAM and 250 Gb of

available hard drive space.

Mie theory is the preferred choice for simulating metallic spheres since it constitutes an
‘almost exact’ solution for the scattered electromagnetic radiation from spherical
geometries. Unlike DDA, FEM or FDTD methods the accuracy of the Mie Theory
solution does not depend on resolution-limited parameters such as the inter-dipole spacing
or element length. As previously discussed, the scattered field can be represented as a
summation of spherical vectorial harmonics. If this summation was performed over an
infinite number of harmonics it would represent an exact solution for the case of the
interaction between a sphere and a plane polarised wave. In practice however, the

summation is truncated at a finite number of terms, and the accuracy of the solution will
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therefore depend on the truncation order. The T-Matrix approach can also be used to
simulate spherical particles, since for a spherical scattering particle the solutions simplify
to those which are applied using Mie Theory. Both the Mie Theory and T-Matrix methods
can be used to compute the scattered field faster than the other approaches, with the
computation time being proportional to (» / A), where 7 is the sphere radius and A is the
incident wavelength. However, for spheres with radii less than 1um being evaluated at
visible frequencies, the computation time is extremely rapid and the dependence on the
size of the sphere is often unnoticed. To evaluate the scattering efficiency, O, (the ratio
of the total scattered power to incident power), for a 80 nm diameter Au sphere at one
particular frequency takes approximately 1.0 x 10~ seconds for both Mie Theory and T-

Matrix methods (using the hardware specified at the beginning of this section).

If the particle under consideration is non-spherical, but has planar symmetry, or is
symmetric about an axis, it is possible to use the T-Matrix method to compute the
scattering characteristics.  The majority of T-Matrix codes contain embedded routines
which are specifically adapted to match the boundary conditions relating the internal,
incident and scattered fields for various geometries such as spheres, cylinders, cones and
rectangular multilayer slabs. As with Mie Theory, the computation time scales according
to the ratio between the particle size and the incident wavelength. The field expansions
used to form the 7-matrix are truncated at a particular number of elements, this is
proportional to r (where r is the radius of a sphere whose volume is equal to that of the
scattering particle) >.  This can introduce rounding errors, which may be significant for
sufficiently elongated or flattened objects. Mischenko has conducted an extensive study
into the effects of particle size on the convergence of the solutions which are derived from

the T-Matrix method .

The DDA approach can also be utilised to evaluate the scattering properties of
homogenous non spherical particles which are axisymmetric or those which posses other
planes of symmetry. The fundamental concept of this approach is that a solid particle is
replaced by an array of N point dipoles on a lattice which has a significantly smaller
spacing than the wavelength of the incident radiation. Collectively the positions of the
dipoles retain the original shape °. The computation time is therefore heavily dependent on
the inter-dipole spacing and the total number of dipoles used to replicate the original

scattering object.  For example, the time taken to evaluate Q;., for an 80 nm diameter Au
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sphere with an inter-dipole spacing of 3 nm takes approximately 48 seconds for one
particular frequency. This is significantly longer than the Mie Theory solution above,
which takes only 10~ seconds per frequency. If the inter-dipole spacing is increased to 4
nm the computation time is halved to 24 seconds. The limiting factor which governs the
ability of the algorithm to solve a particular scattering problem is dependent upon a
combination of both the CPU speed and RAM of the workstation concerned. The RAM
requirement, as specified by the program, is stated in Equation 3.57 below where Ny, N,,
and N, are the number of dipoles distributed across the scattering particle in the x, y and z

directions respectively.
Minimum RAM = (1690 + 0.764( (N; X N, x N.))) X 10° bytes 3.57

For example, Equation 3.57 can be used to show that in order to simulate a cuboid having
side length 80 nm using an inter-dipole spacing of 1 nm, a minimum of 0.5 Gb of RAM is
required. Whilst the DDA solution converges to the equivalent Mie theory result as the
inter-dipole spacing approaches zero, a compromise between the accuracy and
computation time is required. There is thus a significant disadvantage in terms of
computation time associated with DDA as opposed to using the more rapid T-Matrix
approach. However, DDA is often the preferred method for evaluating arbitrarily shaped

scattering objects, as one can specify a series of dipole locations in tabulated form.

For many particle or sample geometries, the previously described techniques (Mie Theory,
the T-Matrix method and the DDA method) are not suitable for simulating the scattering
response. Examples of such structures include infinite arrays of metallic particles,
arrangements of metallic nanoparticles exhibiting multipolar resonances and nanoholes in
metallic films. In order to simulate these structures, it is necessary to use either FEM or
FDTD approaches. Both methods can be used to distinguish between the incident and
scattered fields within the problem space. A typical simulation for an 80 nm diameter Au
sphere in vacuum consists of a spherical unit cell with ‘radiation’ boundaries at the surface.
These boundaries are used to model open problems that allow waves to radiate infinitely
far into space. The wave is absorbed at the radiation boundary, essentially ballooning the
boundary infinitely far away from the structure. The accuracy of the approximation
depends on the distance between the boundary and the object from which the radiation

emanates '. In both FEM and FDTD methods the scattered field may be computed once E
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or H has been determined inside each volume element. The total scattered power is
determined by integrating the normal component of the Poynting vector with respect to the
surface normal of the bounding sphere, as shown earlier in Equation 3.30. This is
normalised to obtain the Scattering Efficiency Q;., by dividing by the total incident flux for

a sphere of equal volume.

A convergence test can be used in both the FEM and FDTD methods to check the
suitability of the mesh, and to avoid regions of instability. It should be noted that there is a
significant difference between using FEM and FDTD methods to simulate structures across
the visible frequency range. Since the FDTD method is solved in the time-domain, a pulse
is used as the incident excitation source to obtain a broadband frequency output.
Dispersion information must therefore be specified over a much wider range of frequencies
than simply the range of interest. Therefore, the permittivity of metallic structures must be
approximated using any suitable frequency dependent permittivity model (e.g. using Drude
model parameters), as opposed to experimental values, which may not necessarily cover
the required range. Whilst both the FEM and FDTD approaches can solve for arbitrarily
shaped particles, they are the most time consuming of all approaches considered. The time
taken to evaluate Q. using FEM for an 80 nm diameter Au sphere at one particular
frequency takes approximately 144 seconds (using a mesh with minimum element length 3
nm). As with the DDA method, a compromise has to be made between mesh accuracy and
computation time for FEM and FDTD techqniues. When using an FDTD method, the
simulation takes approximately 180 minutes (using a minimum element length of 3 nm) to
cover the visible frequency range. The difference in computation time between these two
approaches can vary quite significantly depending on how many frequency points are
required. For example, if only 5 frequency points are required, FEM (12 minutes) is more
rapid than FDTD (180 minutes). Conversely, if 100 frequency points are required, FEM
(240 minutes) is slower than FDTD (180 minutes).

In considering the effects of workstation specification, the computation time for FEM and
FDTD approaches is limited by hierarchical order, CPU speed, RAM and hard drive space.
The computation time which is required to solve matrix elements for each tetrahedron is
heavily dependent on CPU speed, and a near 1:1 correspondence between the CPU speed
and computation time is observed. The software utilises RAM as a temporary storage area
for the rapid reading / writing of matrix elements associated with tetrahedra in which the

vector field quantities are being solved. Once the field quantities for a particular
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tetrahedron have been determined, they are written permanently to disk. Problems can
occur if RAM is limited, since the hard drive is then used as ‘virtual RAM’. This
considerably lengthens the computation time as the read/write speed of the hard drive is
significantly slower than the RAM module. Most commercial software vendors provide
diagnostic utility software which can be used to check machine specification and advise of

suitability before running a particular type of model.

Results obtained for simulating an 80 nm Au sphere in vacuum:

For the Mie Theory, T-Matrix, DDA and FEM simulation techniques the Au permittivity
values were obtained from Johnson & Christy **. Figure 3.6 shows the real and imaginary
components of the Au permittivity as a function of wavelength. Figure 3.7 shows the
simulated Q. values as a function of frequency for an 80 nm diameter Au sphere in
vacuum using Mie Theory (equations in MATLAB), T-Matrix (a Fortran code written by
T. Wriedt '' ), DDA (DDSCAT '), FEM (Ansoft HFSS ') and FDTD (Lumerical %)
techniques. The FEM simulation used approximately 40000 elements with a minimum
element length of 3.11 nm. The DDA and FDTD approaches used 3.00 nm inter-dipole
spacing and element length respectively. For each of the simulation techniques in this
comparison, the scattering efficiency Qs curves exhibit maxima at 525 nm which are
associated with excitation of the localised surface plasmon resonance (LSPR) of the
structure. When the diameter of the sphere is significantly smaller than the incident
wavelength, the electrostatic approximation can be used to show that dipolar LSPR occurs
when Re(gyem1) = —2. In scattering particles of finite size, such as the 80 nm diameter
sphere considered here, the resonant condition is red-shifted slightly due to dynamic
depolarisation effects. LSPRs and dynamic depolarisation effects are considered in more

detail in Chapter 4 of the thesis.
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Figure 3.6: The real and imaginary components of the permittivity are shown for Au for
wavelengths in the range 400 — 750 nm. Permittivity values were obtained from reference

data, published by Johnson & Christy **.
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Figure 3.7: Oy, plotted as a function of frequency for an 80 nm diameter Au sphere in
vacuum, based upon simulated data obtained using Mie Theory (black), FDTD with an
element length of 3.00 nm (red), T-Matrix (green), FEM with an element length of 3.11

nm (blue) and DDA with an interdipole spacing of 3.00 nm(cyan) methods. For the Mie
Theory, T-Matrix, DDA and FEM simulation techniques the Au permittivity values were
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2

obtained from Johnson & Christy **>. For the FDTD method a Drude model was used to

calculate permittivity values (w, = 1.3x10's™" and y =5.0x10"s7").

The Mie Theory and T-Matrix methods both give good agreement across the frequency
range shown here. This is to be expected, since both methods use an equivalent approach
to calculate the scattered field distribution. The Mie Theory and T-Matrix methods are
probably best described as ‘almost exact’; the reasoning for this will now be explained.
Both methods impose boundary conditions at the surface of the particle which match the
spherical vectorial wave functions of the incident, scattered and internal fields. During the
computation routine, the field expansions for both approaches are truncated at a particular
number of elements (which is proportional to #*). This can introduce rounding errors,
however unlike other methods such as DDA / FEM / FDTD, the Mie Theory and T-Matrix
methods are not resolution limited. The scattering efficiency curves which have been
presented in Figure 3.7 for the FEM and DDA techniques have comparable resolution, in
which the values of the inter-dipole spacing and element length are 3.00 nm and 3.11 nm
respectively. As has already been discussed, the numerical accuracy of the techniques
depends on the resolution of these parameters. However, a compromise has to be made
which takes into account the computation time of the simulation and the specification of
the available hardware. The curves presented in Figure 3.7 represent the optimum
resolution which can be achieved within these constraints. The maximum error using the
FEM technique occurs at resonance. The scattering behaviour on resonance is strongly
determined by the resonant field enhancement that occurs at the surface of the metallic
sphere. Any resolution limited factors are likely to lead to errors in the field matching
conditions at the surface, and therefore this lead to discrepancies in comparison with the
scattering response of the exact Mie Theory solution. The sources of maximum error when
using the DDA technique occur at the resonant frequency (for the reasons previously
described) but also at longer wavelengths away from the resonant frequency. This
discrepancy has also been observed in other DDA simulations of dielectric particles where
the ratio of the particle size to the incident wavelength approaches zero '*. Its origins are
known to arise from the mathematical technique of the DDA method, but unlike the error
at the resonant frequency a physical explanation for this discrepancy is less
straightforward. The discrepancy between the FDTD method relative to the other
approaches is somewhat unavoidable and occurs through the use of permittivity values

based on Drude parameters. Data which has been simulated using the Mie Theory, T-
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Matrix, FEM and DDA approaches assumes values of the permittivity are derived from

experimental data (Johnson and Christy *%).

Figures 3.8 and 3.9 show simulated Q. obtained using an exact Mie Theory solution
compared with those obtained using DDA and FEM approaches respectively. In each
figure, the element length and inter-dipole spacing have been varied to determine the
relative error in Oy, compared to the exact Mie Theory solution, this is shown in the inset.
In the limit that either the mesh element length or inter-dipole spacing approach zero, Qs
is found to approach the exact Mie solution.  In order to purely investigate the role of
FDTD mesh element size, a different comparison is considered in Figure 3.10 in which
permittivity values based on Drude parameters are used for both FDTD and Mie Theory.
Here, simulated Q;., from an FDTD simulation has been directly compared against Mie
Theory using Drude model parameters (w, = 1.3% 10" s! and y =5.0x10" s7' ) for an 80
nm diameter Au sphere in vacuum. As the mesh element length approaches zero, the
simulated values of Qs from the FDTD method are also shown to approach the equivalent

Mie Theory solution.
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Figure 3.8: Mie vs DDA: Q. simulated using Mie Theory for a 80 nm Au sphere in
vacuum is directly compared with that obtained using the DDA method. The coloured
data points show the effect of varying the inter-dipole spacing across a 2 nm to 5 nm range.

Inset — relative error is plotted as a function of wavelength for different mesh sizes.
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Figure 3.9: Mie vs FEM: Q. simulated using Mie Theory for a 80 nm Au sphere in

vacuum is directly compared with that obtained using a FEM approach. The coloured data

points show the effect of varying the mesh element length. Inset — relative error is plotted

as a function of wavelength for different mesh sizes.
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Figure 3.10: Q,., simulated using Mie Theory for a 80 nm diameter Au sphere in vacuum

is directly compared with that obtained using the FDTD method. A Drude model (w, =

1.3x10" s' and y = 5.0x10" s7' ) is used to calculate Au permittivity values for both
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models. The coloured data points show the effect of varying mesh element length. /Inser —

relative error is plotted as a function of wavelength for different mesh sizes.

3.8 Concluding remarks and the evaluation of each technique.

This chapter contains a comparison of five computational techniques commonly used to
simulate the scattering of light by small metallic particles. The suitability of each
technique has been considered in terms of computation time and the types of geometries to
which it can be applied. For the case of an 80 nm diameter Au sphere in vacuum, the
simulated scattering efficiency Q.. data from an exact Mie scattering solution has been
compared with that obtained from the other methods. These other methods have been
shown to converge to the Mie Theory solution when parameters which govern the
resolution of the simulation (such as element length or inter-dipole spacing) approach zero.
There are many factors which must be considered when choosing a computational
technique to simulate particle scattering, and the significant advantages and disadvantages

are summarised in Table 1.

In Chapters 4 and 5 of the thesis, the optical response of metallic nanoparticle structures is
considered. In simulating the structures in these chapters, we have referred to Table 1
below as a reference guide in order to select the appropriate technique. For example,
single metallic cylinders and metallic rods in Chapters 4 and 5 have been simulated using
the T-Matrix method, since the boundary conditions which are imposed at the surface of
the scattering particle may be specified relatively easily using cylindrical or spherical polar
coordinates. For these geometries, the T-Matrix method is the preferred choice since it
also computes the scattered field in the least time compared to the other approaches.
Conversely, the scattering response of periodic metallic nanoparticle arrays may not be
computed using Mie Theory, T-Matrix or DDA methods. The solution of the
electromagnetic fields in both the Mie Theory and T-Matrix methods does not account for
interactions between particles, and whilst the DDA method can be used to simulate the
response of more than one particle, the computation time scales rapidly with the number of
particles, such that many experimental scenarios cannot be accurately replicated using the
current hardware specification. The author’s preferred choice for periodic arrays

containing a large number of particles (more than 20) is FEM, since periodic boundary
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conditions can be specified at the edges of the unit cell. The computation time for FEM

simulations of particle arrays is significantly reduced in comparison to the other techniques

Another area in which FEM simulations are utilised is presented in Chapters 6-8, where the
optical response of metallic films perforated with periodic arrays of nanoholes is discussed.
These structures can only be simulated using FEM or FDTD techniques. Mie Theory and
T-Matrix methods are not suitable for the same reasons as described previously for
particles (the boundary conditions do not consider interactions between adjacent
scatterers). The DDA method is also unsuitable, since the metallic films are continuous
and therefore an infinite number of dipoles would be required to accurately determine the

scattered field distribution for these structures.
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Method

Computation Time for

Au sphere with radius <<

Advantages

Disadvantages

A

Mie Theory Rapid — Rapid computation time. e Applicable only to
A few milliseconds per Can also be applied to spherically symmetric
individual frequency scattering from multilayered particles.
spheres and concentric e Not possible to include a
coatings. substrate interaction,
therefore difficult to
replicate many experiments.
T-Matrix Rapid - Rapid computation time. e Computations are
A few milliseconds - per Wide range of geometries numerically unstable for
individual frequency. supported. elongated or flattened
Also possible to include a objects. (the matrices are
substrate interaction truncated during
computation— rounding
errors become significant
and accumulate rapidly)
DDA Moderate — depends on Can be used to evaluate any e  Convergence criterion:
number of dipoles, and arbitrary shaped particle by | nlkd <1
separation. Typically specifying a dipole position n = complex refractive
50s per individual list. index
frequency. k = wavevector
d = inter-dipole separation
(Not possible to solve for
high aspect ratio elongated
particles or large refractive
indices)
FEM Lengthy — Can be used to evaluate e Computation time is lengthy.
A compromise is made scattering parameters from
against element length, any arbitrary shaped particle.
typically 150s per
individual frequency
with 3nm element length.
100 points across the
visible frequency range
takes approximately 4
hours.
FDTD Lengthy — Can be used to evaluate .

A compromise is made
against element length.
A broadband response is
computed across a wide
frequency range,
typically taking 2-3
hours to cover visible
frequencies.

scattering parameters from

any arbitrary shaped particle.

In FDTD a pulse is used as
the excitation source.
Permittivity values have to
be specified over much
wider frequency range than
just the range of interest.
Drude model is not an
accurate representation of
experimental data.
Computation time is lengthy.

Table 3.1: Comparison of computation time, advantages and disadvantages of five

commonly used computational techniques used to simulate light scattering from metallic

nanoparticle and nanohole structures. Computations were performed on a Dell Vostro 200

personal computer, having a dual-core processor (each with a clock speed of 2.19 GHz), 2

Gb of RAM and 250 Gb of available hard drive space).
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The scattering of electromagnetic radiation from metallic nanoparticles

4.1 Introduction

In Chapter 2 the response of multilayer structures comprised of continuous metal and
dielectric layers was discussed. In these structures it is essential that the metallic layers are
continuous in order to provide a high reflectivity interface and facilitate the coupling
between cos or sin type wave functions in adjacent dielectric cavities. In metallic
structures that are non-continuous, such as particles, different types of electromagnetic
modes can be supported. For example, it is known that when a noble metal nanoparticle
(with dimensions << A) is illuminated with visible light of appropriate frequency, the
spatially confined conduction electrons undergo a coherent oscillation, known as a
localised surface plasmon resonance (LSPR) '. The excitation of a LSPR is accompanied
by significant field enhancement in the vicinity of the particle, particularly at the interfaces
between the metal and the surrounding medium, and incident light is scattered strongly by
oscillating electric charges within the nanoparticle. In a small particle, all charges within it
oscillate collectively in phase, such that the particle itself behaves as an individual dipole
oscillator. When the size of the particle is such that it can no longer be considered to be
significantly smaller than the incident wavelength, the retardation of the incident
electromagnetic field leads to an inhomogeneous polarization across the particle and
multipolar charge distributions (quadrupolar, octupolar etc..) can be observed. This has
significant implications on the magnitude and angular distribution of the scattered field at
frequencies corresponding to higher-order multipolar LSPRs . The scattering properties
of nanoparticles have been exploited in stained glass windows for hundreds of years °, and
with recent advances in fabrication technology now allowing finer control over structural
dimensions, many other applications have since been proposed. The significant field
enhancement that occurs in the vicinity of the particle renders the LSPR frequency highly
sensitive to the particle environment, a property which has been utilized in applications

such as optical filters *, bio-sensing >~ and surfaced enhanced Raman spectroscopy ™°.

This chapter contains an introduction to fabrication techniques used to produce single
metallic particles, such as Focused Ion Beam (FIB) milling and Electron Beam
Lithography (EBL). The excitation conditions for the nanoparticle LSPR will then be

investigated in detail; with particular attention given to the effects of particle size,
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geometry and aspect ratio on the LSPR frequency. There will be an overview of the dark-
field spectroscopy optical characterization technique, which is a novel technique used to
measure only the light which is scattered by the particle. Experimental scattering spectra
will be compared with simulated data obtained using FEM and T-Matrix techniques. The
results of simulations which investigate the angular response of multipolar resonances in

large particles and particle clusters will be discussed with relevance to display applications.

4.2 Fabrication of metallic nanostructures using Focused Ion Beam (FIB) milling
and Electron Beam Lithography (EBL) techniques

Experimental nanoparticle structures presented throughout this chapter were fabricated

using an EBL technique, the main stages of which are described in the flowchart below.

These stages are also illustrated in Figure 4.1, which shows a series of cross-sections taken

perpendicular to the substrate.

1))

A glass substrate is spin-coated with a resist (2% polymethylmethacrylate (PMMA) in anisole) and
soft-baked for 10 minutes at 475 K.

2)

A thin conducting layer of metal (such as 15 nm of Ag or Au) is deposited onto the resist by
thermal evaporation at a pressure of 1 x 10~° mbar and deposition rate of 5 A s™".

3)

The sample is exposed using a focused electron beam at a predefined list of positions,
corresponding to the particle locations. (The system at Exeter University uses a modified FEI Nova
600 electron microscope).

4

The conducting layer of Au or Ag is removed using commercial ‘gold etchant’ solution (Sigma-
Aldrich formula). The exposed / unexnosed PMMA is unaffected bv the etchant.

5)

Exposed PMMA is developed by agitating the sample in a mixture of propan-2-ol and water (ratio
9:1) for 2 minutes

6)

A continuous metal layer is deposited with thickness corresponding to that of the desired
nanoparticle structure (e.g. 30 nm of Au for 30 nm height nanoparticles) using thermal evaporation

at a pressure of 1 x 10~® mbar and deposition rate of 5 As.

7)

Unexposed PMMA is removed using a ‘lift-off” technique by heating the sample in acetone at 375
K for 30 minutes.
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Figure 4.1: The main stages of an electron beam lithography process used to fabricate Au
nanoparticles. The SEM image shows a single Au nanoparticle with diameter 90 nm and

height 20 nm.

There are several crucial steps which must be carefully negotiated in order to fabricate a
satisfactory sample. The thickness of the PMMA layer needs to be such that it can
accommodate the thickness of the metal layer required for the nanoparticle structure. For
example, if the PMMA layer is only 50 nm thick, the maximum thickness of metal that
may be deposited is 50 nm. The thickness of PMMA which is deposited is related to the
concentration of the solution and the speed of rotation of the resist spinner, a relationship
(concentration / spin speed / thickness) provided by the chemical manufacturers. Figure
4.2 shows an example spin speed / thickness curve for PMMA of varying concentrations '°.
When using A2 (2%) PMMA, a spin speed of 1500 — 2000 rpm is required in order to
deposit a layer with thickness 100 nm.
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Figure 4.2: Spin speed curves for A2 (2%), A4 (4%) and A7 (7%) concentrations of
PMMA dissolved in anisole.

Another important factor is the dose, which is a product of the electron beam current, and
the speed at which the beam rasters the surface. If the dose is too large, the final particles
will be larger than desired. However if the dose is too small the resist is only partially
exposed and the process may yield no particles at all. The point spread function associated
with the intensity distribution of the electron beam leads to a slightly tapered exposure
channel, as opposed to one with perfectly straight edges. This becomes more pronounced
as a function of depth, and during the metal deposition stage it is essential that the centres
of the evaporation filament and the exposure region are aligned to avoid distortion of the

particle shape.

FIB milling is a somewhat less sophisticated approach to fabrication, and requires fewer
stages. A continuous metal layer for the desired nanoparticle structure (e.g. 30 nm of Au
for nanoparticles with height 30 nm) is first deposited using thermal evaporation. A
focused beam of ions from a gallium source is then used to sputter atoms from the metal
surface. The ion beam is steered to a predefined list of positions corresponding to areas
where material is to be removed (the inverse of the particle locations). Figure 4.3 shows a
schematic representation of the material removal process, with SEM images showing
examples of single holes and particles fabricated using this method. In general FIB milling
is not the preferred method for fabricating particle structures, since the Gallium ions are
strongly scattered by surfaces with any degree of roughness (such as metal layers), leading

to undesired removal of material in adjacent locations.
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< 300 nm

»

Particle

Figure 4.3: Schematic representation of the material removal process. The inset shows
SEM images of a cylindrical hole with 90 nm diameter and 20 nm depth and a square

particle with 90 nm side length and 20 nm depth fabricated using FIB milling.

4.3 The electromagnetic response of small metallic particles

The scattering response of small metallic nanoparticles is often calculated using the
electrostatic approximation, which considers the sphere as an ideal dipole (two opposite
charges in the limiting case where the distance between them approaches zero) ''. In a
moment we will discuss why this assumption may be considered valid. In a material with
finite conductivity, the Maxwell equations can be used to show that free charge density can

be considered to be zero (Equations 4.1 - 4.3).

4.1
V.D = Prree
V.(¢E) = Pfree 4.2
a.Ofree 4.3
V.J=V.(6E) = ————
Equating V. E from both sides gives:
apfree o 4.4

ot +Epfree =0

At the interface between two media (termed 1 and 2), the Maxwell equations impose the

following boundary conditions:

. A discontinuity in the normal component 4.5
(Dz - Dl)- N = Psurface of D yields a surface charge
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(E; —Ei=0 The tangential component of E is 4.6
conserved
(H, —H)~fi = J gy Face A discontinuity in the tangential 4.7
' component of H yields a surface current

(B,—B;).i=0 The normal component of B is conserved 4.8

Therefore, if a homogeneous sphere with radius a and permittivity ¢; is placed in a medium
of different permittivity ¢, in which there is a static electric field, a charge will be induced
on its surface The uniform electric field in the surrounding medium will also be distorted.
The electric fields inside (Eixsige) and outside (Eousige) the sphere can be calculated from the
scalar potentials (@jusq. and Dyui40.), and at large distances away from the sphere the

assumption is made that the electric field is the unperturbed applied field (Equation 4.11).

Einside = —V®@inside 4.9
Eoutside = —V@outside 4.10
lim, -0 P@oytside = —Eorcos 8 = —Eyz 4.11

The electric field inside the sphere is related to the unbalanced charge density (punpaianced)
through the divergence of the electric field:

_ Punbalanced 4.12
€o

V.E

As shown in Equation 4.9, the electric field is defined as the negative gradient of the
potential. Equations 4.12 and 4.11 may be combined, forming a direct relationship
between the potential and the charge density, also known as Poisson’s equation (Equation
4.13). If the unbalanced charge density is equal to zero, this reduces to Laplace’s equation

(Equation 4.14).

V.VD = V2 = _pu”bzﬂ 4.13
0

V2P =0 4.14

In order to determine the potential inside and outside of the sphere, Laplace’s equation

must be solved in spherical polar co-ordinates. It is assumed that since the sphere is
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symmetric about the z axis, variations in the azimuthal angle (¢p) may be neglected. The

form of Laplace’s equation which is solved is therefore:

1 02 1 0 ( dcb> 4.15
rsin6 do

— (72 i —_ | =

33,2 (r<d) + sde@ 0

Equation 4.15 may be solved using the separation of variables method by letting @ = RO,
where R(7) represents a function of radial distance ‘#’ and ©(6) a function of elevation
angle ‘0’. An example of using the separation of variables method has already been given

in Chapter 2 (section 2.1), and in Appendix B so the final solutions will be shown without

workings. The solutions to R and O are:

R=a;r™+a,r ™1 4.16
1 a \™
0= z_m(d(cose)) ((cos8)* = 1)™ = By (cos ) 4.17

Here a; and a, are constants, m is an integer and & is the polar angle as defined by the
spherical polar coordinate system. At infinity the potential is equal to that of the
unperturbed applied field (given by Equation 4.11). The solution for the potential outside
the sphere is therefore constructed such that the perturbation to the applied field due to the

sphere vanishes as r =2 o.

N aymt 4.18
Doutside = Z b (;) B, (cos8) — Eyrcos 6
m=0

Within the sphere, as » = 0 the solution must be finite:

a\m 4.19
Dinside = Z Cm (;) B (cosB)

m=0

[ee)

In Equations 4.18 and 4.19, the radius of the dielectric sphere is represented by a. At the
boundary between the sphere and the surrounding medium, @,,5i0e = Pinsive- By equating
Equations 4.18 and 4.19, and imposing the continuity of the normal component of the
electric displacement vector D at the interface, the coefficients b, and c, can be

determined.
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6q’inside _ 6‘poutside 4.20
! ar =& or

The general solution of Laplace’s equation has angular solutions which are equivalent to
the spherical harmonics which were identified in the Mie Theory derivation contained
within Chapter 3. Here, m represents an integer which corresponds to the angular
harmonic of interest (e.g. m = 1 is the dipole contribution, m = 2 the quadrupole etc.). For
a small sphere which obeys the electrostatic approximation, only the dipole term is the
significant contributor to the potential both inside and outside of the sphere. The

coefficients b; and ¢, are given by:

& —€ 4.21
b1 - an (1—2>
&+ 2¢,
3¢
¢, = an( 2 ) 4.22
&+ 2¢,

With knowledge of these weighting coefficients, the potential inside and outside of the

sphere can be expressed as:

3¢

- 4.23
& + 2¢,

Dinside = Eqr cos 8

& — &y cos b 4.24

D, utsige = —Eor cos 8 + Eya® ————
outside 0 0 61+262 r2

Since we have assumed that the dipole term is dominant in the series of angular harmonics
associated with a small sphere, a direct analogy can be made between the electrostatic
potential outside the sphere, and that of a dipole formed from two equal and opposite point

charges + ¢, separated by a distance d:

® = qd cos 0 4.25
" 4me,, 12
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The electric field outside the sphere can be considered as the superposition of the applied
field and the field of an ideal dipole ''. The polarisation (p) and therefore the polarisability

(o) of the sphere may be expressed as:

& — &
= 4rq3 —"2%F 4.26
P ma & + 2¢, 0
& — & .
&+ 2¢,

When considering illumination of the sphere with visible light, the applied field is not
static but is an incident electromagnetic wave which has temporal and spatial variation.
However if the sphere is small compared to the wavelength of the oscillation (i.e. the size
parameter, ka <<l), the equations can still be used to approximate the polarisability. This
is because at any instant of the oscillation the incident field is approximately uniform
across the sphere ''. An important point to note is that the field inside the sphere will not
be uniform unless the imaginary component of the refractive index is zero, a condition not
satisfied by metals at visible frequencies. Therefore the electrostatic approximation for
metal particles is never a completely accurate description of the scattered or internal fields.
It does however provide a useful insight into the excitation conditions of the dipolar LSPR
modes. The LSPR frequency occurs when a metallic particle has maximum
polarisability '. This is because the intensity of the scattered radiation is proportional to
the dipole moment which is induced across the nanoparticle by the application of the
incident electromagnetic field. Since the polarisability is defined as the ratio of the
induced dipole moment to the applied electric field, it is reasonable to expect maximum
scattering and absorption of incident light to occur at the maximum polarisability
condition. From an inspection of Equation 4.27 it can be inferred that a numerical pole in
the real part of the polarisability occurs when ¢; = —2¢,. In vacuum, this corresponds to a
metal with a real permittivity value of -2, a value found for metals such as Ag or Au
within the visible region. In Figure 4.4, the real and imaginary components of the
polarisability (Equations 4.28 and 4.29) are plotted for 60 nm diameter Ag spheres. This is
compared against the scattering efficiency (Qy.,). In both structures the maxima occur at
similar wavelengths, corroborating the relationship between polarisability and the
frequency of the LSPR. The small difference of approximately 15 nm that exists between

the spectral positions of the maxima for the imaginary component of the polarisability («)
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Polarisability (a.u.)

and the scattering efficiency (Qy,) arises due to the limitations of the electrostatic
approximation. This discrepancy is more severe for large particles having dimensions

which are comparable to the incident wavelength, as will be discussed later.

2 2 _
o — and? & tef+e—2 4.28
real 2 2
g tef+4e+4
= 4ma? 3¢ 4.29
mag 2 +el+4e +4
1.50E-020 6
54
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Figure 4.4: The real and imaginary components of the polarisability are plotted for a 60
nm diameter Ag sphere (left) in vacuum. This is compared against the scattering

efficiency (Qy.,) which has been simulated using Mie Theory (right).

The previous derivation considered the resonance condition for spheres << A. This can
also be extended to non-spherical geometries. The principle of solving scalar potentials
inside and outside the inclusion remains the same, with the exception that there is now
more scope for geometrical adaptation. An ellipsoid for example (shown in Figure 4.5),
has three semi-axes with lengths a, b and c¢ respectively, and Laplace’s equations are best

solved using ellipsoidal coordinates.
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Figure 4.5: Schematic of an ellipsoidal particle, showing the axes of symmetry and the
semi axis lengths a, b and c.

112 that the

By solving Laplace’s equation in ellipsoidal coorindates, it can be shown
diagonal components of the polarisability tensor for the electric field parallel to each of the

principal axes of an ellipsoid is given by:

&~ &
— 4mab 4.30
al rabe 382 + 3Li(€1 - 52)

Where i = q, b, c and L; is a dimensionless quantity specified by:

L= abcf00 dq 4.31
T2 )y @+ g+ ad g+ b2 +cD)0s

The L; elements are referred to in the literature as ‘geometrical shape factors’ or
‘depolarisation factors’. These are numerical quantities that are purely real, and depend on
the surface curvature (and therefore the relative lengths of the semi-axes) of the ellipsoid.
The functional form of the denominator is such that its sum of elements over all axes is
always equal to unity. A sphere for example has L = 1/3 for all axes, whilst a prolate
spheroid with ratios of a/b and a/c of 5 has shape factors of approximately 0.055 (for the
long axis) and 0.472 (for the short axes). Figure 4.6 shows how the shape factor along a
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single axis L,, varies as length a is fixed and other two lengths b and ¢ are varied equally

with b =c.

0.6

0.5+

a

0.4+
0.3+

0.2

Shape factor L

0.1

O-O T T T T T T T T T T T T T T T T T T T T T
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Ratio of a : (b,c)

Figure 4.6: Using Equation 4.31, the shape factor L, is plotted against the ratio of a : (b,c)

for an ellipsoid in which length a is fixed and lengths b,c are increased such that b = c.

For lengths where a < b,c the shape factor L, increases and is asymptotic towards unity for
a rod with infinite length. At a = b = ¢, L, passes through 0.333, the expected shape factor
for a sphere. As b,c are decreased such that a > b,c, L, decreases and is asymptotic to zero
for an infinitely narrow rod. It is therefore evident that any disc-like structure with a < b,c
and b = ¢ will have two resonant frequencies. These are associated with polarisability
maxima arising from the geometrical resonances of the short axis and long axes.
Equations 4.32 and 4.33 show the general form of the real and imaginary parts of the
polarisability for a non-spherical scatterer. L; represents the shape factor for the axis
parallel to the incident electric field. These expressions can be derived by simplifying
Equation 4.30, and will reduce to the spherical case (Equations 4.28 and 4.29) when L; =
1/3.

4ma® &+ Lig? + Lig? —2Lie, +L; — 1 4.32
(04 =
reat ™3 \14 2Lie, — 2L + L2€2 — 2Lie, + L2e2 + L2
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Figure 4.7 shows the real and imaginary components for E polarised along the long and
short axes of an Ag rod ellipsoid with dimensions 30 nm x 30 nm x 80 nm. This is
compared with the simulated scattering efficiency obtained using a T-Matrix approach for
incident light polarised parallel to the long and short axes of the rod. A comparison of the
two plots shows a discrepancy between the maxima associated with the long axis
resonance. The maximum of the real part of the polarisability occurs for an incident
wavelength of 475 nm, however the scattering efficiency maximum is around 510 nm.
The phase of the incident wave cannot be considered uniform across the entire length of
the rod. For a rod length of 80 nm the electrostatic approximation is beginning to fail, and

13,14

the effects of dynamic depolarisation must be included to correctly determine the

LSPR frequency for long axis.
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Figure 4.7: The real and imaginary components of the polarisability are plotted as a
function of wavelength for the incident electric field polarised parallel to the long and short
axes of an Ag rod with dimensions 30 nm x 80 nm x 80 nm (left). A T-Matrix method has
been used to simulate the scattering efficiency of the rod illuminated with light polarised

along the long and short axes (right).
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4.4 Optical characterisation using dark-field spectroscopy
In this section the optical characterisation of cylindrical Au particles fabricated by EBL
will be considered. Figure 4.8 shows a SEM image of nanoparticles which are typically 35

nm height, and have diameters ranging from 45 nm to 160 nm.

Diameters in nm

e 00 @O .
45 84 94 125 160

Figure 4.8: An SEM image showing an example of cylindrical Au nanoparticles

fabricated by EBL. These particles have height 35 nm and diameters ranging from 45 nm
to 160 nm. Note: On the sample the particles are separated by 2 um but the images have

been merged for visualisation.

One method for determining the optical transmission and extinction characteristics of a
structure (for example a planar Ag film) is to use bright field spectroscopy. This
illuminates the sample at near normal incidence with a collimated white light source, with
an objective being used to focus the collected light onto a spectrometer. However, this
technique is not suitable for studying the scattering response of single nanoparticles, since
the size of the incident beam is significantly larger than the particle diameter. Only a small
proportion of the collected light will be due to light scattering from the particle, and
deconvolving the response is extremely difficult. A possible solution to this problem is to
use spatial modulation spectroscopy. A lens is used to focus the incident beam to a spot
size of a few tens of pm, and the optical stage is forced into oscillation (using a motor) in a
plane which lies perpendicular to the incident wave vector. It has been shown that with
suitable mathematical analysis the modulated element of the transmitted power can be used

to extract the extinction cross section of the single particle b,

Another technique which characterises the optical response of single particles is dark field
spectroscopy. A schematic of the apparatus is shown in Figure 4.9. The arrangement
differs from bright field spectroscopy in a number of ways. The incident beam is partially
blocked using an opaque circular disc, such that light can only pass around the edge of the

disc. A ring-like pattern of illumination is brought to a tight focus at the surface of the
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sample. Beyond the sample, an objective with a high numerical aperture (1.25) is used to
collect the scattered light and pass it to a spectrometer. To minimise reflections at the
substrate-air interface, an oil immersion objective is used in conjunction with refractive
index matching liquid having parameters equal to that of the substrate (n, = 1.52, n; =
0.00). An advantage of using dark field spectroscopy is that the collected light consists of
only that which is scattered by the particle. This is because the incident angle is
sufficiently large that the unscattered light is beyond the collection angle of the objective.
Figure 4.10 shows a photograph of scattering from Au nanoparticles viewed using a dark-
field microscope. The nanoparticles are identical to those illustrated in Figure 4.8, with
height 35 nm and diameters ranging from 45 nm to 160 nm. When obtaining spectroscopic
measurements, the particles are spaced by a minimum distance of 2 um to avoid the
scattering response of a single particle being modified by electromagnetic near field

coupling from adjacent particles.

Incident light (collimated)

Opaque disc

Condenser lens

Au nanoparticle

| | Glass substrate
(Thickness 100 pum)

100x obiective
(1.25 NA)

m— —(—

Spectrometer

Figure 4.9: Schematic illustrating the experimental configuration for dark-field

spectroscopy.
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Figure 4.10: CCD image obtained from a dark field microscope used to observe scattering
from Au discs with height 35 nm and diameters ranging from 45 nm to 160 nm. The

image has been normalised to the lamp spectrum.

In order to obtain a scattering spectrum from the dark field images, light from the objective
is passed to a spectrometer. This uses a diffraction grating to disperse the scattered light
into its constituent wavelengths across several rows of pixels on a CCD. A mechanical
shutter is used to select the region of the image corresponding to the nanoparticle locations,
and imaging software records the intensity on each pixel of the CCD. Figure 4.11 shows
the experimental scattering spectra obtained for the Au discs shown in Figure 4.8. This is
compared against scattering cross section data which has been simulated using a T-Matrix
method, with wavelength dependent & parameters for Au taken from reference data
published by Johnson & Christy " In (c) of Figure 4.11, the resonant wavelengths of
simulated and experimental scattering spectra have also been compared, and show
reasonable agreement, with a maximum discrepancy of = 15 nm in resonant wavelength

between the two datasets.
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Figure 4.11: Dark field scattering spectra (a) of Au discs with height 35 nm and diameters
ranging from 45 to 160 nm are compared with simulated spectra (b) obtained using a T-
Matrix method. In (c) the resonant wavelengths and widths (d) from the experimental and

simulated scattering spectra are compared.

In considering the most likely origin of the discrepancy between the simulated and
experimental resonant wavelengths, it is assumed in the simulation that all particles are
cylindrical. However, as discussed previously, the EBL fabrication process is such that the
exposure regions are slightly rounded / tapered at the edges. The experimental Au particles
are therefore slightly ellipsoidal in shape, and by considering the shape factor of this
modified “slightly ellipsoidal” geometry it is found that the resonant frequency is increased
when compared to a perfect cylinder. Both the experimental and simulated scattering
curves in Figure 4.11 exhibit a red shift in the LSPR wavelength as the diameter of the disk

is increased. The electrostatic approximation can be used to show that for light polarised

98



Chapter 4 The scattering of electromagnetic radiation from metallic nanoparticles

parallel to the diameter of the disk, as the diameter of the disk is increased the shape factor
L; decreases and the condition at which maximum polarisability occurs is red-shifted
(Figure 4.6). In addition, the electrostatic approximation begins to fail when the effects of
dynamic depolarisation are significant. If the size of the disc is such that the incident field
cannot be considered uniform across long axes of the structure, the resonant wavelength is
further red-shifted beyond that which is predicted by the electrostatic approximation.
Another observation which can be made is that the width of the resonance increases with
the diameter of the disc (inset (d) of Figure 4.11). This is primarily due to the radiative
decay mechanism of the LSPR. The energy relaxation of a LSPR comprises both a non-
radiative decay process with time constant z,. and a radiative decay process with time
constant z.. The non-radiative decay channel considers losses which occur when
oscillating electrons lose their energy through inelastic scattering to single electron
excitations. The non-radiative loss can be related to the dielectric constants of the metal,
and in metals such as Ag and Au it is found to be highly dependent upon the spectral
overlap of the LSPR with the interband absorption edge '. The radiative decay channel
corresponds to the loss of energy through the emission of electromagnetic radiation. For
metal nanoparticles with diameters below 30 nm, the energy relaxation is dominated by
non-radiative decay processes, however for larger diameters the radiative element is found
to be the most significant contributor to energy loss, as it is proportional to the number of
electrons within the scattering particle. The radiative damping rate, for the simple case of

a sphere, is given by Equation 4.34 .

1 20 V& 4.34

= T
7, 9c3142g °

Here 7; is the dephasing time associated with the radiative decay mechanism, which
represents the time required for the electrons to return to their unperturbed state. w, and ¢;
represent the plasma frequency and real component of the permittivity of the surrounding
medium, ¢ is the speed of light in vacuum and 7y is the radius of the sphere. This
expression can in principle be generalised to include other geometries such as the disk-like
structure in Figure 4.11, however deriving an analytical formulation for the resonance
width is particularly complex and beyond the scope of the present study. In general, as the
size of the scatterer (and number of electrons with the particle) is increased, the resonance

width will also increase as a result of the shorter dephasing time. In inset (d) of Figure
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4.11, the resonance widths of the simulated and experimental scattering spectra are

compared and show reasonable agreement.

4.5 The angular response of the multipolar LSPR modes

The majority of liquid crystal display devices operate by selectively transmitting a
specified range of wavelengths / polarisation configurations that are incident from a diffuse
source of white-light illumination located behind the cell. This can be a disadvantage,
particularly when the device is illuminated from the front with ambient light, such as when
attempting to view the device in bright sunlight. Another difficulty is that whilst the
alignment of molecules within a liquid crystal cell can be readily switched with an applied
electric field, there are very few electro-optical effects which give rise to a strong coloured
reflection. A possible solution to both of these problems is to investigate the hosting of
metallic nanoparticles within a liquid crystal cell. As has already been shown, metallic
nanoparticles exhibit geometrical resonances that give rise to strong scattering at visible
frequencies. The ideal behaviour for a display application would be a step-like scattering
response with two switchable states, one in which there is maximum scattering and another
in which there is little or no scattering (shown in Figure 4.12). The maximum scattering
state would need to have a broadly flat response over a viewing angle range of + 45
degrees. From a display perspective this is a fundamental requirement as the response in
the maximum scattering phase must not change significantly when the illumination angle &

or the scattering angle ¢ deviates from normal incidence.

Inci t tteri .. .
nciden ‘ Scattering Scattering intensity
angle . | angle :
Rg —— &
X b
%0 O0F P

—
X -0 0 90
Ly 6, ¢ (degrees)

Figure 4.12: Desired scattering response of a nanoparticle which could be hosted within a
liquid crystal cell. In the diagram, & represents the illumination angle of the incident beam
which is polarized either parallel (E,) or perpendicular (Ey) to the plane of angular

variation and ¢ represents the scattering angle of the radiated field.
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For particles significantly smaller than the incident wavelength, the electrostatic
approximation can be applied and the response of the nanoparticle can be approximated to
a dipole. It can be shown that the angular distribution of the radiated power emitted by a
dipole illuminated with radiation having an electric field E which is linearly polarised

along the dipole axis is of the form '*:

dP c® o 4 1oy
— = /— i 4.
10 = 3292 eok Ip|“ sin® ¢ 35

Here, p represents the dipole moment and c is the angle between the unit vectors of the
dipole moment and the wave vector of the radiated field, P is the radiated power and Q
represents the solid angle. An initial inspection of Equation 4.35 suggests that a small
nanoparticle will exhibit a scattering intensity which follows a sin’ ¢ or cos’ ¢ dependence.
In Figure 4.13 a T-Matrix method has been used to simulate the scattering efficiency of an
Ag cylinder with height 25 nm and diameter 80 nm. The cylinder is illuminated at various
angles of incidence for light polarised both parallel (a) and perpendicular (b) to the plane
of incidence. (For planar structures these polarisation states would be termed Transverse
Magnetic (TM) and Transverse Electric (TE) respectively, however this terminology
cannot be applied for the case of a single particle.) In graph (c) of Figure 4.13 the
magnitude of the O, maxima from (a) have been normalised such that Q,., (6= 0°) = 1.0,
and these values have been plotted against a cos’ @ function. The scattering intensity for A
clearly follows a cos’ @ dependence as a function of illumination angle &, whereas for (b)
there is no angular dependence. This is because in (a) the incident polarisation is such that
as the angle of incidence is varied, the electric field changes from being parallel to the long
axis to that of the short axis. The polarisability maximum of the short axis is considerably
smaller than that of the long axis (by a factor of approximately 100). This is due to the
aspect ratio of the particle, as shown in the earlier analysis, and in Figure 4.7. Therefore a
drastic reduction in scattering intensity occurs as the alignment of the electric field is
varied between the two axes. In contrast, as the incident angle & is varied in (b), the
electric field always remains in the plane of the disc, and therefore no variation in

scattering intensity is observed.
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Figure 4.13: The scattering efficiency of an Ag disc with height 25 nm and diameter 80
nm has been simulated using a T-Matrix method for light incident at various illumination
angles @ ranging from 0 to 80 degrees. The incident beam is polarised parallel (a) and
perpendicular (b) to the plane of angular variation. In the lower graph (c) the magnitude
of the maxima from the scattering efficiency curves in (c) have been normalised to 1, and

are plotted against a cos” @ function.
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Figure 4.14: The scattered electric field distribution from the Ag disc has been simulated
using a FEM technique and has been projected onto a spherical surface in the far field. A
polar plot of the radiated field in the upper half space is shown for a cross section through

the YZ plane. The electric field intensity has been plotted as a function of the scattering

angle ¢.

Figure 4.14 shows the far field radiation pattern of the disc (projected onto a spherical
shell) for light incident at normal incidence at the resonant wavelength corresponding to
the dipolar LSPR. A polar plot of the radiated field in the upper half space is shown for a
cross section through the XZ plane, and the electric field intensity has been plotted as a
function of scattering angle ¢. It is shown that, as predicted by Equation 4.35, the radiated
field also follows a cos¢ angular dependence (or cos’¢ for radiated power). Small
nanoparticles such as flat cylindrical discs or spheres are thus clearly not suitable for
display purposes. This is because the apparent transition between the maximum and
minimum scattering arrangement occurs over a wide range of angles, which in terms of a
display will lead to a reduction in the contrast ratio. There appears to be two approaches
for modifying the angular response of the scattered field such that it is not governed by the
dipolar term. One approach is to consider the response of higher-order multipolar modes

that may be supported by larger metallic nanoparticles (those having dimensions = A). The
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distribution of the radiated power from a quadrupole for example, does not explicitly

follow a cos’ ¢ angular dependence '*:

dP  c?k® |y,
ar_ o 02 Gin? & cos? 4.36
a0~ Sizm? g, QoSN P cosT o

The terms in Equation 4.36 have the same definition as those in Equation 4.35. Q,°
represents a constant which is determined from the diagonal components of the quadrupole

moment tensor.

A second approach is to investigate placing several nanoparticles in close proximity. In
this instance, electromagnetic coupling between particles can significantly modify their
charge distributions and LSPR properties. For example, it has been shown that when two
or more nanoparticles are brought within a few tens of nm of each other, plasmon
hybridization can occur. In this instance, two distinct resonant modes are observed which
are associated with the symmetric and anti-symmetric distribution of charge across the

particle arrangement '°.

A diagram showing the instantaneous charge and field
distributions of the two resonant modes at arbitrary phase of the incident wave is shown in
Figure 4.15. This is illustrated for a cross section taken through the centre of the particles,
where the incident wave vector k and electric field E are polarised in the configuration
shown. The vector arrows represent the direction of the electric field inside the particles,

with the + and — symbols indicating regions of positive and negative charge respectively.

separation

E
+— +——}-
Particle [ o T T o
. =T —F-

Anti-symmetric Symmetric
coupled LSPR coupled LSPR

Figure 4.15: The instantaneous charge and field distributions are illustrated for two
metallic nanoparticles which interact through the overlap of their resonant electromagnetic

fields. Plasmon hybridisation can occur in particles separated by distances which are a few
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10s of nm in vacuum, resulting in two coupled LSPRs associated with the anti-symmetric

(a) and symmetric (b) distribution of charge across the structure.

The topic of coupled LSPRs in hole and particle arrays will be discussed extensively in
Chapter 8, with relevance to electromagnetic metamaterial applications which exhibit a
negative index of refraction. Towards the end of the present chapter, the response of the
anti-symmetric and symmetric coupled LSPRs will also be discussed in terms of their
incident angle & and scattering angle ¢ responses. It has been shown by Grigorenko et al.
that the anti-symmetric coupled LSPR is favoured in tapered pairs of nanorods '®. This has
particular relevance to display applications, since it has already been identified that charge
distributions which resemble a quadrupole (two dipoles in anti-phase) may offer an
improved incident angle & and scattering angle ¢ response in comparison to the dipolar

LSPR which is excited in small metal nanoparticles.

Small nanoparticles only support dipolar LSPRs, since the incident field is approximately
uniform across the structure and so the conduction electrons oscillate collectively in phase
with the electric field. However, when the particle size is comparable to, or larger than, the
incident wavelength it is possible for higher order multipolar modes to be observed. In
order to consider the existence of dipolar and quadrupolar modes, the scattered electric
field must be expanded such that it contains the first and second terms in the solution to
Laplace’s equation. Previously we have shown that Equations 4.18 and 4.19 can be used
to express the potential inside and outside of a dielectric sphere as a series of angular
harmonics. If the series is expanded to terms up to and including m = 2, the electric field
outside the sphere may be calculated using Equations 4.9 and 4.10 and subsequently
expressed as a linear sum of dipole and quadrupole elements. This scattered field
expansion is shown in Equation 4.37 as a function of the Cartesian coordinates x, y, z.
Here, r is the modulus of the vector from the origin to the point at which the electric field
is sampled. It is assumed that the sphere has radius 7y, complex permittivity &; and is

surrounded by vacuum.
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Quadrupolar term

The dipolar polarisability term o is that given previously in Equation 4.27. The

quadrupolar polarisability term is given by 3, where:

L= yrg 4.38

-1 4.39
Y=-—"-73
81 + 7

A fundamental difference between the quadrupole and dipole polarisability terms is the
factor in the denominator. In the quadrupole term there is a factor of 3/2, however in the
dipole term this factor is 2. The implications of this are that in addition to the dipole
contribution, a singularity occurs in £ when ¢; = —3/2, this corresponds to the resonant
condition for the quadrupolar mode in the electrostatic limit. This analysis can be further
extended to higher orders by increasing the number of terms in the series expansion for the
potential inside and outside of the sphere (Equations 4.18 and 4.19). It is important to note
that the electrostatic approximation does not consider the effects of dynamic depolarisation
which occur in structures in which the ratio of the particle size to the incident wavelength
is large '>'*. Here we have used the electrostatic approximation purely to give a physical
insight for the simple case of dipolar and quadrupolar excitations of a sphere, without
wishing to become too involved in mathematical detail. In Figure 4.16, Mie Theory has
been used to simulate the scattering efficiency of a 200 nm diameter Ag sphere in vacuum.
The scattering spectrum shows several maxima corresponding to multipolar resonances. A
finite element method has been used to simulate the electric field distributions at the
resonant frequencies corresponding to multipolar excitations for a cross section taken

through the centre of the sphere. This cross section is for a plane which lies perpendicular
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to the incident wave vector. Note that these field distributions are identical to those shown
in Figure 3.1 (Chapter 3) which represents the normal modes of a spherical particle as
proposed by Mie in 1908 *°.

Einc Einc R Einc

A B C

Time-averaged electric field distribution

300 400 500 600 700 800 900
Wavelength (nm)

Figure 4.16: The scattering efficiency of a 200 nm diameter Ag sphere in vacuum has been
simulated using Mie Theory, with light incident at 45 degrees. A FEM technique has been
used to simulate the time-averaged electric field distributions for a cross section taken
through the centre of the sphere at the resonant frequencies labelled A, B and C (intensity
scales are arbitrary). The incident electric field is polarised along the direction shown by

the arrow above the figures.

Figure 4.17 shows the far field radiation pattern of the disc (projected onto a spherical
shell) for light incident at normal incidence at the resonant wavelength corresponding to
the quadrupolar LSPR (feature B). A polar plot of the radiated field is shown for a cross
section through the XZ plane and the electric field intensity has been plotted as a function
of scattering angle ¢. Perhaps surprisingly, the majority of the radiated power appears to
be forward scattered. This is not what would be expected from Equation 4.36, which
suggests that a quadrupole should radiate uniformly across four ‘lobed’ regions that are

symmetric with respect to the incident wave vector.
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Figure 4.17: The scattered electric field distribution from a 200 nm diameter Ag sphere
has been simulated using a FEM technique at the resonant frequency corresponding to the
quadrupolar LSPR, and has been projected onto a spherical surface in the far field. A polar
plot of the radiated field is shown on a polar plot as a function of the scattering angle ¢ for

a cross section through the YZ plane.

In order to further elucidate the origins of the apparent forward scattering behaviour, we
now consider the effect of interference between the radiated fields associated with the
dipolar and quadrupolar modes. As Figure 4.16 shows, the maximum associated with the
quadrupolar mode at B is superimposed on a much broader feature arising from the dipolar
contribution at A which is off-resonance at B. If it is assumed that an oscillating dipole
emits spherical waves of the form shown in Equation 4.40, the spatial representation of the
field distribution at ¢t = 0 will be that of diagram (a) in Figure 4.18. Here, the dipole is
placed at the origin and oscillates in a plane which is perpendicular to the page. In the
spatial field representations in Figure 4.18, the position of the dipole is represented by a
solid black circle, however it should be noted that this is purely for illustration since it is
assumed to be a point source. The red and blue colours correspond to regions of positive
and negative amplitude of the electric field E respectively, and the radiated fields from the

dipole in forward and back scattering directions are in phase.

108



Chapter 4 The scattering of electromagnetic radiation from metallic nanoparticles

¥ = (cos (kr — ) 440

Similarly, the quadrupolar term can be approximated as two dipoles which are separated by
a distance A/2 along the y direction and oscillate out of phase. One dipole emits spherical

waves of the form given by Equation 4.41, and the other that of Equation 4.42.

1
Y= " (cos (kr — wt + /4) 4.41

1 4.42
Y= ;(cos (kr — wt —m/4)

The field distribution of the two dipoles at £ = 0 is shown in diagram (b) in Figure 4.18,
where the dipoles are separated by A/2 along the y direction and are arranged to be
symmetrical about the origin. The quadrupolar term alone will give rise to both forward
and back scattering, as would be expected from the earlier analysis of Equation 4.36.
However, the important point to note is that the forward and back scattered waves are out
of phase with respect to each other. The scattering response of the sphere at a given
wavelength will be a superposition of contributions from both dipolar and quadrupolar
excitations, and the resulting field distribution will involve a weighted sum of the two. For
the purposes of a simple discussion, it will be assumed here that the intensities of the
dipole and quadrupole radiated fields are equal, such that the two plots can be summed. In
this instance the result is diagram (c) of Figure 4.18. It should be noted that this
assumption may not necessarily be valid for all scenarios, a thorough analysis would
require each contribution to be appropriately weighted by the b, and ¢, coefficients
obtained from the rigorous solution of Laplace’s equation. In the upper half plane, the
dipole and quadrupole terms interfere destructively and there is little or no back scattering
in the radiated fields. In contrast, the waves in the lower half plane interfere
constructively, leading to strong forward scattering. The conclusion therefore is that in a
large metallic nanoparticle the radiated fields of the quadrupolar mode (or any other higher
order mode for that matter) cannot be observed in isolation. In order for metallic
nanoparticle structures to be utilised in a new generation of liquid crystal display devices, a
fundamental requirement is that they must exhibit a strong back scattering response at

visible frequencies. The final part of this chapter contains an investigation into alternative
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approaches which may to be used to modify the scattering response, including placing

nanoparticles in close proximity to each other such that electromagnetic coupling between

particles may modify the LSPR.
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Figure 4.18: The instantaneous field distribution is shown for a point dipole emitting a
spherical wave (a), two point dipoles separated by A/2 (along the y direction) emitting

spherical waves which are out of phase by « radians (b), and (c) the sum of (a) and (b).

4.6  Arrangements of nanorods
It has been shown by Grigorenko et al. using closely spaced pairs of tapered nanorods that

the interaction between particles introduces a splitting of the single particle LSPR into

18

symmetric and anti-symmetric branches Giessen et al. have since made similar

observations for pairs of stacked cylindrical discs *°. At the frequency of the symmetric
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resonance, the electrons in neighbouring particles move in phase, behaving as an
oscillating dipole. However at the anti-symmetric resonance the electrons in neighbouring
particles are out of phase such that the oscillating dipoles cancel. The response of the
structure is determined by the oscillating dipole which is induced by the incident magnetic
field, and the oscillating quadrupole which is induced by the incident electric field '*. A
diagram of the field and charge distributions associated with the symmetric and
antisymmetric modes is shown in Figure 4.15. The response of the anti-symmetric branch
of the coupled LSPR has particular relevance in the design of electromagnetic
metamaterials > 2%, however as has been discussed previously, the radiated field associated
with the quadrupole response is also important for display applications. It can be shown
that the response of a single Ag nanorod may be modified by placing additional nanorods
at distances 20 nm above and below it. At these small separations, the coupling between
particles is facilitated by the overlap of the electromagnetic fields which emanate from the

ends of the rods in the regions between the particles 2,

First consider the response of a single Ag nanorod having dimensions 80 nm length, 30 nm
width and 25 nm height respectively, which is illuminated in the configuration shown in
(a). The angle of incidence € is varied from 0 to 90 degrees in 15 degree increments with
the incident electric field is polarised in the plane of angular variation. Graph (b) of Figure
4.19 shows the scattering efficiency plotted as a function of wavelength. For illumination
at normal incidence (0 degrees), the electric field is polarised parallel to the long axis of
the rod, whilst for an incident angle of 90 degrees the electric field is polarised parallel to
the short axis. The maxima at 575 nm are attributed to excitation of the dipolar LSPR
which is associated with the long axis, as discussed in Section 4.3. In graph (c) of Figure
4.19, the magnitude of the scattering efficiency maxima are plotted as a function of
incident angle @ and are compared against a normalised cos’6 function. There is
reasonable agreement between the two curves, as would be expected for small particles
whose response can be approximated using the electrostatic polarisability expression in

Equation 4.30.
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Figure 4.19: A FEM technique is used to simulate the optical response of an Ag nanorod
in vacuum having dimensions length 80 nm, width 30 nm and height 25 nm respectively.
The rod is illuminated in the configuration shown in (a). The angle of incidence € is
varied from 0 to 90 degrees in 15 degree increments, and the scattering efficiency is plotted
as a function of wavelength in (b). In (c) the magnitude of the Q,.,, maxima at 575 nm are
plotted as a function of incident angle @ and are shown against a normalised cos’@

function.

In an arrangement of three metallic rods which are separated by a few tens of nm, it is
known that the LSPR frequencies of the individual rods are reduced by near field

H, Pinchuk et al. *® have previously

electromagnetic coupling between particles
investigated the response of linear chains formed from Ag spheroids, in which the resonant
frequencies were derived for spheroids located at different positions along the chain. For
three identical spheroids, it was found that the two outer spheroids exhibited equal resonant
frequencies, whilst that of the centre spheroid occurred at a frequency which was slightly
reduced in comparison to the outer spheroids. The difference in resonant frequencies
was attributed to the variable strength of near-field electromagnetic coupling along the
chain. Here, we apply a similar principle using a linear chain of three metallic rods (Figure
4.20). In this structure, it is shown that the two outer rods are influenced by
electromagnetic fields from one nearest neighbour (the centre rod), whilst the centre rod is
influenced by electromagnetic fields from two nearest neighbours (the two outer rods).
This is particularly significant, since the frequency of the scattered radiation at the LSPR
frequency is generated in proportion to the dipole moment which is induced by the incident
electromagnetic field. In Figure 4.20 the red arrows represent the direction of the induced

dipole moment across the particles, whilst the blue arrows represent the direction of the

induced dipole moment between particles. Note that in this particle configuration, the
112
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induced and near-field contributions oppose each other. This leads to a reduction in the
restoring force associated with the induced charges, and a decrease in the resonant

frequency of the LSPR.
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Figure 4.20: Diagram showing three identical metallic rods separated by 20 nm in a linear
chain, the resonant frequencies are shown below each rod. The red arrows represent the
direction of the induced dipole moment across the particles, whilst the blue arrows
represent the direction of the induced dipole moment between particles. In the left of the
figure, the direction of the incident wave vector and the polarisation of the incident electric

field are shown.

Here w; represents the resonant frequency of a single rod having length L;, and & is the
perturbation of the resonant frequency of a single rod due to near field electromagnetic
coupling. Although the three rods are identical, assuming the magnitude of 6 is equal
along the chain, Figure 4.20 shows that at normal incidence this structure should exhibit
two resonant frequencies. One frequency is associated with the LSPR of the two outer
rods, equal to w; - J, and another frequency of w; - 20 is associated with the LSPR of the
centre rod. These interactions are of particular importance in the design of particle
structures which may be utilised in display applications. The optical response of the
structure in Figure 4.20 is governed by the magnitude of the electric field enhancement at
the ends of the rods, and the separation between them *°. At illumination angles away from
normal incidence, the magnitude of the field enhancement at the end of the rods decreases,
leading to a reduction in §. As the value of J approaches zero, the individual resonances of
the rods will be recovered (w;). From a display perspective this does not constitute the
ideal spectral response, since as the illumination angle is increased, two maxima (at
frequencies w; - 20 and w; - J) will merge to form a single maximum at frequency w;.

This is unlikely to yield a scattering response with high contrast.
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However, the inverse response may be of benefit, i.e. if a single maximum occurring at
normal incidence were to separate into two maxima having different resonant frequencies
as the illumination angle is increased. This can be achieved by reducing the length of the
centre rod. Consider the arrangement in Figure 4.21, where the outer and centre rods have
lengths L; and L; and resonant frequencies w; and w; respectively. From the polarisability
expression previously derived in Equation 4.30, it can be shown that for incident radiation
which has the electric field polarised along the long axis of the rod, the LSPR frequency
increases as the length of the rod is decreased (i.e. w and L are inversely proportional).

Since L, < L,, the resonant frequencies of the single rods follow the relationship w,> w;.
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Figure 4.21: Diagram showing three metallic rods separated by 20 nm in a linear
arrangement, the resonant frequencies are shown below each rod. The outer rods have
length L; and the centre rod has length L,. The red arrows represent the direction of the
induced dipole moment across the particles, whilst the blue arrows represent the direction
of the induced dipole moment between particle. In the left of the figure, the direction of
the incident wave vector and the polarisation direction of the incident electric field are

shown.

As demonstrated for the triple rod arrangement in Figure 4.20, the near field
electromagnetic coupling between rods leads to a red shift in the LSPR frequencies, this
additional shift is again denoted by 6. For a suitable optimisation of L,, it is possible that
all rods in the chain may exhibit a single resonant frequency at normal incidence. This

requires the condition that:

4.43
4.44

wg—0 =wy;—26

i.e. (4)2 - (Ul = 6
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When the difference between w; and w; is equal to the red-shift in frequency arising from
near-field electromagnetic coupling, a single resonant frequency is observed. At
illumination angles away from normal incidence, the strength of electromagnetic coupling
is reduced, and the optical response exhibits two resonant frequencies (w; and w;). Using
FEM simulations, it is possible to demonstrate these interactions by computing the
scattering response of an arrangement of three Ag rods. In the simulation, the outer rods
have length 80 nm, whilst the centre rod has length 60 nm. The heights and widths of all
rods in the simulation were 25 nm and 30 nm respectively, as shown in inset (a) of Figure
4.22. In inset (b) of Figure 4.22, the scattering efficiency (Qscq) is plotted for illumination
angles ranging between 0 and 90 degrees for light which is polarised in the plane of
angular variation. As expected from the earlier analysis, the structure exhibits a single
maximum in scattering efficiency at normal incidence, and as the incident angle is
increased two maxima are evident. The distribution of the scattering intensity in inset (c)
of Figure 4.22 is significantly narrower than a cos’@ functional dependence. Figure 4.23
shows the time-averaged electric field distribution at the resonant frequency for a cross
section taken through the centre of the structure. There is a significant overlap of the
enhanced electric field from adjacent rods, particularly in the vacuum regions between the

particles, providing further evidence of electromagnetic coupling between particles.

(a) (b) (c)
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Figure 4.22: A FEM technique is used to simulate the optical response of three Ag
nanorods in vacuum. The central rod has length 60 nm, width 30 nm and height 25 nm.
The upper and lower rods have length 80 nm, width 30 nm and height 25 nm. The rods are
separated by 20 nm and are illuminated in the configuration shown in (a). The angle of

incidence @ is varied from 0 to 90 degrees, and the scattering efficiency is plotted as a

115



Chapter 4 The scattering of electromagnetic radiation from metallic nanoparticles

function of wavelength in (b). In (c) the magnitude of the Oy, maxima at 615 nm are

plotted as a function of incident angle and are shown against a normalised cos’ @ function.
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Figure 4.23: The time-averaged electric field distribution is shown for a cross section

through the centre of the rods, which is shown for a plane lying perpendicular to the

incident wave vector.

The incident angle & response exhibited by the triple rod arrangement in Figure 4.22 is
promising for display requirements. One of the fundamental aims of the project is to
identify structures exhibiting an incident angle response which is steeper than the cos’ 0
dependence of small metallic nanoparticles (having dimensions << ). In order to
quantitatively describe the angular response, the scattering efficiency (QOs.) values in
Figure 4.22 may be plotted as a function of incident angle, and subsequently fitted using a
cos" functional form (where n is the fitted parameter) for each wavelength. In Figure 4.24
the function f{8) = cos"0 is plotted as function of incident angle, where n is varied from 2.0
to 6.0, and 0 is varied from 0° to 90°. As the value of n is increased, the gradient of f{6) at
f{6) = 0.5 increases, whilst the range of angles which are covered by the minimum
scattering phase also increases. To illustrate, when n = 2.0, f{¢) = 0 for incident angles
between 80° and 90°, however when n = 6.0, f(8) = 0 for incident angles between 60° and
90°. In Figure 4.25, the values of fat f{8) = 0.5 (inset a) and the gradient of f(0) at f(6) =
0.5 (inset b) are shown for n = 2.0 to n = 6.0, where it may be observed that the gradient of

f{0) has increased by a factor of approximately 1.5 across this range.
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Figure 4.24: Several cos” @ functions are plotted as a function of 8, where n is varied from

2.0t0 6.0 and @1is varied from 0° to 90°.
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Figure 4.25: The values of fat f{8) = 0.5 (a) and the gradient of f{6) at f{8) = 0.5 (b) are

plotted as function of n.

Metallic nanoparticles which are hosted within a liquid crystal display device may be
subjected to a range of illumination and orientation angles. In order for the scattering
response to exhibit a high contrast between the regimes of maximum and minimum
scattering intensity, the gradient of the incident angle response should be as large as
possible. As discussed in the introduction to Section 4.5, the ideal transition would
resemble an almost step-like function, such that a change in incident angle of 0° — 1° is
sufficient to completely switch the scattering intensity response from being maximal to
minimal. In order to demonstrate the suitability of the cos"@ fitting procedure, it is first
applied to the scattering data obtained for the single Ag rod in Figure 4.19. In inset (a) of
Figure 4.26 the scattering efficiency (Qs.,) is plotted as a function of incident angle and

wavelength. The (., enhancement which is observed for incident wavelengths at
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approximately 575 nm corresponds to excitation of the dipolar LSPR. In order to fit a
cos"0 function to the angular response, the scattering efficiency (Qs.,) is plotted as a
function of incident angle, for each wavelength in the simulation. This creates a large
number of plots (typically 100) which are similar to those shown in inset (c) of Figure
4.22. A macro is then executed which normalises the scattering efficiency curves and fits
the values to a suitable cos"6 function. The fitting routine was performed using
commercial Origin software which utilises an algorithm based upon a singular value
decomposition technique 2’. Following the execution of the macro, the fitted values of n
are extracted as a tabulated dataset and are plotted as a function of incident wavelength,

shown in inset (b) of Figure 4.26.
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Figure 4.26: In (a), the scattering efficiency of a single Ag rod (80 nm length, 30 nm
width, 25 nm height) is plotted as a function of incident angle & and wavelength. At each
wavelength, the angular response is fitted to a cos"6 function, and in (b) the fitted value of

n is plotted as a function of incident wavelength.

For incident wavelengths between 550 nm and 650 nm, the fitted value of n falls within the
range 1.98 to 2.02. This is in good agreement with the expected scattering response for a
small metallic nanoparticle which may be described using the electrostatic approximation
(shown previously in Figure 4.13), and the scattering intensity follows a cos’6 dependence
with respect to incident angle. It is only possible to fit wavelengths which are centred
about the LSPR wavelength using this procedure, since outside this range the structure is
off-resonance and the scattering intensity is weak. The numerical errors due to rounding
and the finite resolution of the simulation are significant for weak scattering intensities,
this introduces numerical noise which may reduce the accuracy of the fitted parameters. In

inset (a) of Figure 4.27, the scattering efficiency (Qy.,) is plotted as a function of incident
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angle and wavelength for the triple Ag rod structure in Figure 4.22, and in (b) the fitted
values are plotted as a function of the incident wavelength. The dashed line represents the
spectral position of the single scattering efficiency maximum which is observed at normal
incidence. The scattering response at 615 nm may be fitted using a cos”'6 functional
form, this appears to be in agreement with the angular response data in inset (c) of Figure
4.22, where it was previously shown that the angular response at 615 nm was significantly

2 .
narrower than a cos @ functional dependence.
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Figure 4.27: In (a), the scattering efficiency of an arrangement of three Ag rods (from
Figure 4.22) is plotted as a function of incident angle & and wavelength. At each
wavelength, the angular response is fitted to a cos”0 function, and in (b) the fitted value of
n is plotted as a function of incident wavelength. The dashed line represents the spectral
position of the single scattering efficiency maximum which is observed at normal

incidence.

The scattering response of the 200 nm diameter Ag sphere which was previously shown in
Figure 4.17 was understood by considering the interference between the radiated fields
arising from dipolar and quadrupolar excitations. In the upper half plane, it was shown
that the radiated fields associated with the dipole and quadrupole LSPRs interfere
destructively such that is negligible back scattering from the structure. In order to be of
use in display applications, the triple rod arrangement must scatter a significant proportion
of the illuminating radiation towards the observer. In Figure 4.28, the far field radiation
pattern of the triple rod arrangement in Figure 4.22 is shown at the resonant wavelength

(projected onto a spherical surface) for light which is incident at normal incidence. A polar
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plot of the radiated field is shown for a cross section through the XZ plane, and the electric
field intensity has been plotted as a function of scattering angle ¢. The intensity profile
shows equal intensities of forward and back scattered radiation, exhibiting a number of
similarities with that of the dipolar field distribution for a single Ag disc in Figure 4.14.
This response is extremely promising in terms of the display criteria, and a possible area
for future study could include the optimisation of the structure such that forward scattered

radiation is minimised and the back-scattered radiation preferentially enhanced.
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Figure 4.28: The scattered electric field distribution for the arrangement of three Ag rods
in Figure 4.22 has been simulated using a FEM technique and has been projected onto a
spherical surface in the far field. A polar plot of the radiated field in the upper half space is
shown for a cross section through the YZ plane. The electric field intensity has been

plotted as a function the scattering angle ¢.

4.7 Concluding remarks and implications for the remainder of the thesis

This chapter contains an investigation into a number of approaches used to modify the
scattering response of metallic nanoparticles, in terms of both the incident angle &
response and the distribution of the scattered field ¢. A synopsis of the conclusions is
given in Table 4.1, but is also summarised briefly here. In one approach, the size of the
particles was increased such that higher order multipolar modes were excited. This proved

to be the least effective option, since the incident angle response was considerably
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broadened in comparison to a small metallic nanoparticle, and the scattering response was
primarily in the forward direction. The alternative approach considered placing several
particles in close proximity, a regime in which near-field electromagnetic coupling can
modify the properties of the LSPR. In this arrangement, the optical response is highly
sensitive to the effects of near-field electromagnetic coupling between adjacent rods. With
a suitable optimisation of particle geometry, it has been shown that it is possible to modify
both the incident angle and scattering angle response significantly in comparison to the
cos’0 and cos’¢ dependence which is predicted for small particles described by the
electrostatic approximation. These findings have particular relevance in the development
of new generations of liquid crystal displays, where we have shown that the angular
response may be fitted using a much steeper cos’0 functional form, and suggests that this is

a promising area in which to conduct further research.

Whilst investigations throughout this chapter have shown that the properties of the LSPR
may be modified by near-field interactions between two or more particles, electromagnetic
coupling is also observed in regular arrays of nanoparticles. Here, in addition to near-field
coupling, interactions which are associated with the regular lattice spacing of the array may
also occur. Chapter 5 presents experimental and simulated studies of the optical response
of periodic nanoparticle arrays, and contains an extensive discussion regarding the various
regimes of particle interactions. The electromagnetic coupling between particles in
periodic arrays is also particularly significant in the studies of negative index
metamaterials which are presented in Chapter 8. When particle arrays are stacked
vertically, it is shown that plasmon hybridization similar to that of single particles in
Section 4.5 may be observed, and the metamaterial structure exhibits an effective magnetic

permeability at the resonant frequency of the anti-symmetric coupled LSPR.
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Structure

How does the scattering
intensity vary as a function of

the incident angle (0)?

How does the scattering
intensity vary as a function of

scattering angle (¢)?

Small discs (size << )

The intensity response follows a
cos’0 dependence as predicted by the

electrostatic approximation.

The intensity response follows a
cos’ ¢ dependence as predicted by the

electrostatic approximation.

Large discs (size = 1)

The intensity response is broader
than cos’0, due to the interference
between the radiated fields from

quadrupolar and dipole resonances

The intensity response is narrower
cos’¢ function (it is
cos’ gsin’ ).

However it may be solely forward

than a

proportional to

scattering, there is no back scattering
if there is destructive interference
between the radiated fields from

quadrupolar and dipolar resonances.

Clusters of rods
(individual rod size <<

M

The intensity response is narrower

than cos’® due to near field
interactions between rods modifying
the response of the single particle

LSPR.

The intensity response is slightly
narrower than cos’¢ and is equal in
intensity for the forward and back

scattering directions.

Table 4.1: A summary of the angular response characteristics evaluating the behaviour of

the scattering intensity as a function of the incident (#) and scattering angle ().
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Chapter 5

The optical response of metallic nanoparticles arranged in periodic arrays

5.1  Introduction

Chapter 4 contained an investigation into the optical response of single metallic particles
and arrangements of a few metallic particles separated by tens of nm. It was shown that a
single particle exhibited a LSPR which was dependent on the size and shape of the particle,
in addition to its permittivity and that of the surrounding medium. In arrangements of two
or more particles, the properties of the LSPR were also be modified by near-field
interactions. Furthermore, it was shown that the optical response of the structures could be
well characterised using a dark-field spectroscopy technique. Bright-field spectroscopy is
not suitable for the characterisation of single particles, since the scattered light has a much
smaller intensity than that which is directly transmitted. However, when nanoparticles are
arranged into regular arrays (such as a square lattice) with a greater cross sectional area, a
significant proportion of the incident light may be scattered or absorbed. It is then possible
to use bright-field spectroscopy to determine the extinction of the arrays. In regular arrays
of particles, there are a number of regimes in which interactions between particles may
occur. For example, when the periodicity of the array is sufficiently small (when the
separation between the edges of particles in adjacent unit cells is a few tens of nm), near
field interactions can decrease the dipolar restoring force that is experienced by electrons
within individual particles, and red-shift the LSPR to lower frequencies . Conversely, in
arrays where the periodicity is comparable to the incident wavelength, light may be
diffracted at frequencies in the vicinity of the LSPR, and there is the possibility for
coherent electromagnetic field interactions. Light that is scattered so as to propagate in the
plane of the particles will undergo multiple scattering from the regularly spaced metallic
particles. It has been shown by Augui¢ et al. that a dramatic enhancement in optical
extinction may be observed when the wavelength of the scattered light is in the same
spectral region as the LSPR * Regular arrays of nanoparticles have been utilised
extensively for a number of applications including optical waveguides **, biosensing *''

and surface enhanced Raman spectroscopy (SERS) 12,

This chapter contains a derivation of the electromagnetic response of regular arrays of

particles through a treatment based on the modification of the single particle response.
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This will subsequently be used to determine the extinction of the array structures.
Experimental extinction spectra obtained from structures fabricated by electron beam
lithography will be compared with model data which has been simulated using a finite
element method. The sensitivity of the optical response to changes in particle size and the
surrounding refractive index will be explored, and the regimes of particle interactions will

also be studied in closer detail.

5.2 Modification of the single particle response in regular arrays

The polarisability of an ellipsoid has been previously derived for the case of illumination at
normal incidence with the electric field polarised along each of its principal axes. Recall
from Chapter 3 that the L, terms are geometrical shape factors that depend on the relative
lengths of the semi-axes of the ellipsoid a,b,c (Equation 5.1) and &;, & are the

permittivitites of the particle and the surrounding medium respectively.

€1 — &
3e; + 3Li(81 — &3)

a; = 4mabc 5.1

The polarisability in Equation 5.1 is valid for a single particle which obeys the electrostatic
approximation, requiring that a,b,c << A. When the particle is illuminated with an
electromagnetic wave, the oscillation of charges across it causes a scattered wave to be re-
radiated in proportion to the induced dipole moment. In an array of particles, the net field
experienced by each individual particle is the sum of the incident field in addition to the
scattered field from neighbouring particles. If it is assumed that the dimensions of the
particles are significantly smaller than the incident wavelength, the coupled dipole
approximation may be used to determine the scattering response. Recall from Chapter 3
(Section 3.4) that the net field at each dipole is the sum of the incident field, plus the
radiation which is scattered by neighbouring dipoles. The field radiated by a dipole
located at the origin may be approximated by:

eind [wz

£p.F+ (35— 2oy ) 3G p)F — p]
il Ul e f.p)f—p

5.2

Edipole = Are
0

Here T is unit vector associated with a vector r which is taken from the origin to the point
at which the field is sampled (having magnitude d), p is the vector associated with the
induced dipole moment, @ is the angular frequency of the scattered radiation and & is the

permittivity of free space. In solving for the scattering characteristics of the continuous
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distribution, each particle in the array has an induced dipole p; = @;Eoca, Where Ejocy 1S the
electric field at r; due to the incident wave (Einc.i), plus a contribution E; from all other
induced dipoles p;, given in Equation 5.3 . The interaction matrix (Aj) characterises the
sum of the retarded fields from all other dipoles, hence the summation in Equation 5.3 is

performed over all j, with the exception of i =J.

N 53
Ejocal = Einci — Z Aip;
=

J
i#j

2 rS

i ﬁ] (rij" rij"pj ) . r..z =301 (1. D
Ayjpj = k*e™Ty ( ) +e*rij(1 — ikrij)( ;= W pj)))
ij

4

where i = 1,2..N,j=12...Nand i #}. 5.4

In Equation 5.4, r; and p; represent the positions and induced dipoles of each particle
within the array respectively. The p; terms represent the projection along the unit vector
of the dipole moment p;. For an infinite array of dipoles, it has been shown by Schatz et
al."” that it is possible to generate an analytical solution to Equation 5.3 when the incident
wave vector is perpendicular to the plane of the array by assuming that the induced
polarisation in each array element is the same. Schatz et al. showed that the polarisation of

each particle is given by:

aEinc 5.5
P=
1—aS$

Here, E;,. represents the incident electric field vector, « is the polarisability of the particle
(which for small particles is given by the electrostatic approximation in Equation 5.1), and
S is the array factor which represents the contribution from neighbouring particles. The
array factor is equal to the summation term (including the minus sign) given in Equation
5.3. Often in the literature, the polarisation of each particle is expressed in terms of an

effective polarisability a*:

P=a'E, 5.6
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1 5.7

at=——
25
a

Consider an individual dipole i, which is positioned within an infinite square array of
dipoles j, as shown in Figure 5.1. When the array is illuminated at normal incidence, all
dipoles are aligned in the same direction. For simplicity it is assumed that each dipole has

a unit dipole moment p;, p;= 1.
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Figure 5.1: An individual dipole i is positioned within an infinite square array of identical
dipoles j. The local electric field at the origin is a sum of the incident electric field plus the

retarded fields from all other dipoles.

To calculate the array factor for the structure in Figure 5.1, we refer to Equation 5.4 and
note that the scalar and vector products may be simplified. Since it is assumed that p; is

equal to unity, this term vanishes from the solution.

rij,\ (rl_l/\p]) = —T'ijz sin HU 5.8
ryj(ri; - p;) = 11,7 cos b 5.9
Here g, represents the angle between r;; and the polarization direction of the induced dipole
p;. However the terms in Equation 5.4 refer to the projection of the scalar and vector

products along the unit dipole moment vector p;. This introduces an additional sin g, term

into Equation 5.8 and an additional cos 8; term into Equation 5.9, such that:
P ("UA (l‘ijAPj)> = —13;° sin” 0 5.10

B, (ri(r - p;)) = rij? cos? 6 S-11

126



Chapter 5 The optical response of metallic nanoparticles arranged in periodic arrays

Substituting Equations 5.10 — 5.11 into the expression for the array factor yields:

2 cin? 2 2 2
S =— Z kZeikrij <L;ngl]) + eikrl-]-(l _ ikTij) ([rij - 3rij5 CcoS Qij]) 5.12

dipoles Tij Tij
This can be simplified to the expression which is often found in the literature (Equation

5.13).

G oty Z (kzsin2 Bij) N <(1 - ikrl-j)(?;cos2 0 — 1)) 5.13
dipoles Tij Tij

Once the interactions from adjacent particles have been considered, the scattered field
distributions and optical cross sections are computed in an identical manner to the DDA
simulation technique in Chapter 3. Whilst here the interactions between particles have
been described through an effective polarisability which is derived from the coupled dipole
approximation, other mesh-based simulation techniques such as FEM and FDTD (in which
the electric and magnetic fields are directly solved in matrix form) use a different
approach. In FEM and FDTD simulation techniques, periodic boundary conditions are
imposed which require that the magnitude and direction of the fields at a point on an
assigned boundary must exactly match the fields at a corresponding point on a second
assigned boundary. These boundary pairs (termed ‘Master’ and ‘Slave’ respectively) are
assigned to planar surfaces at the edge of the unit cell . Figure 5.2 shows the
configuration which is used in Ansoft HFSS (a commercial finite element package) to
simulate an infinite square array of metallic cylinders. Notice the two pairs of Master /
Slave boundaries which impose periodic boundary conditions along both the x and y

directions.
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z Master 1
Slave 2

Slave 1

=

Master 2

Unit Cell

Figure 5.2: When using an FEM approach to simulate infinite arrays of particles, periodic

boundary conditions are imposed along x (i) and y (ii) directions.

For the case of illumination at angles away from normal incidence, the periodic boundary
conditions must be modified. A phase difference is introduced between the fields at
identical points on paired boundaries in order to account for the difference in optical path
length across the unit cell. The magnitude of the phase difference is calculated from the
frequency and incident angle of the illuminating radiation. Once the scattered field
distribution has been calculated, the extinction of the array can be determined. When using
a DDA approach, the optical cross sections associated with each unit cell are either
calculated directly, or can be numerically integrated from the scattered field '°. The
diagram in Figure 5.3 shows the scattering of an incident plane wave by an individual
nanoparticle. Here it is assumed that the scattered electric and magnetic fields are

comprised of spherical waves of the form shown in Equations 5.14 and 5.15.

ikr
E;cattered (I‘) = eTEscattered (I‘) 5.14
, g e . 5.15
Hcattered r)= |— (r"Escattered (l‘))
Ho T
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Figure 5.3: The scattering of an incident plane wave by a small metallic nanoparticle.

The total scattered power W, is defined by Equation 5.16, where the normal component

of time averaged Poynting vector corresponding to the scattered field is integrated over a

spherical surface in the far-field. This expression may be simplified by substituting in

Equations 5.14 and 5.15, to yield an expression for the total scattered power in terms of

scattered electric field (Equation 5.18).

A 5.16
Wsea = rzf <Sscattered(r))rd~g
S
1 ’ ’ *
where <Sscattered (I‘)) = ERe [Escattered(r)"[Hscattered (I‘)] ]
1 eikr € e—ikr 5.17
Weca = rzfs ERe TEscattered(f)" ; r (f"E:cattered(f)) rds
5.18

1 |e N . R
VVsca = E ;f [Escattered (r).(Escattered(r))] rds
S

the

Here k is the incident wavevector, and ¢, u represent the complex permittivity and

permeability of the scattering medium respectively. The scattering cross section (Cy,) is

defined as the integral of the normal component of the square of the scattered electric field

over a spherical surface in the far-field, which is normalised to the incident irradiance. The

relationship between the total scattered power and the scattering cross section is given

Equation 5.19.

_ Wica _ k
ca — -
1 [e Ei..(M)|?
5 IﬁlEinc(r)lz [Einc ()]

5.1

Cs f [Escattered(f). (E;cattered (f))] rdS
S

by

9
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The rate of dissipation of energy inside the particle due to ohmic loss is given by the time
average of the energy density inside the scattering medium:

1 (T 5.20
Waps = (u) = Tf u(t)dt
0

5.21
(u) = w(gimag (Etotal)2 + ﬂimag (Htotal)z)

The &imag and pimqe terms in Equation 5.21 represent the imaginary components of the
relative permittivity and permeability of the scattering medium respectively. For the
structures which are discussed in this chapter, . = 0, and so in subsequent calculations
this term is neglected. The absorption cross section is determined by normalising the
integrated value of the time averaged energy density over the particle volume by the

incident irradiance (Equation 5.22).

5.22

gimag

k
—_— —— T * T 3
Cabs |Einc(r)|2-[v (Etotal(r).(Etotal(r)) d°r

Once any two of the three optical cross sections (Cseq, Cups, Cexs) are known, the unknown
optical cross section can be determined using the relationship C.,, = Csy + Cup. The
extinction cross section is the sum of the scattering and absorption cross sections, which
when multiplied by the incident irradiance gives the total monochromatic power which is
removed from the incident light by the combined effects of scattering and absorption.
When determining the optical response of an infinite array, the definitions for the optical
cross sections must be interpreted with some caution. This is because Cy, is calculated by
integrating the scattered field over all azimuthal and polar scattering angles. When
considering the reflectance of an infinite array, only the back scattering radiation is of
interest, and so the limits of the integral in Equation 5.23 must be modified. Cy., is no
longer calculated, but rather the differential scattering cross section has to be integrated
over a specific range of angles in spherical polar co-ordinates (8 is integrated over 0° to
+90° and ¢ is integrated over 0° — 360°), to give a cross section which is sometimes
termed Cj.,p in the literature. The result of this calculation can be divided by the square

of the periodicity to obtain the reflection coefficient (Equation 5.23).

Coc 5.23

2 X
__bk 2 ! * 7 .
k= C(llz - f f Escattered(r ). Escattered(r )Sln(,b do d¢
0 0
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Similarly, when calculating the extinction the experimentally obtained spectrum must take

into account light which has been forward scattered by the particle (Cy..). The extinction

16,17

in logarithmic form is often used when characterising arrays and is given by:

d? d?

C Csca—
Extinction = —log( ext 5 fs) 5.24

In some reference sources it is sometimes assumed that C,,, takes the form Coy = Cseapr +
Cups, and so in this case Equation 5.24 may be quoted using only the first term in the
logarithmic expression. An important point to note is that Equations 5.23 and 5.24 are
only valid for arrays which are non-diffracting (zeroth-order for frequencies in the vicinity
of particle LSPRs). If incident light is diffracted by a periodic structure, the transmittance
or reflectance associated with an individual diffracted order should be calculated by
integrating the differential scattering cross section (DSCS) across the appropriate range of
scattering angles. Simply integrating the DSCS across all angles will calculate the total
reflection / extinction of the structure due to all real (propagating) diffracted orders. Since
the calculations are performed across a spherical surface at which a far-field transformation
has been applied (see below), it is assumed that the amplitude of any possible evanescent
diffracted orders are small, such that they do not contribute to the optical response in the

far-field.

.- gmdary 1

5 -

<?§undary 2

Figure 5.4: The electric field distributions at the upper and lower boundaries of the unit

cell are used to determine the transmission and reflection coefficients of the structure.
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In a finite element simulation of a periodic structure, the electric field distribution can also
be integrated using Equations 5.19 and 5.22, but this is not strictly necessary. A more
efficient approach is to use a far-field transformation which can be applied at the upper and
lower boundaries of the unit cell, illustrated in the diagram in Figure 5.4. For example, the
far-field transformation of fields on the transmission side of the structure can be derived

from the Fraunhofer diffraction formula '®:

E(ky, ky) x f f exp[—i(kxx + kyy)]S(x, y)E(x, y)dxdy 3.25

where E(k,.k,) is the far field electric field distribution in terms of the spatial components
of the k vector, x and y represent positional co-ordinates on the upper boundary, S(x,y) is
the array factor from Equation 5.13 and E(x,y) represents the electric field distribution on
the upper boundary. The far-field radiation is simply a Fourier transform of the scattered

light, and can be simplified to:
E(kx ky) o FISCt1)ER, )] >26

To determine the transmission and reflection coefficients of the structure from the electric
fields in a finite element model, the scattered power must be normalised by the incident
irradiance. In determining the reflectance, the integration in Equation 5.23 is performed
for the scattered fields across boundary 1 of the unit cell in Figure 5.4. This is normalised
by the equivalent calculation for an empty unit cell having the same dimensions. Similarly
for the transmittance, the integral is performed for the fields across boundary 2, and the

normalisation process from boundary 1 is repeated.

As with the DDA/CDA method, this approach is only valid in the absence of diffraction. If
the incident light is diffracted, a separate method is required which expands the scattered
fields into a series of propagating modes, allowing individual diffracted orders to be
determined. The power in each order can be extracted using a method proposed by Wu et
al. '°, however this is rather lengthy and beyond the scope of the work discussed in this

chapter.
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5.3 Effects of particle size variation in nanoparticle arrays fabricated by EBL

The optical response of experimental nanoparticle array structures will now be discussed,
with particular attention being paid to the effects of size variation. Square arrays of
cylindrical Au particles fabricated by EBL (a technique introduced in Chapter 4) were
characterised using bright-field spectroscopy. A diagram of the experimental apparatus is

shown in Figure 5.5.

Incident light (collimated)

HLWL Yy

o | | sessssm 30 pm pinhole

LA J Particle arravy

| \\ | Glass substrate

100x objective
(LIZNA)

el ——

Spectrometer

Figure 5.5: A diagram of the experimental apparatus for characterising the optical

response of particle arrays using bright-field spectroscopy.

The arrays were fabricated on a glass (n, = 1.52, n; = 0.00) substrate, and index-matched to
an oil immersion objective (n, = 1.52, n; = 0.00). The sample was illuminated at normal
incidence in air. A 100x objective was used to collect the transmitted light and pass it to a
spectrometer. Simulations of the structures were performed using a finite element method
in which permittivity values for Au were taken from reference data *°. Each array was 10
pm x 10 um in dimension, with periodicity 300 nm. The height of the cylindrical particles
was 35 + 2 nm, and the mean diameters ranged from 72 nm to 130 nm. The effects of size
and positional disorder cannot be incorporated within the simulation, and so imaging
software was used to determine the mean particle dimensions from a sampled area of 10 x
10 particles. SEM images of 3 x 3 particles from each of the arrays are shown in Figure
5.6, and in Figure 5.7 the experimental and simulated extinction spectra of the structures

are compared.
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72 nm 82 nm 103 nm 118 nm 130 nm

Figure 5.6: SEM images of sections of gold nanoparticle arrays with height 35 nm,

periodicity 300 nm and mean diameters ranging from 72 nm to 130 nm.
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Figure 5.7: The experimental (i) and simulated (ii) extinction spectra are compared for
regular arrays of nanoparticles with 300 nm periodicity and particle diameters ranging
from 72 nm to 130 nm. The simulated and experimental resonant wavelengths (iii) and
widths (iv) are also compared. The discs are illuminated at normal incidence, and are

surrounded by a medium with refractive index n, = 1.52, n; = 0.00.
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In Figure 5.7 it is evident that the resonant frequency increases approximately linearly as a
function of particle diameter. This behaviour can be explained by referring to the single
particle response, and more specifically the polarisability relationship in Equation 5.1. For
larger diameters, there is a reduction in the shape factor L; associated with the component
of the incident electric field which is polarised parallel to the diameter of the disc. This
means that for larger discs, the condition whereby the real component of the polarisability
is maximised occurs at longer wavelengths. The widths of the resonances in the simulated
and experimental data follow a similar trend as the size of the particles is increased;
however there is a discrepancy between their magnitudes, which is typically 15 — 20 nm
outside permitted error boundaries. This discrepancy is attributed to the effects of
inhomogeneous broadening due to variations in particle size and shape across the
nanoparticle arrays, an artefact of the fabrication technique which cannot be incorporated
into the finite element simulations. The overall increase in the resonance widths of larger
discs in both the experimental and simulated data can be explained in terms of the radiative
decay process (discussed for single particles in Chapter 4). In metallic discs having
diameters greater than 35 nm, the greatest contribution to energy loss is through a radiative
decay mechanism. The radiative damping rate is proportional to the number of electrons
within the scattering particle, hence larger nanoparticles will exhibit an increased radiative

damping rate, which leads to an increase in the width of the LSPR.

For arrays of small particles with periodicities in the range 250 nm — 350 nm such as those
with 72 and 82 nm particle diameters in Figure 5.7, the optical response is similar to that of
the isolated particle, an observation previously made by Haynes et al 7 This is because
the separation between particles is sufficiently large that near-field electromagnetic
coupling is weak, since the decay length of the LSPR is a few tens of nm and there is only
weak overlap of the resonant electromagnetic fields between particles in adjacent unit
cells. The periodicity is also sufficiently small that the structure can be considered non-
diffracting for frequencies in the vicinity of LSPRs, and it is not possible for constructive
interference to occur between coherent scattering events across the array. Figure 5.8
shows the simulated extinction cross section for discs with 35 nm height and diameters
ranging from 72 nm to 130 nm, surrounded by a medium with refractive index n, = 1.52, n;
= 0.00. The resonant wavelengths from the single particle extinction are plotted against
those for the experimental arrays. The difference in resonant wavelengths arises from the

long-range coupling between particles. This is more significant for larger particles which
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exhibit a greater scattering intensity, and leads to a blue-shift in the array response in

comparison to the single particle LSPR wavelength.

(a) (b)
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— 82 nm diameter =
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Figure 5.8: The simulated extinction cross section C,,, is shown in (a) for individual discs
having height 35 nm and diameters ranging from 72 to 130 nm. In (b), the resonant
wavelengths from the single particle simulations are plotted against those determined from
the experimental extinction spectra of the arrays. The discs are illuminated at normal

incidence, and the surrounding medium has refractive index n, = 1.52, n; = 0.00.

5.4  Refractive index sensitivity of nanoparticle arrays

It is well known that at the LSPR frequency there is significant enhancement and
confinement of the resonant electromagnetic fields in the vicinity of the particles ! The
LSPR is particularly sensitivity to changes in both the local and bulk refractive index of the
surrounding medium. The sensitivity of the single particle LSPR to bulk changes can be
determined directly using the polarisability expression from Equation 5.1. Recall that for
a small sphere which is described by the electrostatic approximation (in Section 4.3), that
the LSPR condition is satisfied when a numerical pole occurs in the real part of the

polarisability of the scattering particle, as shown in Equation 5.27.

5.27

* —
Emetal = _ngedium

Here €pmeqium 1S the permittivity of the surrounding medium and &, represents the

permittivity of the scattering particle at the LSPR wavelength. If it is assumed that the
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surrounding medium has a refractive index which is entirely real (7;,.,), Equation 5.27
may be written as:

* _ 2 5.28
Emetal = _anreal

The sensitivity of the LSPR is dependent on both the gradient of &, at the resonant
wavelength and the refractive index of the surrounding medium #7;,.,;. Equation 5.28 may

be rearranged in terms of A"

démetal 2

%ta = —4Nreqr 5.29

dgr*netal — 2"Er*nettal 5.30
dn Nireal

axr - M 5.31

dn de(L)
Nireal T

If the dielectric function &(4) is approximated using a lossless Drude model (e, = 1.3x10"
s”' for Au), di/dn may be calculated for various incident wavelengths and surrounding
media. In (a) of Figure 5.9, di/dn is plotted for incident wavelengths in the range 300 —
1000 nm, with 7., varied between 1.5 and 4.5. The dashed arrows represent the
wavelengths at which the resonant condition in Equation 5.28 is satisfied. In (b) and (c)
the values of &,,.t4; at the resonant condition and the LSPR wavelength are plotted as a
function of 7., It can be observed that as refractive index of the surrounding medium in
increased, the LSPR condition in Equation 5.28 is red-shifted to longer wavelengths, where
the gradient of dA/dn is greater. As the refractive index of the surrounding medium (7 ,¢4)
is increased from 1.5 to 4.5, the value of dA/dn at the resonant frequency increases from

350 to 390 nm respectively.
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Figure 5.9: In (a) the calculated values of di/dn from Equation 5.31 are shown for
incident wavelengths across the range 300 — 1000 nm, and 7., varying between 1.5 and
4.5. The dashed arrows represent the wavelengths at which the resonant condition in
Equation 5.28 is satisfied. In (b) and (c) the values of €,,,¢4; at the resonant condition and
the LSPR wavelength are plotted as a function of 7;,.,;. The scattering particle is an Au
sphere with dimensions << 4, the permittivity values have been obtained using a lossless

Drude model (o, = 1.3x10" g7

For particles arranged in regular arrays, the bulk refractive index sensitivity is also
governed by the polarisability of the individual particles. Periodic arrays offer the
additional benefit of large area coverage, allowing techniques such as bright-field
spectroscopy to be used to characterise the optical response. Furthermore, interactions
between particles in periodic arrays can lead to additional regions of field enhancement
which may further improve the refractive index sensitivity in comparison to the single
nanoparticle structure. For arrays in which there is a substrate, determination of the
response is considerably more involved, since the polarisability expression in Equation 5.1
is only valid for a particle surrounded by a homogeneous medium. The effect of the
substrate can be incorporated using a multiple scattering method, as shown by several

21,22
authors “

. This approach requires the incident and scattered fields to be expanded into
spherical vector harmonics for each scattering particle, all scattering events can then be
summed to give the response of the plane. Following this process, the scattered fields are

transformed back into a plane wave representation such that the scattering matrices of
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consecutive layers can be combined. Here, the presence of the substrate has simply been
incorporated into the design of the finite element simulations. It is possible to use these
simulations to investigate in greater detail the effect of varying the superstrate refractive
index, enabling the bulk refractive index sensitivity of the structure to be determined.
Figure 5.10 shows the simulated extinction spectra for arrays of particles in which the
superstrate refractive index is varied from n, = 1.0 to 2.0. The relationship between the
superstrate refractive index and the resonant wavelength is non-linear, but can be fitted
with a polynomial (shown in Figure 5.10). In sensing applications it is often preferable to
quote sensitivity in terms of a wavelength shift in nm per refractive index unit (RIU)
change. This information is obtained using the gradient of the fitted polynomial at the
refractive index which is equal to that of the substrate (. = 1.5). From Figure 5.10, it can

be deduced that dA/dn = 179 nm at n = 1.50.
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Figure 5.10: Simulated extinction spectra are shown for arrays of cylindrical Au
nanoparticles with height 35 nm, diameter 90 nm and periodicity 300 nm. The refractive
index of the glass (n, = 1.52, n; = 0.00) substrate is fixed whilst the refractive index of the

superstrate is varied from n, = 1.0 to 2.0.

In Figure 5.11, the time-averaged electric field distribution is shown at the resonant
frequency for a cross section taken perpendicular to the substrate for the case of a
homogenous surrounding medium with refractive index n, = 1.52, n; = 0.00. The field
distribution exhibits characteristics which are typical of particle LSPRs ', notably that it is
dipolar in nature and regions of enhancement are concentrated at the surface of the particle.
These regions of enhancement occur at the corners of the disc, along the direction in which

the incident electric field is polarised. It is well known that the local refractive index
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sensitivity of the LSPR is greatest in the regions where significant field enhancement
occurs. The local change in the refractive index will lead to a modification in the
propagation constant associated with charge density oscillations which are propagating
along the direction in which the incident electric field is polarised. This modification is
dependent on the overlap of the resonant electromagnetic fields which are associated with
the eigenmodes of the particle (as demonstrated using Mie Theory in Section 3.2) and the
effective refractive index of the outer layers. With this knowledge, it is possible to
investigate alternative configurations in which the refractive index sensitivity of the array
can either be enhanced or reduced. For example, the sensitivity can be reduced by
embedding the particles into the substrate, such that the superstrate medium is in contact
only with the upper surface of the particle. Figure 5.12 shows the simulated extinction
spectra for an array of Au cylinders (35 nm height, 90 nm diameter, 300 nm periodicity)
embedded in a glass substrate with the superstrate refractive index being varied across the
range n, = 1.0 to 2.0. From Figure 5.12, it can be deduced that dA/dn = 112 nm at n, =
1.50. This represents a reduction in sensitivity when compared to the particles on a

substrate in Figure 5.10 for which dA/dn = 179 nm at n, = 1.50.

E

> r 1 ‘_I_,

o]

Figure 5.11: The time-averaged electric field distribution is shown at the resonant
frequency for a cross section through the particle, taken perpendicular to the substrate. The
arrow above the field profile represents the direction of the incident electric field. The
arrow above the field profile represents the polarisation direction of the incident electric

field.
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Figure 5.12: The simulated extinction spectra are shown for an array of Au cylinders with
35 nm height, 90 nm diameter and 300 nm periodicity embedded in a glass (n, = 1.52, n; =

0.00) substrate, with the superstrate refractive index being varied across the range n, = 1.0

to 2.0.

Conversely, the refractive index sensitivity can also be increased by placing the particle on
a dielectric ‘plinth’ above the substrate (Figure 5.13). Previously, the region of field
enhancement which occurred below the particle was inside the substrate, whereas in this
alternative configuration the resonant field distribution extends both into the dielectric
plinth and the superstrate medium. It is therefore expected that the structure will exhibit a
greater sensitivity to changes in the refractive index of the superstrate medium. In Figure
5.13 the simulated extinction spectra are shown for arrays of Au cylinders in which the
particles are raised on a glass plinth with height 20 nm, and the superstrate refractive index
is varied from n, = 1.0 to 2.0. From Figure 5.13, it can be deduced that dA/dn = 300 nm at
n, = 1.50. This represents an increase in sensitivity when compared to the particles on a

substrate in Figure 5.10 for which dA/dn = 179 nm at n, = 1.50.
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Figure 5.13: The simulated extinction spectra are shown for an array of Au cylinders with
35 nm height, 90 nm diameter and 300 nm periodicity raised on a glass (n, = 1.52, n; =
0.00) ‘plinth’ of thickness 20 nm, with the superstrate refractive index being varied across

the range »n,= 1.0 to 2.0.

5.5  Periodicity regimes in which particles may interact

Previously the periodicity of the experimentally fabricated arrays was such that the optical
response was typically governed by that of the isolated particle structure. However by
modifying the periodicity of the array it is possible to explore different regimes of particle
interactions. This can be understood in greater detail by referring to the expression for the

array factor S which was derived at the beginning of the chapter:

. k?sin? 6 1 —ikd)(3cos?6 —1
G _ oikd Z < " > N (( )(d3 )) 5.32

particles

where d represents the lattice spacing associated with a regular array of particles and &
represents the azimuthal angle between the i"™ and jth particles which are lying in a plane

which is parallel to the substrate.

For a regular square array with lattice spacing d, the array factor is a sum of two terms, one

of which is dependent on 1/d, and the other 1/d°. Each of these terms has an additional
* dependence of both terms (which is a measure of
142
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retardation between particles) and leads to both terms having complex contributions to S '”.
As a simplification however, one can regard the 1/4° term as contributing to short-range
interactions, and the 1/d term as contributing to long-range interactions. The regimes of
particle interactions in arrays can be divided into three categories, and these will be briefly

considered in turn.

e 1) Where the lattice spacing is such that the separation between particles is a few
tens of nm, the 1/d’ term is dominant.

e 2) Where the lattice spacing is greater than tens of nm, but less than the incident
wavelength, the 1/d term is dominant.

e 3) Where the lattice spacing is comparable to the incident wavelength, the 1/d term
is dominant. However, there is the additional possibility for coherent interactions

to arise when light is scattered in the plane of the array.

Regime 1: Where the effects of near field interactions dominate

Figure 5.14 shows the simulated extinction spectra for arrays of Au cylinders (90 nm
diameter, 35 nm height) in which the periodicity of the array is increased from 100 nm to
175 nm in increments of 25 nm. As the periodicity is increased, it can be observed that the
resonant wavelength is blue-shifted to shorter wavelengths. In Figure 5.15 the time-
averaged electric field distribution is shown at the resonant frequency for a cross section
taken parallel to the substrate for a periodicity of 100 nm. There is evidence of strong
inter-particle coupling, and field enhancement can be observed between the particles along
the direction in which the incident electric field is polarised. The electromagnetic fields
from neighbouring particles reduce the restoring force associated with dipole moment
which is induced by the illuminating radiation. The diagram in Figure 5.16 identifies the
near-field interactions between Au cylinders for a section of 3 x 3 of particles within the
infinite array. The cross section is taken through the plane of the substrate, such that the
array is viewed from above. The red arrows represent the direction of the induced dipole
moment across the particles, whilst the blue arrows represent the direction of the induced
dipole moment between particles. Note that in this particle configuration, there is
significant near-field coupling along the direction which is parallel to the polarisation of
the incident electric field, such that two vectors are aligned in opposite directions. This
leads to a reduction in the restoring force associated with the induced dipole moments, and

a decrease in the resonant frequency of the LSPR.
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Figure 5.14: The simulated extinction spectra are shown for arrays of Au cylinders (90
nm diameter, 35 nm height) in which the periodicity of the arrays has been varied from 100
nm to 175 nm in increments of 25 nm. The arrays are illuminated at normal incidence in

air on a glass (n, = 1.52, n; = 0.00) substrate.
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Figure 5.15: The time-averaged electric field distribution is shown for a cross section
taken parallel to the substrate at the resonant frequency for a periodicity of 100 nm. The
arrow above the field profile represents the polarisation of the incident electric field along

the line of the unit vector X.
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Near-field coupling

I

Figure 5.16: Plan view of a 3 x 3 array of nanoparticles with radius » and periodicity d.
The red arrows represent the direction of the induced dipole moment across the particles,
whilst the blue arrows represent the direction of the induced dipole moment between
particles. In the left of the figure, the direction of the incident wave vector and the

polarisation of the incident electric field are shown.

Regime 2: Where the lattice spacing is greater than tens of nm but smaller than the
incident wavelength
In Figure 5.17 the periodicity of the array in the simulations is further increased from 200
nm to 400 nm in 25 nm increments. The observed shift in wavelength is significantly
smaller, with the resonant wavelength red-shifting slightly as the periodicity is increased.
At these separations, the 1/d term from Equation 5.32 becomes the dominant contributor to
the array factor S. The particles can be thought of as interacting through radiative dipolar
interactions, in which the scattered fields from adjacent dipoles constructively interfere.
This phenomenon has also been discussed in the work of Lamprecht et al . When the
periodicity is smaller than the incident wavelength, the diffracted orders associated with
the structure are evanescent. The radiated fields from neighbouring particles are
superimposed with their respective phase shifts (which are dependent on the periodicity of
the array), leading to an enhancement of the local fields in the plane of the array and a
blue-shift in comparison to the single particle response. The diagram in Figure 5.18
identifies the radiative coupling between Au cylinders for a section of 3 x 3 of particles
within the infinite array. This is shown for a cross section which is taken for a plane

which is parallel to the substrate, such that the array is viewed from above. The red arrows
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Chapter 5 The optical response of metallic nanoparticles arranged in periodic arrays

represent the direction of the induced dipole moment across the particles, whilst the blue
arrows represent the direction of the radiated electric field. Since the direction of the
emitted radiation from a dipole is perpendicular to the direction along which it oscillates,
the radiative coupling occurs between rows which are perpendicular to the polarisation
direction of the incident electric field. Note that the arrows of both the induced dipole
moment and radiated field are aligned parallel, this leads to an increase in the restoring

force associated with the induced dipole moment and the resonant frequency for scattering.
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Figure 5.17: The simulated extinction spectra are shown for arrays of Au cylinders (90
nm diameter, 35 nm height) in which the periodicity of the arrays has been varied from 200
nm to 400 nm in increments of 25 nm. The arrays are illuminated at normal incidence in

air on a glass (n, = 1.52, n; = 0.00) substrate.
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Figure 5.18: Plan view of a 3 x 3 array of nanoparticles with radius » and periodicity d.
The red arrows represent the direction of the induced dipole moment across the particles,
whilst the blue arrows represent the direction of the radiated electric field. In the left of the
figure, the direction of the incident wave vector and the polarisation of the incident electric

field are shown.

Regime 3: Where the periodicity is comparable to or greater than the incident
wavelength.
If the periodicity is further increased, the 1/d term remains dominant and the resonant
frequency oscillates weakly as a function of periodicity, depending on the interference
condition between the radiated fields. The single particle response is recovered in the limit
that d>o. In addition to this, the effects of retardation (or dynamic depolarisation) are
also significant in determining the magnitude of the polarisability in arrays such as these
which have periodicities which are comparable to the incident wavelength. Another
important factor is that for some periodicities the extinction minima associated with the
diffraction of incident radiation are observed in the same spectral region as the LSPR.
Narrow spectral features have been observed in work investigating rectangular Au
nanorods in which the periodicity is diffracting for frequencies in the vicinity of LSPRs '°.
It has been predicted by Zou and Schatz ** that when the imaginary part of the array factor
S is negative it is possible for the radiative damping mechanism associated with the

isolated particle to be minimised or even cancelled by the diffractive coupling between
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particles. This leads to significant improvements in the quality factor in comparison to the
single particle response. The extinction cross section can be obtained from the imaginary

component of the effective polarisability, using the optical theorem ¥

Ooxt X kIm(a) 5.33

A maximum in extinction can be found when the denominator in the real part of Equation
5.33 is minimised. The intensity of the extinction peak is dependent upon the imaginary
component of the array factor S. When the diffraction edge is on the high energy side of
the LSPR frequency, the diffractive coupling between particles is weak as the permitted
diffracted orders are of higher energy than the LSPR. However, when the diffraction edge
is on the lower energy side of the LSPR, a sharp and intense peak is found on the long
wavelength tail of the main resonance. The sharp peak which occurs closest to the
diffraction edge was found to be more intense for particles with a high aspect ratio '°. The
diffractive coupling between particles is dependent on the overlap between the propagating
field and the mode associated with the LSPR. In Figure 5.19, the extinction from arrays of
rectangular Au particles (35 nm height, 85 nm width, 123 nm length) is shown with
periodicities ranging from 480 nm to 560 nm, surrounded by a medium with refractive

index n,=1.52, n;=0.00. The data in Figure 5.19 was provided by Auguie et al. '°
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Figure 5.19: Experimental extinction spectra published by Auguie et al. '° are shown for
square arrays of rectangular Au nanoparticles (35 nm height, 85 nm width, 123 nm length),

with periodicities ranging from 480 to 560 nm. The surrounding medium has refractive
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index n,= 1.52, n; = 0.00. The incident electric field is polarised along the long axis of the

particles.

Other studies > have also investigated this type of coupling in particle pairs in which the
excitation of the anti-symmetric mode (sometimes termed the ‘dark mode’) is typified by
evanescent field enhancement between particles, in addition to reduced scattering and

radiation damping when compared to the symmetric (or ‘bright’) mode.

5.6  Concluding remarks

Previously Chapter 4 contained an investigation into the optical response associated with
LSPRs in single metallic nanoparticles.  Here, these studies have been extended to
consider the modification of the single particle LSPR when particles are incorporated into
periodic arrays. This modification to the optical response has been explained by analogy
to the coupled dipole approximation, in which each of the particles within the array is
modelled as a point dipole which has an effective polarisability. It is shown that the
effective polarisability is dependent on the geometry and periodicity of the array. A
method has been also described for obtaining the extinction of an infinite array using the
optical cross sections derived from single particle experiments or simulations. It is well
known that the resonant field distribution associated with the LSPR is particularly sensitive
to the refractive index of the surrounding medium. Here, the refractive index sensitivity of
the optical response has been explored, with simulations investigating different geometries
which may be used to either increase or decrease the refractive index sensitivity of the
arrays. The regimes of electromagnetic coupling between particles in regular arrays have
also been investigated. The strength of these interactions has been shown to be highly
dependent on the periodicity of the array, and can be separated into three main regimes of

short-range, long-range and coherent interactions.

The remaining chapters (Chapters 6 - 9) are concerned with the optical response of metallic
films perforated with arrays of nanoholes, structures which are complementary to those
presented here. In Chapter 6, it will be shown that a single perforation in an optically thin
metallic film may exhibit a localized resonance (a hole LSPR) which is associated with
induced dipole moments in the vicinity of the metal film surrounding the hole. The
LSPRs of nanoholes have a number of similarities to the LSPRs of metallic nanoparticle
structures, and are quite distinct from the enhanced transmission resonances observed in

optically thick perforated metal films *’. The study of the interactions between LSPRs in
149



Chapter 5 The optical response of metallic nanoparticles arranged in periodic arrays

particle arrays presented in this chapter serves as a useful pre-requisite for the investigation

of nanohole arrays in Chapter 6.
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Chapter 6

The optical response of metallic films perforated with periodic arrays of

subwavelength holes

6.1 Introduction

The previous chapter contained an investigation into the optical response of metallic
nanoparticles arranged in regular arrays. In this chapter the response of the complementary
structure will be discussed, a metallic film perforated with arrays of subwavelength holes.
Much interest has surrounded the recent demonstration of enhanced transmission through
optically thick metal films which have been perforated with two-dimensional arrays of

5 This enhancement has been attributed to the excitation and

subwavelength holes
subsequent coupling of surface plasmon-polariton (SPP) modes across the metal film. In
these structures, transmission maxima are observed for wavelengths which are
approximately equal to the periodicity of the array. With suitable optimization of the array
periodicity, this enhancement can be observed across any desired frequency regime within
the electromagnetic spectrum (visible, IR, THz or GHz domain) ®.  Recently it has been
shown that holes in thin metal films can also exhibit localised resonances which are
observed at visible frequencies for metallic structures, analogous to the so-called particle
plasmon widely investigated in metallic nanoparticles % (and extensively discussed
throughout Chapter 4 of this thesis). The work of Kall et al. > further investigates these
“hole plasmons” (hole LSPRs) and provides evidence that these localised modes can also
couple to SPPs associated with the metal film. It is thought that interactions between hole

LSPRs and SPPs gives rise to strong inter-hole coupling, an effect which has been

observed for a thin gold film perforated with a random arrangement of nanoholes '

In this chapter the electromagnetic properties of these ‘hole plasmons’ will be investigated
as part of a regular array with subwavelength periodicity. It is shown that the hole LSPR is
highly sensitive to the periodicity of the array, and exhibits field enhancement within the
hole. There will also be a comparison between the coupling of nanoholes and
nanoparticles in non-diffracting regular arrays. For the range of periodicities studied here
(200 — 250 nm), it is shown that the spectral position of the transmittance minimum
associated with the nanohole arrays varies with array period, an effect which is attributed

to strong LSPR coupling mediated by SPPs associated with the metal film. For the

151



Chapter 6 The optical response of metallic films perforated with arrays of subwavelength holes

complementary nanoparticle arrays, a minimal shift is observed since SPPs are not

supported by this structure.

6.2 Enhanced transmission through optically thick metal films perforated with
periodic arrays of holes

One of the most significant discoveries involving hole arrays was that of Ebbesen et al. in
1998 '. In these structures substantially enhanced transmission was observed when light
was incident on an optically thick metal film which was perforated with periodic arrays of
nanoholes, such that the periodicity of the holes facilitated grating coupling to SPP modes
supported by the metal film. Consider an infinite square array of holes with periodicity d
formed from an optically thick film of Ag (permittivity €4.), and surrounded by a medium

with permittivity ¢, (as illustrated in Figure 6.1).

Cross section

pn

[
[

Figure 6.1: A metal film with thickness ¢ is perforated with a square array of cylindrical
holes having diameter a and square periodicity d. The diagrams show the structure as

viewed from above (left) and in cross section (right).

In order to understand the origin of the transmission resonances in this structure, an
appropriate starting point is to refer to the dispersion relation for an air / Ag planar interface
with the dielectric function of the Ag being described by a Drude model, this is shown in (a)
of Figure 6.2. The dashed black line represents the light line, and the blue shaded area
define the region over which freely propagating light may radiatively couple to the
structure, whilst the solid red curve represents the SPP dispersion which is based upon the
Drude model. For small k, the dispersion curve is parallel to the light line, whereas for

large k the asymptotic limit is dependent on the plasma frequency of the metal (w,/0.7071).
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It is well known that one cannot excite an SPP at a planar metal-air interface simply by
illuminating from the air side, since the wave vector of the SPP which is parallel to the
interface is greater than that of the incident radiation. An appropriate mechanism is
therefore required to match the momentum of the incident light to the parallel momentum
component of the SPP. One approach is to periodically corrugate the metal surface to form

a diffraction grating .

A photon incident upon a one dimensional grating (a
monograting) can be scattered by subtracting or adding an integer multiple of the grating
vector K, (=27/d), where d is the grating pitch. This results in a back-folding of the light
line at the Brillouin zone boundary, such that 2n lines cross the y axis at k = 0 which

correspond to the +n™ diffracted orders of the grating ((b) in Figure 6.2).

(O] (0]

Wp

V2

Light line

Drude model

k —n/d +nid  k
b) air-Ag planar interface a) air-Ag shallow monograting

Figure 6.2: Schematic representations of the dispersion relations are shown for (a) an air -
Ag planar interface and (b) an air-Ag shallow monograting. The red lines represent the
SPP dispersion curves, and dashed black lines are the diffracted and non-diffracted light
lines. It is assumed that the dielectric function of the Ag may be described using a Drude

model.

It is possible for a hole array such as that presented in Figure 6.1 to act as a grating in two
dimensions, imparting integer wave vector components of (2nn, /d) and (2nn, /d) along x
and y directions respectively. These components represent the lattice vectors of the square
array, with n, and n, being the mode indices. The excitation of SPPs by allowed grating

orders occurs when the condition in Equation 6.1 is satisfied "*'°.

Ko sinf + n, Gy + n,Gy = Kgpp 6.1
2m
Gx =Gy =— 6.2
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where Ko is the wave vector of the incident radiation, and kspp is the wave vector
associated with the SPP as defined in Equation 6.3. At normal incidence, it follows that

SPP excitation can occur for incident wavelengths which satisfy Equation 6.4.

1

w [ €18g \2 6.3

kspp = — | ———
€ \& t+ &g

E1€ag 6.4

d
Aspp =
Jnz +ng [&1t g

Figure 6.3 shows the simulated zeroth-order transmission spectrum obtained using a finite
element method for a 200 nm thick Ag film perforated with an infinite array of cylindrical
holes with diameter 150 nm and periodicity 600 nm (one of the original structures
proposed by Ebbessen et al. '). Simulations are for a glass (1, = 1.52, n; = 0.00) substrate,
with illumination at normal incidence in air. Permittivity values for Ag were taken from

reference data ',

The transmittance maximum occurring at 320 nm is not of particular
interest here, since it arises from the Ag permittivity values across this range. The
permittivity of Ag may be decomposed into contributions from free (¢y) and bound (ep)
electrons. The d-band associated with the bound Ag electrons is approximately 4eV below
the Fermi energy. For photons with energy ~ 4eV (320 nm), the interband transition of
electrons between 4d - 5s orbitals occurs. This leads to an increase in magnitude of
Eimaginary, ANA &0 passes through zero. For an optically thin metal layer the reflectivity
approaches zero, whilst the transmission and absorption both increase. In Figure 6.3,
additional transmission maxima can also be observed at longer wavelengths. At these
wavelengths it was found that the transmission efficiency divided by the fractional

occupancy of the holes was greater than 2, implying that twice as much light is transmitted

than directly impinges on the holes.
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Figure 6.3: The simulated zeroth-order transmittance spectrum is shown for a 200 nm
thick Ag film perforated with an array of cylindrical holes with diameter 150 nm and
periodicity 600 nm. The sample is illuminated at normal incidence in air, and is situated

on a glass (n, = 1.52, n; = 0.00) substrate.

Previously, the diffraction of light through small holes in perfect conductors had been
approximated by H. A. Bethe °. It was expected that any observed transmittance would be
strongly inhibited with a dependence which is proportional to (4/24)? for holes obeying the
condition d < A. The mechanism giving rise to the enhanced transmission in these
diffracting arrays has been the subject of considerable debate in recent years. The work of
Barnes et al. '° has discussed mechanisms in which the role of diffraction is essential in
order to facilitate coupling between incident light and SPP modes. Three possible

. . 16
scenarios have been proposed whereby enhanced transmission may be observed :

1) Incident light couples to an SPP mode supported by the surface facing the
incident light. The field enhancement at the surface which is associated with
the SPP mode increases the probability of transmission through the holes,
where the field is scattered by the periodic array to produce visible light.

ii) Incident light cannot couple to an SPP mode on the incident face; instead
matching conditions allow light that is weakly transmitted through the array to
couple to an SPP mode on the exit interface, which can then scatter into
transmitted light.

1i1) Processes 1) and ii) may occur simultaneously.
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The maximum observed at approximately 700 nm in Figure 6.3 can be attributed to the
coupling of the 1* diffracted order associated with the two dimensional periodicity of holes
to an SPP mode confined to the air-metal interface. Similarly, the transmittance maximum
at approximately 1000 nm is attributed to the coupling to SPPs via the st diffracted order
associated with the metal-substrate interface. The authors also found that the results were
identical regardless of whether the illuminating radiation impinges on the air-metal or the
metal-glass interface '’. These conclusions can be verified by examination of the resonant

field distribution at the resonant frequency corresponding to the 1% diffracted order at the

air-metal interface (shown in Figure 6.4). Here, the time-averaged electric field

distribution is shown for a cross section taken parallel to the upper metallic surface and
through the centre of the structure, for an incident wavelength of 700 nm. The bright
‘bands’ of electric field intensity identify periodic enhancement across the metal surface,

which is also concentrated around the rim of the nanoholes. To further illustrate the

importance of the grating coupling mechanism in the role of enhanced transmission, in
Figure 6.5 the transmission spectrum for a slightly different hole array is shown, in which
the metal film thickness and hole diameters are identical to those of Figure 6.3, however
the periodicity has been increased to 900 nm. As expected, the two transmission maxima
observed in Figure 6.3 are red-shifted to longer wavelengths in accordance with the 1*

diffracted order at the air-metal and metal-air interfaces occurring at lower frequencies.

A B
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600 nm

Figure 6.4: The time-averaged electric field distribution is shown for the structure in
Figure 6.3. A cross section is taken parallel to the upper metal surface (a) and through the

centre if the structure (b). The sample is illuminated at normal incidence with an incident
wavelength of 700 nm.
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Figure 6.5: The simulated zeroth-order transmittance spectrum is shown for a 200 nm
thick Ag film perforated with an array of cylindrical holes with diameter 150 nm and
periodicity 900 nm. The sample is illuminated at normal incidence in air, and is situated

on a glass (n, = 1.52, n; = 0.00) substrate.

6.3  Localised resonances of nanometric holes in thin metal films

A localised optical response associated with a single nanohole has recently been
reported '"'®. It has been suggested that such a response arises from dipole moments
induced about the rim of the hole by an incident electromagnetic field in a manner
analogous to that more widely studied in metallic nanoparticles °®. As has been identified
in the previous two chapters, localised dipolar resonances are often characterised using the

electrostatic polarisability approximation (Equation 6.5).

€1~ &
382 + 3Li(€1 - 82)

6.5

a; = 4mabc

Equation 6.5 describes the polarisability « of a small inclusion with permittivity &
surrounded by a medium ¢,, governed by geometrical shape factors along each of the
principal axes of the inclusion (L;). By considering a lossless Drude model for the
permittivity for the metal, given by &yruge = 1—a)p2/ o, where @, 1s the metal plasma

frequency, one can evaluate the polarisability of both particles and holes by considering (¢;
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= Edrude €2= 1) and (e2= 1, €; = &44e), respectively. By, finding the frequency at which the
denominator of Eq. 6.5 is zero, it is straightforward to evaluate the resonant frequency of

the localized response. Doing so, one predicts a resonant frequency of a)p\/f for particles

and w,+/1-L for holes. For prolate spheroids with eccentricity approaching zero, in which

the incident electric field is polarized perpendicular to the rotational axis, L,= L,= 1/2 19240
Eq. 6.5 therefore predicts identical resonant frequencies for prolate metal spheroids and
prolate voids within a metal as the eccentricity approaches zero, both amounting to a)p/\/f .
For Au, with w, = 1.37x 106 ¢! 20, this corresponds to a resonant wavelength of 194 nm,
i.e. in the ultraviolet spectral range. The dimensions of the particles and holes discussed
thus far in this thesis are such that their length cannot be considered infinite, in fact the
nanoparticles discussed in Chapters 4 and 5 are more oblate. On increasing the
eccentricity of the inclusion, L is lowered. For isotropic geometries such as a sphere, L, =
L,=L.=1/3 2! such that the resonant frequency of a spherical particle in vacuum shifts to

o,/ V3, while that of a spherical void in a metal is ®,~2/3 . Whilst increasing the

eccentricity of a metal particle can shift its dipolar resonance towards the visible spectral
region *2_the associated response for a void in a metal shifts to very high frequencies in the
far UV spectral region . A number of other authors have also noted this discrepancy -
1218 including those which have measured the scattering response of single nanoholes ''®.
In this instance, both the experimental and simulated data clearly show a single resonance
at visible frequencies for the isolated nanoholes.  Figure 6.6 shows a typical example of
experimental dark field scattering spectra for single nanoholes of various diameters

" The maxima in scattering intensity occur within the

perforating a 20 nm thick Au film
visible frequency range and exhibit a distinct red-shift in resonant wavelength as the
diameter of the nanoholes is increased, which is also accompanied by spectral broadening.
It was shown by Wannemacher **, that scattering from nanoholes with diameters 50 — 100
nm in optically thin Ag films was resonantly enhanced in the blue-green spectral range due
to LSPR excitation. The resonant wavelength was also found to red-shift with increasing

diameter, in agreement with that shown in Figure 6.6.
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Figure 6.6 reproduced from reference 11: The dark field scattering intensity is shown for

nanoholes with diameters ranging from 60 nm to 500 nm, fabricated from a 20 nm thick

Au film. The samples are fabricated on a glass (n, = 1.52, n; = 0.00) substrate and are

illuminated at normal incidence in air.

A major failing of the electrostatic approximation embodied by Equation 6.5 is the
inability to properly take into account the presence of the flat metallic surfaces at the
entrance and exit of the hole sample. The presence of these interfaces means that the
dipolar excitation of the hole can decay non-radiatively to SPPs, giving rise to an
additional loss mechanism and a considerable red-shift in the frequency of the hole

resonance from that predicted by Equation 6.5 '*'*'%.

6.4 Comparison between the optical response of metallic nanoparticle and
nanohole arrays

In this section there will be a comparison between the simulated and experimental
transmittance spectra of hole and particle arrays. Structures were fabricated using focused
ion-beam milling (FIB) for the hole arrays and electron-beam lithography (EBL) for the
particle arrays (using a modified FEI Nova 600 system). For both the holes and particles, a
glass substrate (n, = 1.52, n; = 0.00) was used, on which gold (Au) films of thickness 20 +
2 nm were deposited by thermal evaporation (at a rate of 5 A s™' and in a pressure of
1x10°® mbar). FIB milling was used to produce square arrays of circular holes with
periodicities of 200 nm, 225 nm and 250 nm; the arrays were 8 um on a side. Arrays of
circular nanoparticles were fabricated using EBL following the procedure described in

Chapter 4. The insets in Figure 6.7 show scanning electron microscope images of both 90
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nm diameter hole and particle arrays, each with a periodicity of 200 nm. For this choice of
period, diffraction is not possible for frequencies in the vicinity of the LSPRs. Bright-field
transmission spectra were obtained by illuminating the sample with a collimated beam of
light from a tungsten filament source at normal incidence. An objective (100x) was used
to collect the light and pass it to a spectrometer. The optical responses of the arrays were
simulated using a commercial finite element package (Ansoft HFSS) ** with a mesh size of

4.5 nm. Permittivity values for gold were taken from reference data .
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Figure 6.7: Experimental transmittance spectra are compared against simulated
transmittance and absorbance spectra obtained for 8§ um square arrays of 90 nm diameter
holes in a (a) 20 nm thick Au film and (b) 90 nm diameter, 20 nm height cylindrical Au
particles with periodicity 200 nm, illuminated at normal incidence in air. The dashed gray
curve in both (a) and (b) shows the experimental transmittance spectrum obtained from a

20 nm Au film illuminated at normal incidence in air.
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Figure 6.7 shows a comparison between experimental and simulated transmittance spectra
for square arrays with period 200 nm for 90 nm diameter cylindrical holes (Figure 6.7(a))
and 90 nm diameter cylindrical particles (Figure 6.7(b)). Also shown in Figure 6.7 are
simulated absorbance spectra for these two structures, together with the measured
transmittance of 20 nm thick planar gold film (on glass) for comparison. The film
thickness is chosen such that holes and particles of similar radii would have LSPR modes
in the same spectral region. For both nanoparticle and nanohole arrays, transmittance
minima are observed at ~600 nm. These minima are attributed to the excitation of LSPRs
associated with the particles and holes. It should be noted that in the hole structures
discussed here we do not expect coupling to SPP modes associated with the Au surfaces

through a radiative diffraction mechanism 13,27

since the periodicity of the array is
significantly smaller than the incident wavelength. This has been verified by calculating
the frequency dependent in-plane wavevector kgp(w) for a SPP on a 20 nm thick Au film on
glass " and determining the solutions to the coupling condition for normal incidence, k;p =
G = 0, where G are the grating vectors associated with a 200 nm period bigrating. Doing
this, a lowest frequency solution is predicted at 376 nm, well outside the wavelength range

studied here. Diffractive coupling to SPPs is therefore not expected to contribute to the

optical response in the wavelength range studied here (400 — 800 nm).

Confirmation of this interpretation comes from referring to the (simulated) absorbance
spectra: the spectra show clear maxima that are linked to the transmittance minima,
something that is expected when resonant modes are excited, as the enhanced fields
associated with the modes lead to a greater absorption in the metal ' As expected, the
minima in the transmittance of the hole arrays exhibit a shape typical of a Fano resonance,
more easily seen when one compares the hole array transmittance spectra with those of the
planar film. For both nanoparticle and nanohole arrays there are two channels for
transmission, direct transmission (a continuum), and transmission based on coupling by
scattering both into and out of the LSPRs; it is interference between these two transmission

routes that leads to the Fano response 30,

6.5  Inter-hole coupling and effect of periodicity
To understand the optical response of the nanoparticle and nanohole arrays better, a
number of simulations were carried out to determine the scattered electric field distribution

for each of the structures. Similarities between the hole and particle resonant modes can be
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seen in Figure 6.8, where the scattered electric field distributions are plotted at the
appropriate resonant frequencies. From Figures 6.8(a) and 6.8(b) it can be deduced that
both structures exhibit a largely dipolar electric field distribution. For the hole resonance,
significant field enhancement occurs inside the hole and around the rim, while the highest
field intensity for the particle can be found in a ‘lobed’ region outside the particle. It can
also be observed that the instantaneous electric field vectors inside the particle and hole are
aligned in opposite directions. This substantiates the earlier assertion that the resonances

in the hole and particle arrays are complementary.
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Figure 6.8: Field profiles are shown at the absorbance maximum of the hole and particle
array structures. The upper profiles show the instantaneous scattered electric field vector
for (a) the hole and (b) the particle arrays, taken at the same instant in phase for each
structure. The arrows above (a) and (b) indicate the vector of the incident electric field.
The centre plots show the time-averaged scattered electric field profiles for (c) the hole and

(d) the particle. In (e) and (f), a line plot has been taken through the centre of the
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structures along the dashed line shown in (c) and (d), and the time-averaged electric field

magnitude is shown as a function of position across the unit cell.

Interestingly, for the nanohole array, it can be observed in Figures 6.8(c) and 6.8(e) that
there is significant field enhancement at the metal-air interface in the regions between the
holes, which is absent for the particle array (Figures 6.8(d) and 6.8(f)). This observation is
consistent with the demonstration of the excitation of SPPs of the metal film in the vicinity
of nanoholes %. Of particular importance in the present case will be the nearly symmetric
(with respect to surface charge distributions) SPP mode. This is the only bound SPP mode
that such a thin metal film may support when flanked by different refractive index media
(as is the situation here) *°. The field enhancement between the holes in Figures 6.8(c) and
6.8(e) suggests that even in the non-diffracting arrays, nearly symmetric SPPs supported by
the metal film may play an important role in determining the optical response. For
instance, the presence of the flat metallic film connecting adjacent holes could provide an
additional coupling mechanism between the LSPRs of nanoholes, one mediated by nearly
symmetric SPPs. It is the excitation of SPPs through scattering that enables the LSPR
modes of adjacent nanoholes to interact sufficiently such that a spectral shift in their

response occurs.

It is well known that when metallic nanoparticles are formed into an array the LSPRs that
they support may be modified due to electromagnetic coupling between the particles, "
33 as has been extensively discussed throughout Chapter 5. This coupling has previously
been studied for particles, where Haynes et al. ' found a small but observable blue-shift in
the resonant frequency when the period is decreased from 500 nm to 250 nm. These same
authors also suggested that the blue-shift would cease for periods somewhat less than 250
nm. The presence of the air-metal and metal-substrate interfaces in our hole arrays
obviously constitute a major difference to particle arrays, which allows the localized
resonances of nanoholes to couple not only to incident light but also to SPPs. Figure 6.9
shows the experimental and simulated transmittance spectra for 90 nm diameter hole arrays
and for 90 nm diameter particle arrays for three different periods of 200, 225, and 250 nm.
For the particle arrays, the change in resonant wavelength is very small over this range of
periods (in agreement with Haynes et al. '°) and this is also seen in the simulated data. In
contrast, the resonant transmission for the hole array is much more sensitive to the period
of the structure: an increase in the period of the hole structure by 50 nm leads to a red-shift

of the transmittance minimum by approximately 60 nm. This result is consistent with the
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blue-shift of the LSPR noted by Kall and co-workers '' on increasing the hole density in

irregular hole arrays.
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Figure 6.9: Comparison between experimental and simulated transmission spectra for 90
nm diameter hole ((a) and (c)) and particle ((b) and (d)) arrays with periodicity 200, 225
and 250 nm.

In addition to modifying LSPR frequencies, it should be noted that the excitation of
symmetric SPPs supported by the metal film in nanohole ensembles will give rise to
several other effects. First, because of the sensitivity of the optical response of the LSPRs
to interhole separation, any small variations in periodicity will contribute to
inhomogeneous broadening. It is thus not surprising that a random ensemble of holes '
exhibits a considerably broader spectral response than the periodic arrays studied here.

Moreover, the delocalisation of the electric field in SPP modes means that, in general, one
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may expect to observe weaker local-field enhancements for the LSPR of nanoholes

compared to the complementary nanoparticle structures.

6.6  Variations in hole size and geometry

This section investigates the effects of hole size and shape on the optical response of the
hole LSPR. In Figure 6.10 the experimental and simulated transmittance spectra are
plotted for hole arrays with periodicity 250 nm and diameters ranging from 70 nm to 100
nm. Somewhat counter-intuitively, however, increasing the diameter of the holes
decreases the magnitude of the transmittance minimum. This effect is easiest to explain
using Fano’s ‘coupled channel’ approach 8 which considers a resonance as arising from
the interference between two contributions, a resonant and non-resonant element. The
shape of the Fano resonance is determined by the ratio of the relative amplitudes of the
directly transmitted and reradiated light, which is strongly dependent on the degree of
coupling to the localised mode. In varying the hole diameter, the relative amplitudes of
both the directly transmitted light and that which interacts with the coupled hole LSPR are
modified. Although there is qualitative agreement between the resonant frequencies of the
simulated and experimental data, there is a significant difference between the lineshapes
off-resonance. In particular the gradient of the transmittance in the simulated data is much
steeper. This discrepancy is attributed to differences between the permittivities of Au film
used in the experiment and the reference values used for the simulation. The data used for
Au in the simulation was that of Johnson and Christy *°, in which the authors determined
permittivity values for planar Au films having thicknesses typically 2-3 times greater than
those studied here. In thin metallic films, it is known that the effects of surface scattering
can lead to effective permittivity values somewhat different to those obtained for bulk
media. This is corroborated by referring to the dashed gray curves of Figure 6.10, in which
the simulated and experimental transmittance spectra of the 20 nm planar Au film are
shown. The discrepancy is also evident in the lineshape of the planar films, suggesting that

it originates through a difference in permittivity values.
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Figure 6.10: The experimental (left) and simulated (right) transmittance spectra are shown
for hole arrays with periodicity 250 nm and hole diameters ranging from 70 nm to 100 nm.
The arrays are on a glass (n, = 1.52, n; = 0.00) substrate, and are illuminated at normal
incidence in air. The dashed gray curves show the experimental and simulated data for a

planar Au film with thickness 20 nm.

Another interesting area for investigation is the effect of hole geometry on the optical
response. Numerical simulations have been performed for an array of rectangular holes
with square periodicity 200 nm and dimensions 45 nm % 90 nm. The previous section
contained a discussion of structures comprised of cylindrical holes, whereby the axial
symmetry leads to an independent polarisation response at normal incidence. For

rectangular holes, the optical response varies according to the direction along which the
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incident electric field is polarised. For simplicity, only the two extreme cases of light
polarised along either the long or short axes of the hole will be considered. Figure 6.11
shows the simulated transmittance spectra for the incident electric field polarised along the
long and short axes of the rectangular hole array, compared with that for an array of 70 nm
diameter cylindrical holes (having a comparable cross sectional area). It can be seen that
for light polarised along the short axis of the hole, coupling to the localised mode is
stronger when compared to the 70 nm diameter cylindrical holes. The field profiles in the
inset of Figure 6.11 illustrate the time-averaged electric field distribution at the resonant
frequencies for the rectangular hole. The intensity of the LSPR associated with the short
axis is larger in magnitude and occurs at a longer wavelength than that of the long axis.
This behaviour is the inverse of what would be expected for a rectangular metallic
nanoparticle, where the polarisability is larger for the long axis resonance, which also
occurs at a longer wavelength than the short axis resonance. This behaviour can also be
understood by referring to the reciprocal polarisability considerations discussed in Section
6.3. This explanation also predicts that both long and short axes resonances for the hole
should lie in the UV spectral region, but as has already been identified the hole LSPRs may
couple to SPPs associated with the flat metallic surfaces. This additional energy loss
mechanism red-shifts the resonant frequencies of the hole LSPRs into the visible region,
such that hole and particle LSPRs can be observed across a similar range of frequencies.
The simulation results in Figure 6.11 suggest that an interesting area to conduct future
research would be to fabricate experimental samples with different hole geometries. It is
relatively simple to achieve this using an identical procedure of focused ion beam milling
as used for the arrays of circular holes. Furthermore, simulations show that the field
enhancement within the rectangular holes is larger than that of the circular holes (by a
factor of 2-3), which may have interesting consequences for the refractive index sensitivity

of the structure.
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Figure 6.11: The simulated transmittance spectra are shown for hole arrays with
periodicity 200 nm. The solid black line represents the simulated transmittance for arrays
of 70 nm diameter cylindrical holes. The dashed and dash-dot lines represent the
simulated transmittance of rectangular holes with dimensions 45 nm x 90 nm illuminated
with light having the electric field polarised along the long (dashed) and short (dash-dot)
axes. The arrays are on a glass substrate (n, = 1.52, n; = 0.00), and are illuminated at

normal incidence in air.

6.7 Possible applications
The suitability of utilising a configuration which exhibits a localised resonance for possible

3438 and/or non-linear optical applications has attracted significant interest. It is

sensing
well established that LSPRs have several desirable properties, including narrow resonances
and strong field enhancement in the vicinity of the particle. In Figure 6.8 it has already
been shown that a hole LSPR can exhibit significant field enhancement inside the hole.
Other authors have proposed using single holes in a plasmon enhanced sensor 2 By
comparing the field profiles for hole and particle in Figure 6.6, it is evident that the field
localisation of the hole is weaker than that of the corresponding particle, suggesting that
particles may be more suitable for applications where field localisation is important, such
as surface enhanced Raman scattering (SERS). However, the weaker confinement of field

for holes may be viewed as a compromise, as the interaction between hole LSPRs renders

the optical response highly sensitive to changes in interhole distance, making them a
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possible candidate for use in such applications where tunability of the localised resonance
is useful. For this purpose, the regular arrays studied here have the distinct advantage of
low inhomogeneous broadening compared to random arrays. Furthermore, from a
practical perspective, it is easier to engineer hole array structures via a single process of
focused ion beam milling as opposed to particle array structures of similar dimensions

which require several stages of electron beam lithography.

6.12 Concluding remarks

In this section the optical response of metallic films which have been perforated with
arrays of subwavelength holes has been considered. In optically thick metal films
perforated with periodic arrays of holes, it has been shown that maxima in transmission are
observed. The origins of these maxima have been attributed to SPP modes supported by
the metal film, in which the periodicity of the holes excites these modes through a grating
coupling mechanism. Furthermore, it has been shown that nanometric holes in optically
thin metal films support a different type of resonant mode which is localised. A
comparison has been made between the behaviour of nanoparticles and nanoholes in non-
diffracting arrays and it has been shown that the spectral position of the transmittance
minimum associated with the nanohole arrays varies with array period, an effect which is
attributed to strong LSPR coupling mediated by SPPs associated with the metal film.
However for the complementary particle arrays there is no such shift since this structure

does not support SPPs.

In the next two chapters, the nanohole arrays presented throughout this chapter are stacked
(vertically) to form different types of metamaterials. In Chapter 7, quarter wavelength
thick dielectric layers are used to periodically separate the perforated metallic layers,
forming a series of coupled Fabry-Perot cavities similar to those studied in Chapter 2. It is
perhaps not surprising that this structure should exhibit optical characteristics which are
typical of both Fabry-Perot modes and hole LSPRs. Somewhat unexpectedly, however,
the strong interaction between these two resonant modes leads to the observation of a
transmission stop band across a wide range of visible frequencies. The spectral position
and width of the stop band may independently tuned by modifying the resonant frequency
of the hole LSPR (as shown in this chapter) or the transmission band characteristics of the
multilayer stack (as shown in Chapter 2). Furthermore, in Chapter 8 we demonstrate that

when the spacing between two hole array layers is reduced to a few tens of nm (such that
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the frequencies of the Fabry-Perot transmission resonances are outside of the visible
frequency range), hybridization of the hole LSPR modes may occur. As the spacing
between layers is decreased below 60 nm, two resonant modes are observed, one is blue
shifted to frequencies above the single hole LSPR (the symmetric mode) whilst the other is
red-shifted below it (the anti-symmetric mode). Electromagnetic metamaterials which are
formed from stacked hole arrays exhibit an effective magnetic response at the resonant
frequency of the anti-symmetric coupled LSPR. We show that the interactions between
hole LSPRs provides an alternative explanation to the electrical circuit analogy in
describing the effective negative index of refraction which is associated with perforated

metamaterials.
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Chapter 7

Interactions between Fabry-Perot and nanohole resonances in metallo-

dielectric plasmonic nanostructures

7.1 Introduction

Whilst the Fabry-Perot (FP) type resonance discussed in Chapter 2 is one example of an
electromagnetic mode that is supported by a periodic nano-structure, many others exist.
For example, in Chapter 6 the response of metallic films perforated with periodic arrays of
subwavelength holes was considered, in which different types of resonant modes may also
be supported including localized surface plasmon resonances (LSPRs) similar to those
studied in metallic nanoparticle structures '*. For arrays of nanoholes with a sufficiently
short periodicity that they are non-diffracting (i.e. zeroth order for frequencies in the
vicinity of LSPRs), the electromagnetic coupling between holes leads to a significant
modification of the optical response when compared to an isolated hole .  In this chapter
an investigation will be conducted into the response of multilayer structures (such as those
discussed in Chapter 2) which have been perforated with periodic arrays of holes (similar
to those in Chapter 6). It is perhaps not surprising that the optical response exhibits both
LSPRs and FP-type transmission resonances. However, the optical response also exhibits
some unusual characteristics; notably a stop-band in transmission occurring across a wide
range of visible frequencies. The stop-band is centred at the LSPR frequency observed for
a single layer of holes, and is accompanied by significant absorption. Further numerical
simulations identify a shift in frequency of the FP modes as a result of strong interactions
between LSPR and FP modes. This interaction is also observed in the simulated dispersion
of the modes. The effects of hole diameter, the number of layers in the stacked
arrangement and the permittivity of the metal layers on the optical response of the structure
will be considered. It is also shown that the spectral width and centre frequency of the
stop-band can be tuned by varying the cavity spacing and array periodicity, making these
structures useful in optical filter applications. Variant structures in which the metallic
layers are not continuous but rather have a “fishnet” structure, not so dissimilar to the

structures examined here, are also being keenly pursued as electromagnetic metamaterials
6-8
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7.2 The response of a single metallic layer perforated with a periodic array of

holes

Consider the optical response of a planar Ag film with thickness 20 nm (shown in Figure
7.1), which is subsequently perforated with an infinite square array of cylindrical holes
having diameter 60 nm and periodicity 150 nm (as shown in the inset of Figure 7.1). The
structure is simulated using commercial finite element software (HFSS from Ansoft
Corporation) ? with a mesh size of 4.5 nm, and is illuminated at normal incidence. The
surrounding medium is glass (n, = 1.52, n; = 0.00) and is assumed to be non dispersive
over the frequency range of interest, whilst the permittivity values for Ag were taken from
reference data '°. The perforated structure in Figure 7.1 shows a distinct transmittance
minimum for incident light of approximately 545 THz (Avac = 550 nm). At a similar
frequency, the absorbance spectrum also shows a clear maximum which is linked to the
transmittance minimum. We attribute these transmittance minima / absorbance maxima to
the coupling of incident light to dipolar LSPR modes associated with holes in the array, in
a manner analogous to that of LSPRs in metallic nanoparticles ', as discussed previously
in Chapter 6. The hole array structure discussed here is slightly different to the hole array
structures presented in Chapter 6. For reasons which will become evident later, the regular
periodicity of the structures discussed here is 150 nm such that the LSPR associated with
the nanoholes occurs for light incident with frequency 545 THz (Ay,c = 550 nm). To allow
the frequency of the hole LSPR to be tuned across a wider range of visible frequencies, the
metallic layers in the simulations are Ag as opposed to the experiments and simulations in
Chapter 6 which used Au. Au is not appropriate for observing resonant frequencies in the

blue region of the visible spectrum.
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Figure 7.1: Simulated transmittance (T) and absorbance (A) spectra at normal incidence
for a planar Ag layer (20 nm thickness) perforated with an infinite square array of 60 nm
diameter cylindrical holes with periodicity 150 nm (shown in the inset). The surrounding

medium has refractive index (n, = 1.52, n; = 0.00).

7.3 The response of a multilayer stack comprised of 5.5 periods of (20 nm Ag - 110

nm glass)

In Figure 7.2 the results from a recursive Fresnel technique (Appendix A) are presented
which show the simulated optical response of a periodic structure consisting of five planar
Ag layers (thickness 20 nm) separated by 110 nm of glass, illuminated at normal incidence
with a glass surrounding medium (n, = 1.52, n; = 0.00). The transmittance and absorbance
spectra show the four first-order resonant FP modes of the structure, and a partial
transmission (pass-band) region for frequencies in the range 475 THz — 750 THz (Ayac =
630 nm — 400 nm). As discussed elsewhere ', and in Chapter 2, the width of the pass-
band region is known to be independent of the number of layers, and is determined only by
the metal and cavity thicknesses forming the unit cell. The pass-band region originates
from a resonant tunneling mechanism associated with the evanescent fields in the Ag
layers coupling to cavity resonances in the glass layers. In the inset of Figure 7.2, the time-
averaged electric field magnitude is plotted as function of position for a cross section taken

perpendicular to the metal-glass interfaces. The differences between the resonant
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frequencies of the band edges can be explained by reference to the field distributions and
the finite conductivity of the Ag layers. At the high frequency band edge (the FP mode at
660 THz (A,.c = 454 nm)), fields in adjacent cavities oscillate out of phase and the majority
of the field enhancement occurs within the cavity region. A small amount of the
oscillation occurs within the metal layer, with the nodes corresponding to the lowest order
resonant mode occurring slightly inside the metal, not at the interface as would be expected
for a perfect conductor. This modifies the resonant frequency of the low frequency band
edge such that it is red-shifted in comparison to that predicted using a perfect conductor for
the metal layers. At the low frequency band edge (the FP mode at 440 THz (Ay, = 680
nm)), fields in adjacent cavities oscillate in phase and a significant proportion of the
oscillating field is within the Ag layers. The effective wavelength of this oscillation
extends significantly beyond the Ag-glass interfaces such that the wavelength of the lowest
order resonant mode is longer than that predicted using the physical size and refractive
index of the cavity in the Fabry-Perot equations (refer to Chapter 2 for a detailed
derivation). The vertical dashed line in Figure 7.2 illustrates the resonant frequency for a
single layer of 20 nm Ag perforated with a square array of holes having diameter 60 nm

and periodicity 150 nm.
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Figure 7.2: Simulated transmittance (T) and absorbance (A) spectrum at normal incidence
for a single Ag layer (20 nm thickness) and a multi-layer structure consisting of 5 layers of

20 nm Ag separated by 110 nm (A). The surrounding medium has refractive index n, =
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1.52, n; = 0.00. The grey line illustrates the resonant frequency for a single layer of 20 nm
Ag perforated with holes having diameter 60 nm and periodicity 150 nm. The inset figures
(B-E) show the time-averaged electric field magnitude at the resonant frequencies of the

FP modes for a cross section taken perpendicular to the stack.
7.4 Multi-layer structures perforated with periodic arrays of subwavelength holes

In this section structures which incorporate features from those in sections 7.1-7.2 will be
considered. In Figure 7.3, the simulated transmittance and absorbance spectrum is plotted
for a planar structure consisting of 5 layers of Ag with thickness 20 nm separated by 110
nm, perforated with an infinite array of cylindrical holes with 60 nm diameter and 150 nm
periodicity. The positioning of the layers is such that holes in adjacent layers are aligned

to be directly above each other.
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Figure 7.3: Simulated transmittance (T) and absorbance (A) spectra for a planar structure

consisting of 5 layers of Ag with thickness 20 nm separated by 110 nm, perforated with an
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infinite square array of cylindrical holes with 60 nm diameter and 150 nm periodicity. The
surrounding medium has refractive index n, = 1.52, n; = 0.00. The solid line corresponds
to illumination at normal incidence, the dashed and dotted lines correspond to illumination
with TE polarized light at angles 23.5° (sin # = 0.4) and 36.9° (sin 8 = 0.6) respectively.
The grey line at 545 THz represents the resonant frequency for a single layer of Ag
perforated with an identical array of holes (Figure 7.1).

There are a number of spectral features which immediately suggest interactions between
LSPR and FP modes. As with the planar structure, a series of transmittance maxima are
observed in Figure 7.3. However, at normal incidence these are separated by a stop-band
centred around 540 THz (Ayac = 555 nm). It is possible to identify similarities between the
nature of the stop band and the optical characteristics of the LSPR for the single layer of
holes in Figure 7.1. The centre frequency of the stop-band in Figure 7.3 is in close
agreement with the LSPR observed for the single layer of holes. The width of the stop-
band is also similar to that of the transmittance minima / absorbance maxima which are
attributed to the coupling of incident light to LSPRs in the single layer of holes. In
comparison with the planar multilayer structure, a shift in frequency of the FP modes is
observed, which is dependent on the relative frequencies of both the individual FP modes

and the LSPR of the hole.
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Figure 7.4: Contour plot showing the magnitude of the simulated absorbance as a function
of frequency and sin & (where @ is the incident angle) for TE polarized light illuminating

the structure in Figure 7.3.
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In Figure 7.4, the magnitude of the simulated absorbance has been plotted as a function of
frequency and incident angle (sin ) in order to map the simulated dispersion of the modes
supported by the structure. This is shown for the case of transverse electric (TE) polarized
light. The dispersion of the mode associated with the LSPR in Figure 7.4 shows a
relatively flat-band at a frequency of 510 THz (Ayoc = 588 nm) with absorption close to
unity. The response of the structure in Figures 7.3 and 7.4 has been characterized in terms
of the incident radiation having Transverse Electric (TE) polarization, where the incident
electric field is polarized perpendicular to the plane of angular variation. A stop-band in
transmission is also observed across the same frequency range when the structure is
illuminated with Transverse Magnetic (TM) polarized radiation, with the modes dispersing
in a similar manner as a function of incident angle. The only difference between
illuminating the structure with TE and TM polarized radiation lies in the resonant
frequencies of the FP modes as a result of their dispersion. Therefore to avoid confusion,
any subsequent discussion in this section assumes illumination with TE polarized light. A
note should also be made here regarding the spectral form of the resonances in absorption
and transmission, as seen in Figures 7.1-7.4, as this will be important when discussing the
stop-band in transmission. Unsurprisingly, both the FP resonances and the LSPR hole
resonance are identified by resonant absorption features (Figure 7.4). However, the fields
associated with the FP modes are localized within the cavity, resulting in a higher than off-
resonance field strength on the transmission side of the structure (see Figures 7.2(a) and
(b)). Thus resonant transmission peaks (just as from standard FP etalons) are observed
upon their excitation. Conversely, the resonance associated with the holes is a highly
localized mode confined to the metal film, resulting in an increase in absorption and
decrease in transmission. Simplistically, the form of the transmission curves in Figure 7.3
can now readily be understood as resulting from FP-type transmission maxima distributed
across the frequency range, with a transmission minimum at 550 THz (A,,. = 545 nm)
arising from the LSPR hole resonance. However, a more complete understanding can be

gleaned from investigating the dispersion of the modes in Figure 7.4.

Whilst the three higher frequency modes above the horizontal LSPR disperse as a function
of angle in a manner consistent with them being FP type modes, there is a clear interaction
between the LSPR and the modes occurring at a lower frequency than the LSPR. Closer
inspection of Figure 7.4 shows that the resonance associated with the hole is situated
amongst what appears to be five FP modes. Given that the structure consists of only four

cavities, from the analysis of multi-layer structures one would expect only four first-order
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FP modes to be observed. The observation of what would appear to be five modes is
unexpected. In order to explain the origin of this apparent additional mode, we have
performed modeling of both perforated and planar 20 nm thick Ag layers separated by a
dielectric (a simpler, 3 layer system, as opposed to the 7 layer system studied for Figure
7.4), calculating their absorbance as a function of frequency and dielectric layer thickness

for normally incident light (Figure 7.5).
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Figure 7.5: The magnitude of the simulated absorbance is plotted as a function of
frequency and spacing between two non-perforated (top) and perforated (bottom) Ag
layers with thickness 20 nm. The perforated structure consists of an infinite square array
of cylindrical holes with diameter 60 nm and periodicity 150 nm. The results are for
normal incidence, with surrounding medium »n, = 1.52, n;, = 0.00. The dashed line
represents the separation of the metal layers in the structures described in Figures 7.2 and

7.3.

On inspection of Figure 7.5 the origin of the additional mode now becomes apparent: The
first order FP mode, which for the planar system disperses from 300 THz (Ayoc = 1000 nm)

for a layer spacing of 250 nm to approximately 700 THz (Ay,c = 428 nm) for a layer
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spacing of 50 nm, interacts strongly with the LSPR such that for some range of layer
spacings (including 110 nm, as studied in Figure 7.4) there appears to be three modes, with
two of them corresponding to the first order FP mode which straddles the LSPR. With this
knowledge we can identify all of the modes evident in Figure 7.4; an LSPR and 4 FP
modes, one of which is straddling the LSPR mode resulting in it appearing to be two
distinct modes. As mentioned previously, and as clearly evident in Figure 7.4, the two
lower frequency FP modes tend towards the LSPR frequency with increasing angle of
incidence, whilst FP modes above this frequency continue to follow the expected FP-type
dispersion. A consequence of this is that the frequency gap between the FP-type modes
above the LSPR and those below it widens as the angle of incidence is increased, with a
corresponding increase in the width of the transmission stop-band. For example, at sin 6 =
0.8 in Figure 7.4, the width of the stop-band has more than doubled relative to that which is
observed at normal incidence, such that it occurs across the frequency range ~500 THz —

660 THz (Ayac = 600 nm — 454 nm).

7.5 Effects of hole diameter on the interaction between LSPRs and FP modes

From previous studies, it is known that amongst other factors the polarisability of a
metallic nanoparticle is proportional to its volume. In Chapter 6, it was shown that the
same principle can be applied when considering the volume of a nanometric hole in a thin
metallic film. Through increasing the diameter of the holes, it was shown that the
absorbance associated with the hole LSPR is increased and the magnitude of the
transmittance minimum decreases. In this section similar investigations which vary the
diameter of the holes are performed using perforated multilayer structures. Clearly when
the diameter (and therefore the volume) of the hole is small, the absorbance associated
with the LSPR is expected to be relatively low. The optical response should appear similar
to that of a non-perforated metal-dielectric stack, exhibiting a series of FP resonant modes.
As the hole diameter is increased, the polarisability associated with the charges induced in
the rim of the holes should increase, and spectral features (such as absorbance maxima
and/or transmittance minima) arising from excitation of the hole LSPR should become
identifiable in the optical response. =~ When the diameter of the holes is sufficiently large,
the extinction associated with the hole LSPR may exceed the magnitude of the
transmission within the pass-band region. One would expect a stop-band in transmission

to be observed having a spectral width which is comparable to that of the hole LSPR. To
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investigate this concept further, numerical simulations have been performed which
investigate the effect of increasing the diameter of the holes. Figure 7.6 shows the
simulated transmittance of a structure comprised of 6.5 periods of 20 nm Ag / 120 nm
glass (n, = 1.52, n; = 0.00), which has been perforated with an infinite square array of
cylindrical holes with periodicity 200 nm. In (a) the hole diameter has been increased from
20 to 100 nm in increments of 20 nm, and in (b) the diameter is increased from 20 nm to

45 nm in increments of 5 nm.
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Figure 7.6: The simulated transmittance is shown for a structure comprised of 6.5 periods
of 20 nm Ag / 120 nm glass (n; = 1.52, n; = 0.00), perforated with an infinite square array
of cylindrical holes having periodicity 300 nm and diameters ranging from (a) 20 nm to
100 nm and (b) 20 nm to 45 nm. The structure is illuminated at normal incidence in a glass

surrounding medium.
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Figure 7.6 confirms previous expectations that for holes with small diameters (e.g. 20 nm),
the optical response is relatively unchanged in comparison to the non-perforated structure.
The extinction associated with the hole LSPR increases significantly for diameters between
25 — 45 nm, and for holes with a diameter of 45 nm leads to the eventual observation of a
stop band across the frequency range 4.5 — 4.6x10'* Hz (Ayac = 666 nm — 652 nm). For
hole diameters in excess of 45 nm, the width of the stop band increases symmetrically
about its centre frequency as a consequence of the hole LSPR width increasing with size.
For holes with diameter 100 nm, the stop-band has widened such that it covers frequencies
across the range 4.3 — 4.7x 10" Hz (Avac = 697 nm — 638 nm). The resonant frequency of
the hole LSPR also red-shifts with increasing diameter, which is explained by near-field
interactions between holes in adjacent unit cells and dynamic depolarization effects. Both
near-field interactions and dynamic depolarisation lead to a reduction in the restoring force
which is experienced by charges induced in the rim of the hole, and a lower resonant
frequency than would be predicted by the electrostatic approximation. This behaviour was

also observed experimentally for a single layer of holes.

7.6  Effects of dispersion on the centre frequency and spectral width of the stop-

band

An interesting area to explore is the effects of metallic dispersion on the interaction
between FP and LSPR modes. It is well known that the dispersive nature of metals at
visible frequencies is fundamental to the excitation of LSPRs in both nanoparticles and
nanohole structures, as has been shown on many occasions throughout this thesis. In
Chapter 4, the electrostatic approximation was used to derive the resonant condition for
metallic particles. For small spheres, it can be shown that the frequency of the LSPR
occurs when the real component of the metal permittivity (g,) is equal to —2. For
alternative non-spherical geometries such as metallic discs or ellipsoids, the resonant
permittivity value can also be determined with prior knowledge of both the volume and
aspect ratio of the particle, as we discussed in Chapter 4 (Section 4.3). If the effects of
dispersion in the metal layers were to be removed, such that the resonant permittivity
condition could not be satisfied (for example if the metallic layers in the structure were to
have a fixed permittivity of ¢ = —32 + 1.8i across all wavelengths), it would be impossible
for the excitation of the hole LSPRs to occur. This could have significant implications on

the optical response of the stacked hole array structures. In the absence of dispersion,
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coupling to LSPRs would be inhibited; however one would still expect the structure to
exhibit a series of FP modes. This is because the structure is still essentially comprised of
a series of partially reflective layers separated by dielectric cavities. Although a fixed
permittivity may slightly modify the resonant frequencies of the FP modes (since the
penetration depth of the electromagnetic fields into the metal layers may differ), the
general FP transmission characteristics of the structure should be very similar. In (a) of
Figure 7.7, the simulated transmittance is plotted for a structure comprised of 6.5 periods
of 20 nm Ag / 120 nm glass, perforated with an array of cylindrical holes having
periodicity 200 nm and diameters ranging from 60 nm to 100 nm. The permittivity of the
metal here is assumed to be fixed such that it has a value of ¢ = =32 + 1.8i at all
wavelengths. It can be observed that the structure exhibits a series of FP resonances
across two transmission bands, an effect not previously observed when modeling with
dispersive Ag. The assumption that the metal is non-dispersive also enables second-order
FP resonant modes to be observed in a second transmission band for frequencies above 7 x
10" Hz. Furthermore, there is no evidence in the optical response which suggests that
incident light is coupling to hole LSPRs in this structure. Inset (b) of Figure 7.7 shows the
simulated transmittance and absorbance for a structure which has been perforated with 60
nm diameter holes. This structure is comprised of six cavities, and there are a total of six
transmittance minima / absorbance maxima which are associated with the excitation of
first-order FP resonant modes. The field distributions for each of these modes were
discussed previously (and in Chapter 2). From the analysis in Section 7.4, if hole LSPRs
were to be excited in this structure, one would expect to observe six absorbance maxima
due to the FP modes, plus additional maxima arising from the LSPRs and any subsequent

interactions. Again, there appears to be no evidence for this in Figure 7.7
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Figure 7.7: (a) The simulated transmittance is shown for a structure comprised of 6.5
periods of 20 nm Ag / 120 nm glass, perforated with an array of cylindrical holes having
periodicity 200 nm and diameters ranging from 60 nm to 100 nm. The permittivity of the
metal is assumed to be ¢ = —32 + 1.81 across all wavelengths. (b) The simulated
transmittance (T) and absorbance (A) is shown for 60 nm diameter holes. The structures

are illuminated at normal incidence in a glass surrounding medium.

Although LSPR excitation does not occur in this structure, variations in hole diameter still
have a significant effect on the optical response. As the hole diameter is increased two
effects are observed. Firstly, the transmittance magnitude of the pass-band is increased.
This can be explained through a reduction in the fractional occupancy of the metal in the

layers bounding the dielectric cavities which leads to reduced absorption of the enhanced
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fields. Secondly, the frequencies of both the low frequency and high frequency band edges
are red-shifted with increasing hole diameter. This is particularly evident for the low
frequency band edge, which has shifted in frequency from 5x10" Hz (A = 600 nm) for
60 nm diameter holes to 3x10'* Hz (Avac = 1000 nm) for 100 nm diameter holes. This can
be explained by referring to the field profiles at the band edges for the non-perforated
structure in Figure 7.2. At the high frequency band edge, the majority of field
enhancement occurs within the glass region. However, at the low frequency band edge, a
significant proportion of the enhanced field extends into the metal layers, rendering the FP
mode highly sensitive to changes in the thickness and permittivity of the metal layers. If
the metal layers are perforated with non-resonant holes the perforated metal film behaves
as a composite structure, having an effective permittivity which is dependent on the filling
fraction of the holes. It is therefore expected that any structural modifications to the metal
layers such as introducing a surface corrugation or perforations of holes will induce a
greater relative shift in the FP modes at lower frequencies compared to those at higher

frequencies.

7.7  Increasing the number of layers in the stacked arrangement

From the investigations presented in Chapter 2 it was established that the width of the
transmission band of a metal-dielectric planar multilayer arrangement is independent of the
number of layers, and is dependent only on the thicknesses of the metal and dielectric
layers comprising the unit cell. A stop-band in transmission which is accompanied by a
shift in the resonant frequencies of the FP modes has been identified when a multilayer
structure is perforated with holes exhibiting LSPRs. The magnitude of the frequency shift
is dependent on the relative frequencies of the individual FP modes and the hole LSPR.
The structure in Figure 7.3 is comprised of four periods of Ag-glass, and the frequency of
the hole LSPR is such that four FP modes are split in a symmetrical manner across the stop
band (two modes occur at frequencies below the stop band, and two above it). In a non-
perforated structure, it is expected that increasing the number of periods should give rise to
a greater number of transmission maxima within the pass-band region. If the number of
periods of the perforated structure is increased, it is expected that the stop band arising
from the LSPR should remain, but a greater number of transmission maxima should be
distributed on either side of the stop band. Indeed, in Figure 7.6 a structure of 6.5 periods
(with slightly different parameters) is shown in which six transmission maxima are

observed (three at frequencies above the stop band, and three below it). If the number of
184



Chapter 7 Interactions between Fabry-Perot and nanohole resonances

layers is further increased, for example so that the structure now has 12.5 periods of 20 nm
Ag / 120 nm glass (Figure 7.8), then it is reasonable to expect a total of twelve
transmission maxima to be observed above or below the stop band. This is not particularly
clear from Figure 7.8, and, whilst the stop-band remains a prominent feature,
distinguishing the total number and precise character of the modes is non-trivial. The
transmission maxima arising from FP modes occurring at longer wavelengths are
increasingly broadened. Perforating the metal layers removes a significant proportion of
the metal content and lowers the reflectivity of the interfaces which separate the dielectric
cavities. A consequence of reducing the reflection efficiency of the metal layers is that the
quality factor of the observed FP transmission resonances is significantly reduced. With
the exception of the obvious difference in the number of layers, the structures which give
the results presented in Figures 7.6 and 7.8 are otherwise identical. If the transmittance
spectra for arrays consisting of 100 nm diameter holes are compared, it is found that the
stop-band occurs across an identical frequency range.  Combined with the evidence
proposed in the previous discussion, this enables the conclusion to be made that the centre

frequency and width of the stop-band is independent of the number of layers.
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Figure 7.8: The simulated transmittance is shown for a 12.5 period structure of 20 nm Ag
/120 nm glass, perforated with an array of square cylindrical holes having periodicity 300
nm and diameters ranging from 40 nm to 100 nm. The structure is illuminated at normal

incidence in a glass surrounding medium (n, = 1.52, n; = 0.00).
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7.8  Tunability of the stop-band

It has previously been shown that the resonant frequencies of both LSPR and FP modes

d >3 Since it has been identified that the transmittance stop-band originates

can be tune
through the interaction between these two types of resonant mode, it should be possible to
modify the respective resonances such that the stop-band can occur across any desired
frequency range. To demonstrate this tunability, consider a structure consisting of 4.5
periods of 20 nm Ag/ 140 nm glass, perforated with an array of 90 nm diameter holes with
periodicity 225 nm. The simulated transmittance and absorbance spectra for a single layer

of the hole array, and the multilayer non-perforated structure are shown in (a) and (b) of

Figure 7.9 respectively.
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Figure 7.9: The simulated transmittance (T) and absorbance (A) spectra are shown for (a)
a single layer of Ag with thickness 20 nm, perforated with an infinite square array of

cylindrical holes with periodicity 225 nm and diameter 90 nm, (b) a multilayer structure
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comprised of 4.5 periods of planar 20 nm Ag / 140 nm glass layers. The structures are

illuminated at normal incidence in a glass surrounding medium.

The resonant frequency of the hole LSPR is similar to that of the structure in Figure 5.1,
occurring at approximately 4.80x10'* Hz (Aq = 625 nm). Similarly, the transmission band
for the non-perforated multilayer arrangement is across frequencies in the range 4.15 —
6.00x10"* Hz (Avac = 720 — 500 nm). The simulated transmittance spectrum of the
perforated multilayer structure is shown in Figure 7.10, where the stop-band has been
shifted in frequency relative to the structure in Figure 7.3, and is observed across
frequencies in the range 440 THz — 495 THz (Ayac = 681 - 606 nm). In this instance, it has
been shown that a variation in the array geometry modifies the coupling strength between
LSPRs, leading to a red-shift in the resonant frequency of the hole LSPR, whilst increasing
the thickness of the dielectric cavity region leads to a red-shift of frequencies in the

transmission pass-band.
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Figure 7.10: Simulated transmittance (T) and absorbance (A) spectrum at normal
incidence for a planar structure consisting of 5 layers of Ag with thickness 20 nm separated
by 140 nm, perforated with an infinite square array of cylindrical holes with 90 nm
diameter and 225 nm periodicity. The structure is illuminated at normal incidence in a

glass surrounding medium.
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7.9 Concluding remarks

This chapter presents an investigation into the origins of a stop-band which is observed in
the transmittance of metallo-dielectric one-dimensional photonic band gap structures
which have been perforated with periodic arrays of holes. By considering a single Ag
layer perforated with holes, and a planar Ag-glass multilayer stack, it has been shown that
the stop-band originates through coupling between FP cavity resonances and LSPRs
associated with the holes. The effects of hole diameter, permittivity variation, and the
number of layers on the width and centre frequency of the stop-band have been
investigated. It has been shown that the optical response that is associated with the stop-
band is independent of the number of layers, and can be tuned by modifying the resonant
frequencies of the FP modes and the hole LSPRs. This high degree of tunability at visible
frequencies is a desireable property for optical filter applications. It also has relevance in
the design of fishnet-type electromagnetic metamaterials, a topic which will be discussed

extensively in the next chapter.
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Chapter 8

The role of localised resonances in negative index metamaterials

8.1 Introduction

In 1904, Lamb ' discussed the concept of mechanical systems having phase and group
velocities in opposite directions, something which later formed the fundamental basis of
negative index materials. The term “negative index” was first used by Veselago % to
describe materials which possessed both a negative electric permittivity and negative
magnetic permeability. More recently, Pendry * proposed that a layer of an isotropic
material whose real component of refractive index is equal to —1 could be used to form a
perfect lens, focusing both the near and far field components of a point source and
allowing detail to be resolved below the Rayleigh limit. Driven by this goal, a new
generation of artificially engineered negative index metamaterials have evolved. These
materials, composed of sub-wavelength elements that exhibit electric and magnetic
resonances, have been utilised in numerous applications ranging from negative refraction
2 to sub-wavelength focusing ®’ and invisibility ‘cloaking’ ®. Experimental verification of
a metamaterial with a negative index of refraction was first performed in the GHz
frequency regime using a three dimensional arrangement of copper wires and split rings °.
The frequency response was explained using an analogy to the inductor-capacitor (LC)
arrangement in an electrical circuit, whereby the inductive elements are attributed to the

metallic wires, and the capacitative elements to the split rings >'°.

More recently, an
exciting advance has been the development of near infrared/visible frequency negative
index metamaterials, engineered by perforating a stacked arrangement of metallic and

dielectric layers with sub-wavelength holes to create a ‘fishnet” type structure *''.

In this chapter, the behaviour of coupled localised surface plasmon resonances (LSPRs)
both in ‘fishnet’-type structures and stacked arrays of metallic particles is discussed. The
role of LSPRs in facilitating a negative index of refraction is further elucidated. Using
finite element numerical modelling, it is shown that complimentary hole and particle
LSPRs occur at similar frequencies, and give rise to both electric (permittivity) and
magnetic (permeability) resonances. In the fishnet structure, the frequency of the magnetic
resonance coincides with the negative effective permittivity, and a region of negative index

of refraction is observed. However, in the stacked particle arrangement, due to a mismatch
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between the frequency regions of negative permittivity and magnetic resonance, no region
of negative index is observed. It will be shown that this characteristic behaviour

essentially arises from the complementary nature of hole and particle LSPRs.

8.2 The concept of a perfect lens, and the importance of negative index of
refraction in perfect lensing applications

In 2000, Pendry * showed that a material which exhibited a negative index of refraction

may be used to form a perfect lens. The resolution of an image which is formed by a

conventional lens is limited by the wavelength of the illuminating radiation. To illustrate

this limitation, consider the imaging of a point dipole which oscillates with frequency w

using a conventional lens (Figure 8.1).
y(l>—>
z X
Source Image

Figure 8.1: A conventional lens having a positive index of refraction (n;) is used to form

an image of a point source. The arrows represent ‘ray’ directions.

The electric field of the dipole may be expressed using a two-dimensional Fourier

expansion (Equation 8.1).

E(r,t) = Z E(ky, k) )exp (i(kyx + kyy + kyz + 0t)) 8.1
Ky

The Maxwell equations can be used to show that:

2 2
Ky =+ J (%) — k2 — k3 where (%) > k2 + k2 8.2
The conventional lens forms an image by applying a phase correction to each of the
Fourier components. Equation 8.2 is valid for the case where (w/c)’ > k2 + kJZ,, however

if the values of the transverse wave vector (k. or k,) are large, such as in the near-field, then

Equation 8.2 may instead by expressed as:
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k2= iJ k2 + k3 — (%)2 where (g)z < k% +k2 8.3

The condition in Equation 8.3 is only satisfied in the near-field, where £, is an evanescent
wave which decays exponentially with z. In a conventional lens, these components are
negligible and do not contribute to image formation. The maximum resolution (A) of the

image which is formed by a conventional lens is given by:

21 21c 8.4

Note that the maximum possible value of Kk, (ky.x), associated with the real components of
the wave vector is determined by taking the square root of the condition in Equation 8.2, in
which the maximum possible value of k> + l’cy2 is equal to (w/c)’. However, in a planar
isotropic slab of material which has a negative index of refraction (&4, threws = —1), Pendry
showed that the evanescent waves arising from Equation 8.3 are amplified >. Within the

slab, n =—1 + 0i, and Equations 8.2 — 8.3 become:

7= —\/(2)2 —kz—kj where (%)2 > k2 + k2 8.5

c

72 = +i\]k325 + k5 — (%)2 where (%)2 < kZ + k2 8.6

The recursive Fresnel method which is presented in Appendix A can be used to determine
the transmission and reflection coefficients at normal incidence for a planar isotropic layer
which has refractive index n = —1+ 0i and thickness d. These are shown in Equations 8.7

and 8.8:

Ts =T, = exp(—ik,d) 8.7

Rs=R,=0 8.8
2 2

ie. Ty =T, =exp <\/k,25 + k% — (%) d) where (%) <ki+k; 8.9
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Substituting Equation 8.6 into 8.7 shows that within the medium, the evanescent waves
increase in amplitude (Equation 8.9). Beyond the lens, both propagating and evanescent
waves may contribute to image formation. Pendry showed that light which is incident on
the layer is refracted at a negative angle with respect to the surface normal *. A first focus
is formed inside the negative index medium, beyond which the light diverges to the exit
interface, where negative refraction again occurs and the light is brought to a focus for a

second time (Figure 8.2).

v
z [l‘—b X Source

n;=1+0i

Figure 8.2: The use of a planar isotropic slab having n; = —1 + 0i and thickness d for the

imaging of a point source. The arrows represent ‘ray’ directions.

In the near-field, &, from Equation 8.4 is not limited to (w/c), but rather is given by
\/k,%+k—32,+k§ , which comprises both the near-field and the far-field components of the
point source. This value of this square root is greater than (w/c), leading to a significant
improvement in the resolution of the device. As Pendry states 3, that beyond practical
limitations (such as the surface topology of the lens, or the absorption of the medium),

there are no obstacles to the perfect reconstruction of an image.

8.3 Negative index response of a composite structure formed from metallic wires
and split ring resonators

The first experimental demonstration of a negative index of refraction was performed at
microwave frequencies by Shelby at al. . The metamaterial structure in this experiment
consisted of a three dimensional array of thin copper wires and split rings, fabricated on
circuit board material which was formed from fibre glass (shown in Figure 8.3). In order
to experimentally determine the index of refraction, a prism shaped sample of the
metamaterial was positioned at the end of a planar waveguide such that radiation could be

refracted at the exit interface of the prism. A microwave radiation detector was then used
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to probe the angular distribution of the scattered radiation. The experimental results were
then combined with Snell’s law and knowledge of the prism dimensions to determine the

effective refractive index.

Figure 8.3 reproduced from 9. The experimental sample used by Shelby et al. consisted of
copper split ring resonators and copper wire strips on circuit board material. The rings and

wires are positioned on opposite sides of the board.

For this sample, the origin of the negative index of refraction is explained through the
structure simultaneously exhibiting electric and magnetic resonances. The electric
response arises from the copper wire strips, and the magnetic response from that of the

split rings, as will now be explained.

Electric response:

It was shown in Section 4.3 (metallic nanoparticles) that when an incident electric field is
applied across a metallic structure, the conduction electrons move in a direction which
opposes the direction of the applied field, and a dipole moment is induced across the
structure. Excitation of the localised surface plasmon resonance (LSPR) was shown to
occur at the condition for maximum polarisability of the structure, and this was
characterised optically by the strong scattering of electromagnetic radiation. When the
dimensions of the metallic elements are sufficiently small (approximately A/20 or less), the
effective permittivity of the structure may be described using a Drude-type dielectric
function.  In this regime, the induced dipole moments across the metallic elements are
negligible, and the electrons emit radiation in proportion to their acceleration (similar to a
continuous metallic sheet). The radiation which is scattered arises from the electric
response of the structure. The effective permittivity for thin a composite material formed

from thin metallic wires, as derived by Pendry 2 is given by Equation 8.10.
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2
wp 8.10
goa’w}

nrio

Eeff =1-—
a)(a)+i

Here w, is the plasma frequency of the metal, w is the angular frequency of the incident
radiation, a is the periodicity of the structure, r is the radius of the thin wire, gy is the

permittivity of free space and ¢ is the conductivity of the metal.

Magnetic response:

It has been shown that when a time varying magnetic field is applied to a single continuous
metallic ring (CMR) as shown in Figure 8.4, surface currents are induced around the
ring . The flow of the induced currents produces an internal magnetic field. In addition,
the incident electric field drives surface currents across the ring (from left to right), and
radiation is emitted in proportion to the induced dipole moment. In this instance, the
interference which is observed between the incident and scattered E / H fields arises due to

the magnetic response of the structure.
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Incident H field Surface currents Radiation is emitted in
induces surface induce opposing proportion to the
currents; incident E magnetic and induced dipole moment
field drives surface electric fields. across the structure
currents.

Figure 8.4: The magnetic response of a continuous metallic ring (CMR).

More recently, split ring resonators (SRRs) have also been shown to exhibit an effective
magnetic response. A SRR is a CMR which is broken in one place by an air or dielectric
gap (Figure 8.5). As with the CMRs in Figure 8.4, when a time-varying magnetic field is
incident along a direction which is perpendicular to the plane of the ring, surface currents
are induced. A fundamental difference here is that charge may accumulate at the ends of
the SRR such that the direction of the electric field across the gap (Egp) opposes the

direction of the induced currents. A SRR exhibits a structural resonance (often referred to
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in the literature as an ‘LC’ resonance) which is associated with the effective capacitance of
the dielectric gap and the effective inductance of the loop which defines the ring. A strong
magnetic response is observed at the resonant frequency of the LC arrangement (illustrated
in Figure 8.5). As with the CRs shown in Figure 8.4, the flow of the induced currents
produces an internal magnetic field, and the incident electric field also drives surface
currents across the ring (from left to right). However, the nature of the LC resonance in

SRRs means that the magnetic response of the structure is significantly enhanced in

Mreal
r> MF— R
mp §J TE U Y

comparison to CMRs.

K
E Je Je
o I In

gap gap

Incident H field Electric field across ‘LC’ resonance condition for SRR
induces surface the gap opposes the occurs when the impedance of the
currents; incident E direction of the inductive (Z) and capacitative (Zg)
field drives currents induced currents. elements are equal.

from left to right.

Figure 8.5: Split ring resonators exhibit an LC resonance which is associated with the
effective capacitance of the dielectric gap and the effective inductance of the loop which

defines the ring.

The magnetic response of a SRR may be enhanced by arranging a pairs of SRRs inside
each other, as shown in Figure 8.6. In this configuration the resonant condition is also
determined by the mutual capacitance and inductance between the inner and outer rings. It
has also been shown by other authors '* that in this arrangement, the resonant frequency
associated with the two rings may be significantly reduced in comparison to the outer ring.
This property may at first appear to be of little benefit, since it is known that the resonant
frequency of the SRR may be reduced simply by increasing the dimensions of the ring.
However in regular arrays of SRRs, increasing the dimensions of the unit cell decreases the
frequency at which diffraction is observed. For an array of double SRRs (illustrated in
Figure 8.6), the effective permeability of the composite structure is given by Equation

8.11 12,
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Here r is the radius of the inner ring, a is the periodicity of the structure, / is the distance
between two adjacent SRRs (along the z axis), o, is the resistance per unit length of the
metal sheets measured about the circumference, p, is the permeability of free space, ¢ is
the speed of light in free space, w is the angular frequency of the incident radiation, c is the

width of each ring and d is the separation between inner and outer rings.

Figure 8.6: An example of a circular pair of split ring resonators (SRRs), with illustrated

dimensions corresponding to those in Equation 8.11.

A negative index material (as proposed by Veselago ) requires a material with both
negative ¢ and u, and so for the design of such a material to be successful the electric and
magnetic responses must therefore overlap. The magnetic response therefore has to be
tuned such that the resonant frequency of the SRR is below the effective plasma frequency
of the composite wire array. It is these principles which have been exploited in the
experimental sample of Shelby et al >. These structures may also be utilised at visible
frequencies, but additional factors must be considered. In the visible regime, the finite skin
depth of the metal and the effects of localised resonances must be taken into account in
addition to the simple geometric scaling which may be applied to structures at microwave
frequencies. The fabrication of SRRs at visible frequencies also requires the use of

advanced lithographic techniques which allow finer control over structural dimensions.
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8.4  Negative index response of fishnet-type metamaterial structures

Zhang et al. * have fabricated metamaterial structures which exhibit a negative index of
refraction at infrared frequencies. Here, focused ion beam milling was used to produce
square arrays of rectangular holes from a multilayer structure consisting of 10.5 periods of
(30 nm Ag — 50 nm MgF,). A schematic of the structure is shown in (a) of Figure 8.7.
The dimensions of the rectangular holes were 565 nm x 265 nm, and the periodicity of the
square array was 860 nm. The ion beam was used to mill a prism shape from the fishnet
arrangement, which was illuminated with light incident at various incident angles and
wavelengths. The angle of incidence was determined using knowledge of the experimental
configuration and the geometrical details of the prism which had been milled into the
stack. A CCD was placed in the plane beyond the sample such that the positional
difference could be calculated between light which passes through the planar multilayer
stack, and that which is refracted by the prism. Experimental measurements identified a
negative index of refraction across a wide range of frequencies (this data is shown in (b) of

Figure 8.7).

(b) Frequency (THz)
] %50 235 220 205 180 175
) T T T T T

Index. of refraction

1,200 1,400 1,600 1,800
Wavelength (nm)

Figure 8.7 reproduced from reference 4: Diagram of a 21 layer fishnet structure formed
from layers of Ag with thickness 30 nm and MgF, with thickness 50 nm. The structure
has been milled to produce a square array of rectangular holes with dimensions 565 nm X
265 nm, and periodicity 860 nm (a). Simulated and experimental index of refraction data

obtained for the ‘fishnet’ structure shown in (b).

It is possible to describe the electric and magnetic responses of the fishnet structure at
microwave frequencies in terms of LC resonances . It should be noted that in this
instance the equations which were derived assume that the metallic layers are near perfect
conductors. A similar principle may be used to consider metallic layers which have finite

conductivity (such as the response of Ag visible frequencies), however the equations must
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be modified to consider the finite penetration depth of the electric and magnetic fields into
the metal. Therefore for simplicity only the derivation for near-perfect conductors will be
presented here. The unit cell of the fishnet structure used in the derivation of Soukoulis et

al. '° is shown in inset (a) of Figure 8.8.

(a) Single layer (b) Stacked arrangement (¢) Simplified electrical circuit
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Figure 8.8: The structural dimensions of a single layer of the fishnet structure which was
analysed by Soukoulis et al. '* is shown (a), this layer stacked to form periodic structure
where the layers are separated by ¢ (b). Assuming the incident electric field is polarized in
the direction shown, the equivalent electrical circuit model for this arrangement may be

simplified to that shown in (c).

Electric response:

The electric response of the fishnet structure may be understood in a similar manner to that
of the three dimensional wire arrangements. However, the response is not entirely
determined by an effective plasma frequency. In this structure, dipolar resonances
associated with the short axes of the wires may also contribute to the optical response. At
microwave frequencies, these dipolar resonances are equivalent to the localised surface
plasmon resonances (LSPRs) which are observed in metallic nanoparticle structures at
visible frequencies. The presence of these dipolar excitations lowers the effective plasma
frequency of the wire arrangement, such that the resonant frequency of the combined
system is lower than both @e.ric associated with the conducting layer and wgjpo. Of the
short axis dipole resonance. In the development of fishnet structures it is therefore
preferable to optimise @i to be as large as possible, since below the effective plasma
frequency the permittivity of the metamaterial may be described by a Drude-type response.
The equation for the effective plasma frequency of the electric response @ejecric 1S given by
Equation 8.12, where A and B are constants and all other parameters are the geometrical

terms which were previously defined in Figure 8.8.
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Magnetic response:

Taking into account the effective LC model of the fishnet structure, the resonant frequency
of the magnetic resonance (for near perfectly conducting layers) is defined by Equation
8.13. From the geometry which is presented in inset (a) of Figure 8.8, Soukoulis et al.
showed that when the incident electric field is polarised parallel to the short axes of the

perforations, C, L, and L, may be given by Equations 8.13 — 8.16 '°:

2 1 _ 1, 1
Wm =707 e + LnC 8.13
¢ = =Hean 8.14
Int lst
Ly = -andLs =~ 8.15-8.16

Here L, and L, represent the inductance arising from circulating currents inside the metallic
‘slab’ and ‘neck’ regions of the fishnet structure. In (a) of Figure 8.8 these regions are
denoted by s and n respectively. The incident magnetic field drives surface currents along
the metallic layers in a similar manner to the SRR, where an LC-type resonance is
observed. In this instance, the capacitative elements arise from the accumulation of charge
across the holes in the metal layers. Similarly, the inductive elements arise from surface

currents in the ‘slab’ and ‘neck’ regions, as shown in Figure 8.9.

L fe]
HH

[ by |

Figure 8.9: An illustration of the surface currents which are formed in the slab and neck
regions of the fishnet structure in the uppermost layer of the fishnet structure at the
frequency of the magnetic resonance w,,. In a metamaterial, the directions of the surface

currents in adjacent layers are aligned anti-parallel.
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Equations 8.12 and 8.13 are successful in deriving the resonant frequencies of the electric
and magnetic response of fishnet structures at microwave frequencies. However these
equations are no longer valid in fishnet structures where the metal may not be described as
a near-perfect conductor. For example, taking the dimensions of the structure of Zhang et
al. > shown in Figure 8.7 predicts a resonant frequency of approximately 30 MHz. This is
because the penetration depth into the metal at visible frequencies significantly modifies
the resonant frequencies of the capacitative and inductive elements. However, as identified
by several of authors *°, the concept of effective plasma frequencies and LC type
resonances may still be used to give an insight into the origins of the electric / magnetic
responses in fishnet metamaterials at visible frequencies. The geometry of the fishnet
structure allows for simultaneous excitation of both electric and magnetic responses, and it

behaves as a “double negative (both &,u <0) ” negative index material.

8.5  Extraction of effective parameters

When characterising the response of a metamaterial structure, it is particularly important to
determine the effective parameters of the structure, for example the effective permittivity ¢,
permeability u or refractive index n. The significance of these effective parameters is such
that if they were assigned to a homogeneous layer of material having equivalent thickness
to the metamaterial structure, identical transmission and reflection coefficients would be
obtained. It should be noted that they do not represent the permittivity or permeability of
the individual metallic elements within the material. A great deal of information about
the resonant behaviour of metamaterials can be obtained from the effective parameters.
There are several methods in which the effective refractive index can be determined from
the transmission and reflection coefficients. In this section three different extraction

techniques will be considered.

Consider the amplitude transmission ¢ and reflection » expressions for a homogenous
planar film ' shown in Equations 8.17 and 8.18. Here, n represents the complex refractive
index of the film, w is the angular frequency of the incident radiation, / is the film
thickness and z is the complex impedance of the film. The incident wave is of the form

E = Eyexp (i(kx — wt)).

200



Chapter 8 The role of localised resonances in negative index metamaterials

_ 1 8.17
n
T s (PN E(; 4 Dy (L
COS( c ) 2(Z+Z)Sm( c )
~5(:—3)sn (%)
r =

If it is assumed that the thickness of the film /, is small in comparison to the incident
wavelength, the sine and cosine terms may be approximated using a Taylor series
expansion and the expressions may be rearranged in terms of n. The resulting solutions to
n, and n; contains a square root, and so have two pairs of solutions. The only pair of
solutions with any physical meaning is that which has n; > 0. The number of terms used in
the Taylor expansion has implications on the accuracy of any recovered parameters. To
illustrate this, simulations of homogeneous planar films of different thicknesses have been
performed (using a recursive Fresnel method (Appendix A)). In the simulation, various
combinations of ¢ and u have been specified for the parameters of the planar film in order
to simulate refractive indices which are real(positive), real(negative) and imaginary.
Following this, the simulated transmission and reflection coefficients have been substituted
back into the approximation and used to recover the effective refractive index of the
structure. Two approaches are considered in which a first-and second order expansion of

the sine and cosine terms in Equations 8.17 and 8.18 has been used.

First order Taylor expansion:

The solution for n using a first-order Taylor series expansion is given in Equation 8.19.
Figure 8.10 shows the real and imaginary components of the effective refractive index as a
function of the ratio between the sample thickness and the incident wavelength. The
parameters for the layers used in the recursive Fresnel simulations were (a) ¢ =3, =2 (b)

e=-3,u=2and (c) e=-3 u=-2, respectively.

c |[A+r—-t(-1+r+1t) 8.19

~wl t2

Nefr =
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Figure 8.10: The real (hollow circles) and imaginary (solid circles) components of the
effective refractive index obtained using Equation 8.19 are shown for three homogeneous

layers with parameters (a) e =3, u=2 (b)e=-3,u=2and (c) e=-3 u=-2.

A significant difference is observed in the extracted value of n as the ratio of lgmpie/A 1s
increased. For example, when lgumpic/A = 0.03 the real component of the effective refractive
index is approximately 7% smaller than the absolute physical value. This error is also
evident in the imaginary component of the refractive index, which should be equal to zero,

however for limple/A = 0.03 the recovered value is 0.7.

Second order Taylor expansion:

The accuracy of the extraction procedure may be increased through increasing the Taylor
series expansion to include second order terms (Equation 8.20). Figure 8.11 shows the real
and imaginary components of n as a function of the ratio between the sample thickness and
the incident wavelength.  The test layers in the recursive Fresnel simulations have

identical parameters to those in Figure 8.10.

c [2yr?+t2—-t)—2 8.20
Mepr =+ .
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Figure 8.11: The real (hollow circles) and imaginary (solid circles) components of the
effective refractive index obtained using Equation 8.20 are shown for three homogeneous

layers with parameters (a) e =3, u=2 (b)e=-3,u=2and (c) e=-3 u=-2.

When comparing the relative error of the extracted parameters from Figures 8.10 and 8.11,
it is noted that the relative error between the effective and physical parameters is
significantly reduced when using the second-order approximation. Whilst this extraction
process gives a useful insight into the dependence of the refractive index in determining
the transmission / reflection of a structure, it unfortunately cannot be applied to
metamaterial structures. This is because metamaterials contain resonant elements, which
may be strongly absorbing at the resonant frequency. For example, at the LSPR frequency
for particle (Chapter 5) and hole (Chapter 6) arrays, it was found that the excitation of
LSPRs could be characterised by transmittance minima and absorbance maxima in the
optical response. If the transmittance of the structure is reduced, then the initial
assumption that the terms contained within the cosine and sine functions in Equations 8.19
and 8.20 are small is invalid. For metamaterials a rigorous approach is required to extract

the effective parameters, and this will now be discussed.

Rigorous extraction procedure for metamaterial structures:

In this section the main features of a metamaterial extraction procedure proposed by Smith
et al ' will be described, a process which utilises some of the previously derived equations
for the thin film approximation. The impedance of the metamaterial is first obtained from
the transmission and reflection coefficients using Equation 8.21. As with Equation 8.19,
there are two pairs of solutions, however the only solution with any physical meaning is

that which has z,. > 0.
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The obtained values for the impedance are substituted into Equations 8.17 and 8.18, which
is rearranged for an expression in terms of n. The periodic nature of the sine and cosine
functions in both Equations 8.17 and 8.18 implies that there are an infinite number of

possible solutions to n, given by Equations 8.22 and 8.23.

8.22

8.23

Where m =0, 1, 2...

A sensible question to ask at this point is - just how should a valid solution for n be chosen
when the transmittance / reflectance of the structure appears degenerate? If m = 0, it can
be shown that the solutions in Equations 8.22 and 8.23 reduce to those which are obtained

using the thin film approximation. The method of Smith et al. '’

suggests that the
extraction procedure should first be applied in the frequency regime where the structure is
highly transmitting. For example, if an array of particles were to be considered, the
extraction procedure would first be performed away from the LSPR frequency, where the
transmittance is close to unity. In this region, it is known that the thin-film approximation
is valid (m = 0). Once the values of n have been determined in this region, the continuity of
n (as a function of frequency) is enforced to determine solutions across the complete
frequency spectrum. In section 8.4, this extraction process has been used to obtain the
effective parameters of the metamaterial structure published by Zhang et al. *. In order to
test the extraction procedure, the structure from Figure 8.7 was first simulated using a
finite element method (Ansoft HFSS) '¥, with a mesh size of 4.0 nm. Permittivity values

for Ag were obtained from reference data '’

* The complex transmission and reflection
coefficients from the results of the simulation were used to determine the effective index of

refraction of the structure. The results are shown in Figure 8.12, where there is good
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agreement between the simulated and published data in both the magnitude and line shape
of the effective refractive indices. This enables us to be fully confident in the extraction
procedure when characterising the effective index of refraction of other types of

metamaterial structures further on in this chapter.
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Figure 8.12: The extraction procedure described in section 8.2 was used to determine the
effective refractive index from the simulated transmission and reflection coefficients
obtained from finite element simulations (a). This is compared with the published data of

Zhang et al. * (b).

8.6 Localised resonances in fishnet-type metamaterials

From previous studies presented in this thesis (particularly Chapter 6), it is known that
metallic films perforated with nanoholes may support localised resonances which are
similar to those observed in nanoparticle structures. It is therefore reasonable to expect
that a single perforated metallic layer from the structure of Zhang et al. should also exhibit
LSPRs (associated with either the long or short axes of the holes). Since the dimensions of
the hole array structures investigated by Zhang et al. are considerably larger than that of
the structures in Chapter 6, the excitation of LSPRs here would be expected to occur at
lower (infrared) frequencies. The finite element simulations from Section 8.2 were used to
explore the response of a single perforated metallic layer from the structure in Figure 8.7.
The sample was illuminated at normal incidence, with the incident electric field polarised

either along the long or the short axis.

LSPRs were observed for light incident with a wavelength of approximately 1100 nm (for
the long axis) and 1900 nm (for the short axis). Figure 8.13 shows the time-averaged

electric field distributions at the resonant frequencies of the long and short axes
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respectively, for a cross section which is taken through the centre of the structure. Recall
that for a hole LSPR, the frequencies of the long and short axes resonances are effectively
reversed when compared to those of a particle. This is due to the polarisability associated
with a nanohole in metallic film behaving in a reciprocal manner to that of a metallic
particle. The resonant wavelengths for the single layer are slightly outside the wavelength
range corresponding to the region of negative index in the stacked metamaterial structure.
This is not particularly surprising; since it is known that the interaction between layers in
the stacked arrangement leads to a modification of the resonant frequency in comparison to

a single layer.

E FIELD (W/m) Elong Eshort
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Figure 8.13: The time-averaged electric field distribution is shown at the resonant
frequency for a single metallic layer of the fishnet structure in Figure 8.7. The arrows
above and alongside the field distributions indicate the polarisation direction of the

incident electric field.

In Figure 8.13 it can be observed that at the LSPR frequencies, significant field
enhancement occurs within the hole, a feature which is also common to the hole array
structures studied in Chapter 6. Furthermore, it is known that when two structures
exhibiting LSPRs are placed within a few tens of nm, electromagnetic interactions between
adjacent layers may lead to hybridization of the localised plasmon resonances, and the
observation of symmetric / anti-symmetric coupled modes. This suggests that in a stacked
metamaterial such as the fishnet structure presented in Figure 8.7, localised resonances
may also be involved in facilitating the negative index response. In the metallic nanohole
arrays which were considered in Chapters 6 and 7, the dimensions of the structures were
such that the excitation of LSPRs occurred at visible frequencies. The remaining part of
this chapter will investigate the behaviour of coupled LSPRs in stacked hole and particle

arrays at visible frequencies.
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8.7  Coupled LSPRs in stacked metallic nanohole and nanoparticle structures

In Figure 8.14, the simulated transmittance and absorbance spectra are compared for
complementary 2D arrays of cylindrical holes (curve A) and particles (curve B) formed
from an Ag film with thickness 20 nm. For each of the structures, the hole / particle
diameter is 90 nm and the square periodicity of the array is 225 nm. This comparison has
been performed for Au hole / particles in Chapter 6. In both structures, distinct
transmission minima are observed at 480 nm (hole array) and 495 nm (particle array)
which are accompanied by absorbance maxima at 490 nm. The absorbance maxima in
both particle and hole structures are attributed to the coupling of incident radiation to
LSPR modes associated with the respective charges which are induced across the

nanoparticle and in the vicinity of the nanoholes in the metallic film.
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Figure 8.14: Simulated transmittance (i) and absorbance (ii) spectra are shown for an
infinite array of 90 nm diameter holes in a 20 nm thick Ag film with periodicity 225 nm
(A), an infinite array of 90 nm diameter, 20 nm height cylindrical Ag particles with
periodicity 225 nm (B) and a 20 nm thick continuous Ag film (C). In all simulations the
structures were illuminated at normal incidence in vacuum. The inset of (ii) shows the
instantaneous scattered electric field vector across the unit cell of the hole and particle

array structures. Both profiles are shown at the same instant in phase for radiation incident
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with frequency 6.25x10" Hz (Avac = 480 nm). The arrows above the field distributions

indicate the direction of the incident field vector.

The inset of (ii) in Figure 8.14 shows the instantaneous scattered electric field vectors at
the resonant frequency, for a cross section taken perpendicular to the plane of incidence
through the centre of the hole and particle array structures. The scattered electric field
vectors within the hole are aligned anti-parallel such that the fields oscillate out of phase
with respect to the incident electromagnetic field. As will be discussed later, the reversed
phase of the hole LSPR compared to a particle LSPR has important implications for

negative index in the 3D, stacked metamaterials.

Previously it has been shown that when structures exhibiting LSPRs are placed in close

proximity 2!

, the modes they support may interact or couple so as to modify the resonant
frequency and lineshape. If the 2D LSPR arrays are modified, such that additional layers
are introduced, there is the possibility for hole and particle LSPRs in subsequent layers to
interact. In order for strong coupling to occur the spacing between layers must be
significantly smaller than the incident wavelength and comparable to the localised field
decay length of the LSPR *%. In Chapter 7 there was an investigation into perforated layers
which were separated by distances which were sufficiently large that the structure could
support first-order FP resonant modes, distances which were much larger than the decay
length of the LSPR. In Figure 8.15, greyscale plots show the simulated absorbance as a
function of frequency and layer spacing between two layers of hole (i) and particle (ii)
arrays with the same parameters as the single layer structures in Figure 8.14. As the
spacing between layers is decreased below 60 nm, a distinct splitting is observed in the
LSPR associated with the response of the single layer structure: two resonant modes are
observed, one is blue shifted to frequencies above the single LSPR whilst the other mode is
red-shifted below it. The insets show the absorbance plotted as a function of frequency for
two-layer structures comprised of hole arrays (i) and particle arrays (ii) with a fixed layer
spacing of 20 nm. Again, two clear maxima are evident, labelled A,B for the hole and C,D
for the particle structures respectively. Giessen et al. * have previously observed this

hybridization of LSPRs for particles spaced by a few tens of nm.

208



Chapter 8 The role of localised resonances in negative index metamaterials

(a) (anti-symmetric LSPR) & FIELD (V/m)

'-\Illtr,._;;\vr;"_ B s
11 rr2
MRS A S 11 L

===z Ml S 47 S T [
e IR R )

T LR
»Wr(JﬁTM—_‘, S—

mreorefiee- Looos - 4 l 0.0
STRIEs S

b Sl [ 1 S

—rrd - p By
AT S B NN

mmmm 20 nm Ag

—
d
; mmmm 20 nm Ag 600

225nm

500+

Frequency (THz)

(wu) ybusjanepn

(b) (symmetric LSPR)
_—

B

e
@

P 7 el RS g
O abiddden
950 450 600 750 £ e BRT - T
300 e TP ld000  pEEMEE-{oeser -
5 25 45 65 85 105 125 145 ::“““-"‘;;”‘\
v hNamly)
Spacing between layers (nm) LA TSP AR BN

400

A

Absorbance

. Particles

b o] 37 B ek
AAR R

——— e

———e am—
P A m—
vy + -
——ry "-.\‘ P

B it TP
T e s

90 nm
N 20 nm Ag

J!

=3

500 -

. 20 nm Ag
—
D 225nm

(d) (symmetric LsPR)
—_—

e e e

Frequency (THz)
(wu) YyBusieaepy

It
Ll

c

Absorbance

400+

0. . . e e e
960 280 600 750 . s T
Fraauency (THz) (ii) St e vy e

i Boma X T\ et
300 — T — 1000 - _mg_:m + -
5 25 45 65 85 105 125 145 R Du R i, e

e B B

Spacing between layers (nm) ——————

Figure 8.15: The simulated absorbance is plotted as a function of frequency and spacing
between two layers of hole (i) and particle (ii) arrays. In both structures the Ag layer
thickness is 20 nm, and the cylindrical holes/particles with diameter 90 nm are arranged
into regular square arrays with periodicity 225 nm. For 20 nm layer spacing (shown by the
dashed line) the absorbance of each arrangement is plotted as a function of frequency as an
inset figure. In (a-d), the instantaneous scattered electric field vector has been plotted for a
cross section perpendicular to the stack at the resonant frequencies labelled A-D in the
greyscales (i) and (ii)). The arrows above the field profiles indicate the direction of the

incident electric field vector.

The field profiles taken at the resonant frequencies are plotted in (a-d) of Figure 8.15. All
profiles are shown for the same phase of the incident field, with the black arrows at the top
of the field profiles denoting the direction of the incident electric field. At resonance A
(the high frequency branch of the coupled LSPR for the hole structure) the vector arrows
inside adjacent holes are aligned to suggest a symmetric distribution of charges associated

with coupled LSPRs in the upper and lower layers. In contrast, the vector arrows
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associated with resonance B in the lower frequency branch are in anti-phase and suggest an
anti-symmetric charge distribution. A similar relationship is observed for the two layer
particle structures. For the symmetric resonances, the parallel alignment of dipoles in
adjacent layers increases the dipolar restoring force, thus giving rise to a greater resonant
frequency than would be expected for a single layer. For the anti-symmetric modes, the
dipoles associated with adjacent holes / particles are anti-aligned, and the dipolar restoring
force will be considerably reduced, hence lowering the resonant frequency in comparison
to the single layer structure. The origin of the magnetic response in perforated materials at
infrared frequencies has been previously been attributed to the existence of anti-symmetric

424 For the case of anti-symmetric coupled

surface currents across the individual layers
LSPRs the fields within the vacuum regions between the holes / particles form closed loops

which ‘circulate’ between layers, as illustrated by the diagram in Figure 8.16.

Particle T T T
separation Enear fietd K
=~ 10s of nm - T T T
+——}-
Anti-symmetric Symmetric
coupled LSPR coupled LSPR

Figure 8.16: The instantaneous charge and field distributions are illustrated for two
metallic nanoparticles which interact through the overlap of their resonant electromagnetic
fields. Plasmon hybridisation can occur in particles separated by distances which are a few
10s of nm in vacuum, resulting in two coupled LSPRs associated with the anti-symmetric

(a) and symmetric (b) distribution of charge across the structure.

One may therefore expect multiple layers of strongly interacting holes or particles to
exhibit a magnetic response near the anti-symmetric coupled LSPR frequency. In order to
validate this hypothesis the effective response of a stacked metamaterial structure
consisting of five layers of holes/ particles separated by 20 nm will now be considered. It
is expected that five layers of the structure should provide a suitable approximation to the
bulk metamaterial response . The real and imaginary components of the effective
refractive indices, effective permittivity and effective permeability are determined from the
complex reflection and transmission coefficients of the stacked hole and particle structures,

following the extraction procedure detailed in section 8.2. In Figure 8.17, the real and
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imaginary parts of the effective refractive indices (n) are plotted for the five-layer stacked
hole array (i) and particle array (ii) structures having the arrangement shown in the inset.
The corresponding frequency dependent effective permittivity & and permittivity u for the
structures are also plotted in (a-d) of Figure 8.17. Both particle and hole structures exhibit
resonances in effective permeability near the antisymmetric LSPRs highlighted in Figure
8.15. It is clear, however, that the imaginary component of p is more dominant in the hole
structure. Furthermore, the effective permittivities of the two structures are notably
different. In the hole structure, a large negative effective permittivity is observed at low
frequency due to the continuous nature of the metal layers (i.e. g—=>—o in the low
frequency limit), and tends to unity at high frequency above the symmetric LSPR. The
low frequency limit for the effective permittivity of the particles is unity, and is below zero
in a small frequency region above the symmetric LSPR frequency. This is a fundamental
difference in the electric response of the two structures, and essentially arises from the
complementary nature of the hole LSPR compared to a particle LSPR, as deduced from the
field plots in Figure 8.15.
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Figure 8.17: The effective refractive indices are shown as a function of frequency for the
five layer stacked hole array (i) and particle array (ii) structures. In the inset, the real and

imaginary parts of the effective permittivity ¢ and permeability 1 are shown for the stacked
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hole array (a,b) and particle array (c,d) structures. The dashed vertical lines in plots (i) and
(i1) represent the resonant frequencies of the symmetric (dashed vertical black line) and
anti-symmetric (dashed vertical gray line) coupled LSPRs for the equivalent two layer

structure studied in Figure 8.15.

This complementary nature has important implications for determining the negative index
regions in these metamaterials. From Figure 8.17, it can be observed that the stacked hole
structure exhibits a region over which the real component of the index of refraction is
negative, covering a wide range of frequencies from the infrared through to the visible
spectral domains. The hole structure is an example of a “single-negative” negative index
metamaterial *2°. It has previously been shown in other structures that the real part of the
index of refraction can be negative in a material whose real effective permittivities and
permeabilities are not simultaneously negative, provided the condition u,¢; + g, < 0 is
satisfied *’. The region of negative index in the stacked hole array occurs when x4, and y;
are positive and both ¢, and ¢; are large and negative, giving rise to a wide, low loss,
negative index region below the antisymmetric LSPR frequency, where the magnitude of
Nrear 1S always larger than njmaginary. At this point, it should be noted that by changing the
structural parameters of the stack (i.e. larger holes and larger periodicity) and/or
introducing a high index dielectric, the frequency of the anti-symmetric LSPR will shift to
lower frequency, shifting the negative index region into the infrared, as reported in section

7.4.

In contrast to the hole structure, the stacked particle arrangement does not exhibit any
negative index region. Due to the discontinuous nature of the metallic layers giving rise to
a non-negative permittivity below the symmetric LSPR frequency, the electric response of
the particle structure is not sufficient to facilitate a “single negative” negative index
response near the anti-symmetric LSPR frequency. Thus, in the particle structure it is
found that the relative overlap of the electric and magnetic responses are somewhat
compromised. It is noted however, that if one is able to modify the particle geometry and
permittivities to generate high Q symmetric and anti-symmetric LSPRs, it should be
possible to achieve a region of “double negative” negative index, i.e. when u, and ¢, are
both negative, for frequencies above the symmetric LSPR. This is possible for LSPRs in
the near infrared ***, but no such demonstration has been performed using metallic

particles at visible frequencies, where losses are more significant.
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8.8 Concluding remarks

The negative index of refraction exhibited by a number of metamaterial structures at
visible and non-visible frequencies has been considered. An extraction technique has been
described for obtaining the effective permittivity and permeability of a metamaterial
structure using the complex reflection and transmission coefficients obtained from
simulation or experiment. When characterising the response of fishnet type
electromagnetic metamaterials, an alternative explanation has been proposed to the
commonly used analogy to electrical circuits. This explanation considers the hybridization
which may occur between closely spaced holes or particles exhibiting LSPRs. The origin
of coupled LSPRs in stacked hole and particle structures has been also identified, with the
anti-symmetric coupled LSPR of both structures being shown to give rise to effective
magnetic resonances. In the stacked hole structure, the overlap of the magnetic response
with a negative effective permittivity at low frequencies facilitates a negative index of
refraction. However, for the stacked particle structure, the non-continuous nature of the
metallic layers imposes limitations on the effective permittivity response, and negative

index behaviour is not observed.
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Chapter 9

Conclusions and future work

9.1 Summary

The work in this thesis presents an original investigation into the optical response of a
variety of composite structures formed from metallic and dielectric elements with a view to
advancing the understanding of the resonant modes which may be excited when these

structures are illuminated with visible electromagnetic radiation.

In the first section the optical response of planar structures comprised of continuous metal
and dielectric layers was discussed. Whilst the resonant transmission which is exhibited by
these structures is already well known in the literature, the work in this thesis represents an
extensive investigation (both modelling and experimental) into the effects of metal layer
thickness and the number of repeat layers on the transmission properties of the structure.
This has enabled two original conclusions to be made. Firstly, it has been shown that the
width of the transmission pass-band depends only on the unit cell of the multilayer
structure, and is independent of the number of periods. This is particularly important since
the width of the transmission band may be optimised to cover the visible frequency range
using only two or three repeat layers. In principle, a single cavity may even be used,
however it was found that the gradients at the edges of the transmission band are steeper
(the transmission band is better defined) when two or three repeat periods are used.
Furthermore, by replacing the continuous metallic layers with a metamaterial structure (for
example a thick metal film which has been pattered with a non-diffracting array of holes),
transmission pass-bands may also be observed at microwave frequencies, as shown in the

collaborating work with Butler et al '.

The second section of the thesis contained an investigation into the optical response of
structures in which the metallic elements were non-continuous. In Chapter 3 there was a
detailed comparison of a number of simulation techniques which are frequently used to
model the scattering of electromagnetic radiation from metallic nanoparticle and nanohole
structures (these were Mie Theory, T-Matrix, DDA, FEM, and FDTD), and example
calculations being performed for an 80 nm diameter Au sphere. The results of the

investigations were summarised in tabulated form, where it was found that the Mie Theory
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and T-Matrix methods were the preferred choice for simulating spherical particles, as the
scattered fields could be computed in the minimum time using an ‘almost exact’ method.
The DDA, FEM and FDTD methods were more appropriate for the simulation of structures
which have non-spherical geometries (such as cones or rods). However, the accuracy of
these techniques was also shown to be resolution limited and a compromise has to be made
between the accuracy of the numerical simulation, the computation time and the

specification of the available hardware.

In Chapter 4 experimental studies were presented of individual gold nanoparticles which
were fabricated by Electron Beam Lithography, and good agreement was observed
between the simulated and experimental scattering spectra. There was also a discussion of
a number of approaches which may be used to modify the scattering response of metallic
nanoparticles, with the aim of improving the performance of displays. One of these
approaches considered placing several particles in close proximity such that
electromagnetic coupling can modify the properties of the LSPR. With a suitable
optimisation of particle geometry, it has been shown for this configuration that it is
possible to modify both the incident angle and scattering angle response significantly in
comparison to the cos’@ dependence which is predicted for small metallic particles by the

electrostatic approximation. This represents a new and exciting observation.

The work within Chapter 5 focused on the interactions which occur in periodic arrays of
metallic nanoparicles. The interactions between LSPRs were categorised into three
regimes of short-range, long-range and coherently coupled interactions. The short range
interactions were identified by a red-shift in the resonant frequency of the LSPR as the
periodicity of the array was decreased and were dominant for periodicities which were in
general less than 150 nm, such that the edge to edge separation of the particles was a few
tens of nm. Conversely, long-range interactions were identified by a blue-shift in the
resonant frequency as the periodicity of the array was decreased, and were dominant for
periodicities greater than 250 nm. It has been shown that the interactions which are
manifested within periodic arrays offer an additional tunability of the LSPR frequency
beyond that which may be conventionally achieved by modifying the geometry of the

scattering particle or the permittivity of the surrounding medium.

In the third section a different type of structure was considered in which the metallic layers

were perforated with arrays of nanometric holes. A number of original observations have
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been made here. The holes in these structures were shown to exhibit localised resonances
associated with charges induced in the rim of the holes, in a similar manner to LSPRs of
metallic nanoparticles. Studies have compared complementary nanoparticle and nanohole
arrays with periodicities that are non-diffracting for frequencies in the vicinity of LSPRs.
In the nanohole arrays the LSPR frequency was shown to exhibit a marked dependence on
the periodicity of the array, an effect which has been attributed to coupling between LSPR
modes and surface plasmon-polariton (SPP) modes which are supported by the metal film.
However, the nanoparticle arrays show no such periodicity dependence across this range,
since such structures do not support SPPs. Whilst the optical response of complementary
hole and particle arrays share many features, the resonant field distributions exhibit
fundamental differences. The ability to tune the hole LSPR frequency may be of benefit in

sensing applications, as will be discussed in section 9.2.

Further investigations involving perforated structures were conducted using numerical
simulations in Chapters 7 and 8. When multilayer structures exhibiting FP resonances
(from Chapter 2) are perforated with periodic arrays of holes, strong interactions between
FP and LSPR modes are observed. As the spacing between layers is reduced to a few tens
of nm, it was found that the hybridisation of localised resonances may occur such that
symmetric and anti-symmetric coupled hole LSPRs are observed. Previous studies of
hybridised LSPRs have been performed using particle arrangements; however the work
contained within Chapter 8 presents what appears to be the first investigation of coupled
LSPRs using the complementary structure of holes. In a metamaterial structure comprised
of five or more layers of stacked holes, it was shown that the anti-symmetric coupled
LSPR facilitates an effective magnetic response, which leads to the structure exhibiting a
negative index of refraction across a wide range of visible frequencies. The studies of
coupled LSPRs provide an interesting and alternative viewpoint for understanding the
origins of the negative index of refraction in fishnet-type electromagnetic metamaterials

and perforated metal films.

9.2 Possible Applications

There are a number of areas where studies in this thesis may be utilised in commercial
applications at visible and non-visible frequencies. The metal-dielectric multilayer
structures in Chapter 2 have already been proposed by a number of authors for use in
possible negative refraction and sub-wavelength focusing applications. Similarly, if the

transmission band is suitably optimised to cover the visible frequency range, these
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structures may also be utilised as cost-effective transparent electrodes in liquid crystal
cells. The transmission response of the metamaterial-dielectric multilayer structure at
microwave frequencies lends itself towards a number of applications; a lightweight
structure having easily modifiable properties is likely to play an important role in
microwave and millimetre wave technologies, particularly in structures such as antennas,

electromagnetic shielding applications and ‘stealth-like’ absorbing surfaces.

The study of closely spaced metallic rods in Chapter 3 demonstrated that it is possible for
both the incident angle and scattering angle response to be significantly modified in
comparison to that of an isolated particle. These findings are particularly important for the
development of new generations of liquid crystal displays which may operate solely
through scattering ambient light. Such an application requires a host particle which
exhibits a strong scattering response at visible frequencies. In addition to this, a high
degree of contrast must exist between the scattering phases, such that for one orientation of
the particle there is strong scattering, while in the orthogonal state there is little or no
scattering. The investigations in Chapter 4 provide strong evidence that arrangements of

metallic nanorods may fulfill these requirements.

There are several applications which may utilise some of the structures presented in the
third section. Nanoparticle LSPRs are already well established in their use for local
refractive index sensing and surface enhanced Raman spectroscopy (SERS) applications.
However it also appears that the LSPRs associated with holes may be suitable for these
purposes. It is evident that the field localisation of the hole is weaker than that of the
corresponding particle, suggesting that particles may be more suitable for applications
where field localisation and enhancement is important, such as surface enhanced Raman
scattering (SERS). However, the weaker confinement of fields for holes may be viewed as
a compromise, as the interaction between hole LSPRs renders the optical response highly
sensitive to changes in interhole distance, making them a possible candidate for use in

applications where tunability of the localised resonance may be useful.

In Chapter 8 the optical response of metamaterials formed from stacked hole arrays was
discussed, and it was shown that if the spacing between layers is sufficiently small (a few
tens of nm), the structures are shown to exhibit an effective negative index of refraction.
Structures which exhibit a negative index of refraction have previously been utilised for a

number of applications including cloaking and sub-wavelength imaging (‘superlensing’) at
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microwave frequencies. There is also the potential that the structures discussed here may

be developed for these purposes in the visible regime.

9.3  Future Work

An essential element of any future work would involve the experimental realisation of the
angular response which has been predicted for the arrangements of metallic nanorods. The
fabrication of these structures could be achieved through the direct use of EBL, or
alternatively FIB milling could be used to divide a single nanorod into three sections. The
scattering response of these structures may be determined using dark-field spectroscopy,
however full characterisation of the angular response would require an extensive
modification of the experimental apparatus. At present, the dark-field condenser
facilitates illumination across a narrow range of angles, centred at approximately 50°.
Future studies would therefore also have to consider an alternative technique for
characterising the angular response. Furthermore, in order for these structures to be
utilised in display applications, a fabrication route which offers large area coverage is
preferable. An investigation into self-assembly techniques or novel chemical approaches

such as electro-deposition would also be of benefit.

Another area for future investigation is the refractive index sensitivity of hole LSPRs (both
experimentally and theoretically) and subsequently their development for use in sensing
applications. Preliminary studies in Chapter 6 have shown that the magnitude of the
resonant field enhancement is highly sensitive to the geometry of the hole. For example,
changing the geometry of the holes from circular to rectangular more than doubles the
resonant field enhancement which is observed inside the hole. This response has been
explained in terms of an increase in the capacitative-like field enhancement, which arises
from the induced charge on opposite sides of the hole. As with a parallel plate capacitor,
the magnitude of this field enhancement can be increased by reducing the distance between
the planes of charge (which is equivalent to increasing the aspect ratio of the rectangular
hole). Further investigations studies could also study the regimes of interaction between
hole LSPRs in periodic arrays (similar to the investigation which was conducted for
particle arrays in Chapter 5). For short periodicities which are non-diffracting for
frequencies in the vicinity of LSPRs, the excitation of the hole LSPR is characterised by
resonant absorbance and a decrease in transmittance. Conversely, it is known that when
diffraction occurs, coupling to SPP modes associated with the metal film through a grating

mechanism leads to an increase in transmittance. These two resonant mechanisms
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therefore have opposing effects in transmission, and it would be novel to study the relative

intensities of these effects as a function of the periodicity of the array.
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A.1  Transmission and reflection at a single interface between two semi-infinite,
isotropic media

In order to better understand the response of a simple Fabry-Perot etalon, an appropriate
starting point is to consider the reflection and refraction of light at a planar surface between
two isotropic media which have different dielectric properties. The co-ordinate system for
this configuration is shown in Figure A.l, where the media below and above a plane
(which is positioned at z = 0 in Figure A.1) have permeabilities and permititivites w;e; and
(e respectively.  For simplicity, the medium above the plane will be referred to as
“medium 17, and the medium below it “medium 2”. It is assumed that a plane wave is
incident from medium 1 having wave vector k; and frequency w. The reflected and

refracted waves will have wave vectors k; and k; respectively.

MHi€i

i€t

k:

Figure A.1: An incident wave k; strikes a planar interface between two media with

different dielectric properties, giving rise to a reflected wave k;, and a refracted wave k;.

In order that Maxwell’s equations are satisfied, boundary conditions are imposed such that
the normal components of the electric displacement vector (D) and the magnetic induction
(B), and the tangential electric components of the electric field intensity (E) and the

magnetic field intensity (H) are continuous at the interface.

In applying the boundary conditions it is convenient to consider two separate situations:

1) Where the incident electric field is polarised perpendicular to the plane of incidence

(parallel to the interface) — Transverse Electric (TE) or s-polarised radiation.
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2) Where the incident electric field is polarised parallel to the plane of incidence

(perpendicular to the interface) — Transverse Magnetic (TM) or p-polarised

radiation.

Reflection and refraction of TE polarised light:
This configuration is shown in Figure A.2, where for the purpose of illustration the fields
have been projected forwards and backwards from the interface (such that their phase

factors are equal). The direction of the E field is pointing upwards, out of the paper.

Hi€i
M€t
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Figure A.2: Reflection and refraction of an incident plane wave which is polarised

perpendicular to the plane of incidence.

If it is assumed that tangential E and H are conserved at the interface, then:

E,+E.=E; Al
B
——1c059i+—rc050r=——tc059t A2
i Hy He

Equation A.2 can expressed in terms of E and the speed of light in the medium (referred to

as v;, v, for media 1, 2 respectively):

i E
——L cos 0; + ~_cos 0, = ———cos 0, A3
HiV; Hr Vi H Ve
Since the interface is flat, ky is conserved:
|K;| sin6; = |k,|sin 8, = |Kk;|sin6; A4
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If media 1 and 2 are isotropic, then |K;| = |K;| and 6; = 6,.. If the material is non
magnetic, then w; = u, = uy, where py is the permeability of free space. Applying these

considerations, Equation A.3 may be simplified to:

E; E, E
——cosf; + —cosf; = ——cos b, A5
Vi Vi Ut

Solving equations A.1 and A.5 simultaneously yields:

E. wvicosf; —v;cosb, A.6

E; wv.cosf;+ v;cosb,

E 2v; cos 6; AT

E; v, cos6; + v;cos0,

Equations A.6 and A.7 are the reflection 7, and transmission ¢, amplitude coefficients at an
interface for incident radiation which is TE polarised. It is often convenient to express
these in terms of the permeability and permittivity of the respective media. This is shown

in Equations A.8 and A.9.

E, Ui&; cos B; — ./ u;&; cos B; A.8
e = — =
* Ei Jue cos6; + Jue; cos 6,

E; 2./ u;€; cos 0; A9
ts =—

E; B A Ui € cos 0; + /s & cos O

Reflection and refraction of TM polarised light:
This configuration is shown in Figure A.3, where the fields have been projected forwards
and backwards from the interface. The direction of the B field is pointing upwards, out of

the plane of the paper.
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LLEi
K€t

Figure A.3: Reflection and refraction of an incident plane wave which is polarised

parallel to the plane of incidence.

If it is assumed that tangential E and H are conserved at the interface, then:

E;cos0; — E, cos6, = E,cos 6, A.10
B B _B Al
Hi i He

As demonstrated in the previous derivation for the case of TE polarised radiation, if the
interface is flat, then ky is conserved. Equation A.11 can be expressed in terms of the
electric fields (E) and the speed of light within the respective media (v;,v,). If the material
does not exhibit a magnetic response, the respective permeabilities are equal to the

permeability of free space (u).
E; EE A.12

vy vy Vg

Equations A.10 and A.12 may be solved simultaneously to give expressions the reflection

1, and transmission ¢, amplitude coefficients for TM polarised incident radiation.

_E; + Ut & cOs B; — ./ u;€; cos OB, A.13

Y, =
PE A He & €OS B; + /u;€; cos B,

E; 2./ ui€; cos 6; A.14

t, =— =

PE A Ue€r €0s B; + ./ u;€; cos O,
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A.2  The recursive Fresnel method
The approach which has been used to derive the transmission and reflection coefficients
for a single interface may be extended such that they describe a system of multilple

interfaces. Consider the structure of N layers illustrated in Figure A.4.

N 1 2 3 N

Incident medium ™ § Exit medium
A, /L* ] —o

Figure A.4: The transmission and reflection of light in an arrangement formed from N

isotropic layers.

The reflection coefficient for a single layer within the structure (for example the first

layer), may be expressed as:

3 A.15
TiayerAi = Ry + Ry + Ry ..
[oe)
o _ A.16
TiayerAi = |To1 T tioto1T12 ri3Tioexp (2imk,l)
m=0
— - _
~
Reflection Sum of multiple reflections
from the within the layer
first
interface

Here, R;..R, represents the amplitude of the reflected waves which undergo 2(N-1)
reflections within the individual layer, 7; and #; represents the reflection and transmission
coefficients at the interface between the i and /™ media respectively, 1 is the thickness of
the layer and £, is the wave vector within the medium. The terms within the summation in

Equation A.16 form a geometric series. The sum to infinity of geometric series which has

common ratio 7 is given by ﬁ Applying this to Equation A.16 gives:

T12t10to1€Xp (2ikyl) A17
VU1 4 rpmgexp (2iky D)

Tayer = 1o
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Equation A.17 can be simplified further by using the simplification that r; = —7; in
conjunction with Equations A.18 and A.19 which are derived from the previous boundary
for TE and TM polarised radiation at an interface. The resulting equation for the reflection

coefficient of a single layer is shown in Equation A.20.

A.18
tity = (1-r)(1+n5)=1- (Tii')z
2 A.l
it = (1—r3) (1 +15) = 1= (r}) ?
_ oy + 1o exp(2ikyl) A.20
rlayer -

1 + 191112 exp(2ik, 1)

A similar process may be followed to determine the transmittance of the multilayer

arrangement, given by Equation A.21.

; _ _ toate exp(ikyl) A21
1aYer T 1 4 o111, exp(2ik,D)

In a system of N layers, such as that shown in Figure A.4, the reflection or transmission
coefficients of the entire arrangement are found by recursively applying the formula for the
preceding layer. For example, the reflection coefficient associated with the termination
layer is first determined using Equation A.21. This is then substituted in place of 7;, when
calculating the reflection coefficient of the (N-1 )th layer etc. Eventually the system is
reduced to the problem of a single layer, in which the value of the reflection coefficient
which is substituted in place of r;, effectively accounts for the reflection from all previous
layers. Simulated data which has been presented throughout Chapter 2 has been calculated

using this technique.
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Legendre polynomials and the solution of second-order differential equations

Legendre polynomials are the solution of particular types of second-order differential
equations. For differential equations of the form:
d?y d

4 _
W‘FP(X)E-F Q(x)y =0

B.1

the solution method of Frobenius can be applied if:

a) P(x) and Q(x) are both finite when x = 0.
b)  xP(x) and x’O(x) are both finite when x = 0.

A trial solution is considered, which is of the form:
B.2
y = x°(ap + a;x + azx* + )

The trial solution is differentiated and substituted into Equation B.1. Following this, the
terms in both sides of the resulting expression are equated in order to determine the
coefficients a;. The solution comprises of two separate series corresponding to ¢ =0, ¢ =
1. To illustrate a more specific example, consider Legendre’s equation which is of the

form:

d? d
i Zx—y+k(k+1)y=0 B.3

1—x%)—=—
( x)dxz dx

where k = a positive integer. Using the method of Frobenius, this equation yields two

branches of solutions:

B.4
k(k+1) k(k-2)(k+1)(k+3)
c=0 y=a0[1— X7+ . x4—---.]
(k—1)(k+2) (k—1)(k—3)(k+2)(k+4)
C=1 y:ao[x— " X3+ o XS—"'.]
B.5
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One of these solutions will terminate after a finite number of terms. When k is even,
Equation B.4 terminates after a finite number of terms. Similarly, if k is odd this is true for
Equation B.5. The resulting polynomial series in x (termed Py(x)) for each of these cases is
known as a series of Legendre polynomials. The values of the weighting coefficients in

the series are chosen such that the terms are equal to unity when x = 1.

When k = 2, the solution from (B.4) can be expressed as:

B.6
_ 2B, 2
Yy =ag [1 t=x +0..]
B.7
y = ag[1 + 3x?]
B.8
ao = 05
When k = 3, the solution from (B.5) can be expressed as:
y=a1[x+wx3+0..] B.9
3!
—a [x _ ﬁ] B.10
y 1 p
B.11

a, = —-1.5

The Legendre polynomial series can be obtained directly using a generating function to

calculate individual terms of the series for any integer of k.

B.12
k
_ & 2 1k
E.g Ifk=4:
d4- B.13
_ 2 .
P4(x)—ﬁﬁ(x - 1)*
P _ 1 ada* g 6 4 2 B.14
(X)) = —— (x° —4x° + 6x* — 4x° + 1) .

384 dx*
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This example gives an insight into the origins of Legendre polynomials, which are
particularly useful in many areas of mathematics and physics. In some instances,
differential equations cannot be solved using an analytical approach, but instead have to be
decomposed into a series of terms (such as power series, fourier series etc.). It is also

possible for any polynomial to be decomposed into a series of Legendre polynomial terms:

— B.15
fG) =) bR ()
k=0

Here, the b, terms represent weighting coefficients (different to the a; weighting terms in

Equation B.2).

If f(x) = x?
x? = agPy(x) + a; P (x) + - B.16
x?=ay— % +a,x + %azxz B.17

2 1 2
X- = EPO(X) + Epz(x) B.18
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The generation of solutions to Bessel’s equation

A special type of second-order differential equation which often arises in areas of physics

and mathematics is the Bessel equation, which is given by:

d?y C.1

dy
2 2 2 —
xdx2+xdx+(x v9)y =0

where v = a constant. The method of Frobenius, as demonstrated in Appendix A may be

used to solve this expression. A trial solution is considered, which is of the form:

y = x(ay + ayx + azx? + -+) C2

Following differentiation and substitution of the trial solution, the unknown coefficients

can be determined:

=4 = Ax? [1 — x? + xt — . ] C3
c=Ty y=ax 22(v+1) | (2HEDW+D)(v+2) ' ’
_ — -v x? xt — ... ]
¢ v y = Bx [1 + 22(v-1) + 2H2Hw-1)(v-2) ) C4
It can be shown that a;, a3, as... =0. For even terms:
@ = Qo a = %o C.5,6
27 w2 — (¢ +2)2 YT w2 = (¢ +2)2[w2 — (c + 4)?]

The general form of the even numbered weighting coefficients for » > 2 is given by:

C.7
Ar_2

T v2—(c+71)?
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The complete solution to the Bessel equation can therefore be expressed as:

x2 x4 C.8
y = Ax [1 TR rD YD+ ]
) x? x*
+ Bx [1+22(v—1)+(24)(2!)(v—1)(v—2)_""]

Whilst the expression above is an accurate and completely valid solution to the initial
problem, it is sometimes preferable to re-write the series using Gamma functions. Recall

that the Gamma function is defined by:

® C9
r'(x) =f t*"le~tdt
0

such that /(1) = 1. There are some useful identity relationships which can be used

throughout the analysis of Gamma functions. Consider, for example, /'(x + 1):

[ee)

rx+1)= f t*e~tdt C.10
0
_t\ O C.11
= [tx (e_—lt)] +x fom e tt*1dt
° C.12

= [0 —0] + xI'(x)

A fundamental recursive relationship exists for Gamma functions, which can be applied to
other functions such as I'(x+1), I'(x+2)...[(x+n) etc.

C.15
I'x+1) =xI(x)

C.16
F'x+2)=(+Drx+1)=+1)xI'(x)

C.17
Fx+3)=x+2)r(x+2)=(x+2)(x+1) x(x)
As an interesting aside, the recursive relationships can also be used to show that:

. C.19

ro = f t~le7tdt = o
0
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The expression for the second weighting term a, can now be rewritten in terms of Gamma

functions. Ifc=+v:

_ Qo _ Qo _ Qo
az_vz—(v+2)2_vz—v2—4v+4_—2(2v+2) C.20

If ag is replaced by the term:

1 c21

2T (v + 1)
then,

) . . c.22
2=+ D) —22v + 2)

_ 1 -1 c.23

T2 r(v+1)22(w+1)

= 1 C.24

S 2v2r(w+ DI (w+1) ’

_ ~1

©2vi2L (v + 2) C.25

The alternative representation of Gamma terms in the weighting coefficients may also be

applied to a4:

Ao

a, = C.26
[v2 — (c + 2)?][v? — (c + 4)?]
- —2Qv+2)(4v +8) Cc.27
% C.28
—4(2v + 4)
-1 -1
T 22l (v +2) 23 (v + 2) C.29
B 1
2v+5(v + 2)I'(v + 2) C.30
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__ C.31
2V+5T (v + 3)

This allows the general expressions for a,to also be rewritten. For » > 2 and even:

-1 r/2
ar = r'( ) - r=24,6.. C.32
2v+r (T)F (U + 7 + 1)
or
—1)* C.33
a D k=123..

T k(DT (v + k + 1)

When the a; terms are substituted into the general solution for the Bessel equation:

1 x? x* C.34
y=x" — + )
2I'(v+1) 2v+¥2[(v+2) 2V+5[ (v + 3)

Which can be simplified to:

_ (x)v 1 x? N x* C.35
Y= [ro+10) 22rw+2) " 25r(w +3)

B (x)v (—1D)kx2k C.36
=13 22Kk (v + k + 1)

k=0

This is also known as the Bessel function of first kind which has order v. Note that in the
alternative Gamma notation, we have thus far only considered solutions derived from ¢ =
+v, but there is the additional possibility that ¢ = —v. In this instance, the summation of

terms contributing to J_, must also be considered:

x\ Y -1
v = (E) z 22 (kDI (k — v + 1) €37
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Using the alternative notation, the complete solution to the Bessel equation is expressed

by:

y = A]y(x) + B]_y(x) C.38
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Fabrication of samples using a thermal evaporation technique

D.1  Introduction

The metallo-dielectric multilayer structures presented in Chapter 2 were fabricated using a
thermal evaporation technique. In this appendix section, details of this technique will be
discussed in greater detail. The evaporation apparatus which is presented in this section
was assembled at the University of Exeter by members of the technical workshop. In some
instances, | have made modifications to the apparatus in order to improve the quality of the

samples, and this will be explained where appropriate.

In the thermal evaporation technique, the deposition of metal and dielectric films is
achieved by heating a source material (e.g. a metal ingot) within a vacuum chamber. If
sufficient heat is transferred to the source, the kinetic energy of the molecules may
overcome the intermolecular forces of the liquid phase of the evaporant, and evaporation
may occur. The vapour particles diffuse across the chamber to a target surface (the
substrate) where they condense back to a solid phase. The two elements which are
fundamental to the success of this technique are the quality of the vacuum pumping

system, and the efficiency with which heat may be transferred to the source material.

D.2  Experimental apparatus
The description of the apparatus is divided into two sections which are concerned with the

external (a) and internal (b) connections of the chamber.

D.2a) External workings

Figure D.l1 shows labeled photographs of the external connections of the thermal
evaporation system. Note that the chamber which is pictured in (a) and (b) has steel walls,
however other types of evaporation chambers may be formed using glass bell-jars (c).
This type of configuration has the additional benefit that the user can see inside the
chamber, which may be useful for the positioning of moveable parts such as external
shutters. The air admit valve (1) is necessary to allow the chamber to return to
atmospheric pressure so that samples can be retrieved once the deposition has finished.
Loading and retrieval of samples is achieved by removing the lid of the chamber (2), this is

sealed against the main body of the chamber using a Nylon ‘o-ring’. The Penning gauge
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(3) is used to measure the pressure of gas in the chamber. During metal deposition, the
thickness of the sample is monitored using a quartz crystal thickness monitor (4). The
oscillating frequency of the crystal changes as the metal film is deposited on its upper face.
Electronically measuring the change in resonant frequency of the crystal allows the film
mass to be determined. Once the density of the evaporated material has been entered into
the monitor, the thickness is calculated to a resolution of 0.5 nm on a four digit LED
display. The moveable shutter (5) allows the operator to obstruct the path between the
source material and the substrate. When the shutter is closed, the vapour particles
condense on the lower face of the shutter. The shutter is particular useful if a metal
thickness is required to a high degree of accuracy, as it can be closed once the desired
thickness is reached. This cannot be achieved by simply removing the heat source, as
evaporation will continue at a considerable rate for several seconds after the heat source
has been removed. The cold water supply (6) is used to cool the high vacuum / diffusion
pump (this may be replaced by a turbo molecular pump — see 9). Initially, the rotary pump
(7) is used to evacuate the chamber to a pressure of approximately 10™' mbar. Access
between the inlet of the rotary pump and the chamber is controlled by the roughing valve
(8). This allows the rotary pump to remain operational whilst the chamber is at
atmospheric pressure (during the loading and retrieval of samples). Once the pressure
within this chamber is below 10" mbar, the high vacuum pump (9) may then be switched
on. After the molecular pump has been operational for a few hours, the chamber pressure
should reach 107 to 10 mbar, at which point evaporation of the source may be

performed.
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Chamber lid (2) Penning gauge head (3)
Air admit valve (1)

Example of a vacuum
chamber which is enclosed
within a glass bell-jar

To crystal thickness monitor (4)

Moveable shutter (5)

Cold water inlet (6)

]

..

’ == Roughing valve (8)

|

g ;

I R | High-vacuum (turbo or

diffusion) pump (9)
Rotary pump (7)

Figure D.1: Labelled photographs of the external connections of the thermal evaporation
system are shown (a) and (b). Other types of evaporation chambers may be formed using

glass bell-jars (c).

D.2b) Internal workings
Figure D.2 shows labeled photographs of the internal connections of the thermal
evaporation system. For clarity, the images shown here are of the inside of the evaporator

which is pictured in (c) of Figure D.1. From a practical perspective it is easier to remove
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the bell-jar for photographic purposes than to undertake dismantling of the evaporator in
(a) and (b) of Figure D.1. The workings of both evaporators are essentially the same with

the only exception being a difference in the positioning of the electrodes.

® O]

“.'1-.

(2) Electrodes
(3) Aluminium ground plate
(4) Lead-through for electrical

(5) Aluminium support

(6) Quartz crystal

(7) DC power supply for motor
(8) DC motor

Molybdenum boat containing
source

connections

0)) 3 C)]

2

Figure D.2: Labelled photographs of the internal connections of the thermal evaporation

system.

In order to evaporate the source, it is placed within a conducting filament or tray (a ‘boat’).
The materials used to form the filaments have melting and evaporation temperatures which
are significantly higher than that of the source (often W or Mo are often used).  The
filament (1) is clamped between a pair of copper electrodes (2), and an electric current is

passed through it, resulting in a temperature increase in the filament due to ohmic losses.
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In order to dissipate the maximum possible energy through ohmic losses, the mains
electricity supply is connected to a step-down transformer such that currents of up to 100
Amperes may be passed through the filament. The maximum filament temperature which
can be achieved using this technique is =1500°C, and whilst a large number of metals can
be evaporated at these temperatures, it is unsuitable for evaporating a number of
semiconductors and dielectrics (such as Si,Ge, SiO,, SiOy). In an evaporation system
which has more than one pair of electrodes, the current may be flowed through each pair of
electrodes in turn, allowing two source materials to be deposited in a periodic manner. In
Chapter 2, multilayer structures were fabricated in this way by periodically depositing Ag

and MgF, using two pairs of electrodes.

A protective aluminium plate (3) is fixed into place at the base of the chamber. The
function of this plate is to prevent metal / dielectric solids from falling into the pumping
system. The electronics inside the chamber are connected to the outside gauges / power
supplies using ‘lead-throughs’ (4), which are cylindrically shaped seals made of nylon or
rubber, into which conducting rods are embedded. A second aluminium plate is fixed at
the top of the chamber (5), this has two functions. Firstly, it acts as a support for the
substrate, and secondly it acts as a shutter which prevents the upper portion of the glass
bell-jar from being coated with metal. In some instances it is important to see inside the
chamber, such as when positioning moveable parts or as this case here, when a motor is
present, to check the rotation speed. The quartz crystal (7) which is used to monitor the
thickness of the deposited layer is positioned next to the substrate. There is a difference in
lateral position between the quartz crystal and the substrate, which leads to a difference in
the amount of deposited material. This difference is calibrated for by depositing a test
metal film to a thickness of approximately 100 nm (as measured on the quartz crystal
monitor), and an Atomic Force Microscope (AFM) is used to determine the actual

thickness of the metal film which is deposited on the substrate.

The upper part of the evaporation chamber in Figure D.2 contains a sample holder which is
fixed to a DC motor (8), this provides the additional option of rotating the sample during
deposition. The speed of rotation of the motor is controlled via an external electrical
circuit. It has been shown (in Equation D.3) that mass of the material which is deposited at
the substrate exhibits lateral variation, however this can be minimised by tilting the stage at
an angle, and rotating the sample (a technique sometimes referred to as rotary

evaporation) 2. To illustrate the importance of rotating the sample, Figure D.3 shows
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photographs of two samples which are formed three layers (20 nm Ag — 120 nm SiOx — 20
nm Ag), viewed in reflection at normal incidence. In (a) the sample holder has been
aligned horizontal such the vector from the source to the substrate is parallel to the surface
normal of the substrate. In (b), the sample has been aligned such that the vector for the
source to the substrate makes an angle of 60° with the surface normal of the substrate. The
sample in (b) is rotated at approximately 120 revolutions per minute. From the discussions
of multilayer structures contained in Chapter 2, the colour variation which is observed
from left to right in the reflectance of sample (a) can be attributed to variations in the
thicknesses of layers within the structure. Sample (b) shows no such colour variation,

suggesting that there is greater uniformity of the thickness distribution.

(@) (b)

Figure D.3: Photographs of two samples (20 nm Ag — 120 nm SiOx — 20 nm Ag) viewed
in reflection at normal incidence are shown. In (a) the vector from the source to the
substrate is parallel to the surface normal of the substrate. In (b), the sample has been

aligned at an angle of 60° and is rotated at 120 revolutions per minute.

D.3  Instructions for operation
In order to deposit a thin film using the evaporation system in Figure D.1 (which contains a
turbo molecular high vacuum pump), the instructions detailed below should be followed

when loading samples, pumping down and evaporating.

Loading samples:

1) Slowly open the air admit valve, and allow the chamber to reach atmospheric
pressure — this will take approximately 2 minutes.

2) Once the chamber has reached atmospheric pressure, remove the lid and place it
down on a flat surface, with the seal side facing upwards.

3) Load the samples into the holders which are located on the upper Aluminium plate.
Use glass microscope slides to cover the back faces of the samples, as they may
also become coated with the evaporant.

4) Replace the lid on the chamber and close the air admit valve.
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Pumping down:

1) Switch on the water supply to the turbo molecular pump.

2) Close the air admit valves on the rotary and turbo molecular pumps.

3) Switch on the rotary pump and the Pirani (backing) and Penning (chamber) gauges.

4) Slowly open the backing valve until it is fully open.

5) It will take approximately 10 minutes for the pressure on the Pirani gauge to reach
10”" mbar. Once this pressure has been reached, switch on the turbo molecular
pump. After approximately 1 hour the chamber pressure should fall to <5x107
mbar, at which point the evaporation of the source may be performed.

Evaporating:

1) It is preferable to “outgas” the source before evaporation in order to remove any
volatile contamination. To do this, ensure that the shutter is closed so that the
samples are not contaminated. Switch on the variable AC power supply (the
variac), and increase the voltage to 30 — 40 V. The chamber pressure should
increase to approximately 1x10°® mbar, before returning to the base pressure.

2) To evaporate, turn the variac to = 60 V. After approximately 20 seconds, press
“zero” on the front panel of the crystal thickness monitor and open the shutter. The
thickness of the deposited film (in kA), the elapsed time and the deposition rate will
be displayed on the monitor in real time. Once the desired thickness has been
reached, close the shutter and turn down the variac to 0 V, then switch it off.

3) Leave the system for approximately 20 minutes to cool. If air is admitted to the
chamber whilst the sample is hot, there is a strong possibility that the sample will
react with molecules in the air and become contaminated.

Retrieving samples:

1) Close the backing valve and switch off the turbomolecular pump. Then wait for
approximately 5 minutes to allow for the turbines inside the pump to come to rest.

2) Slowly open the chamber air admit valve, and retrieve samples as per the loading

instructions.
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